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An electron gas moving in vacuum, if sufficiently dense, acts like a mirror to an incident electromagnetic 
wave. A “Cerenkov electron gas,” that is, an electron gas moving through or sufficiently close to a slow-wave 
medium at a velocity exceeding that of an electromagnetic wave in the medium, cannot, in the conventional 
sense, reflect the wave. A detailed analysis of this problem is presented, and it is shown that above a critical 
density a Cerenkov electron gas does exhibit a “mirror-like” quality; namely, it does reverse, inside the gas, 
the direction of propagation of an electromagnetic wave incident upon it. 





I. INTRODUCTION 


LTHOUGH there is substantial literature’ on the 
Cerenkov effect—the radiation of em (electro- 
magnetic) energy by electrons moving in a medium at a 
uniform velocity exceeding that of em waves in the 
medium—the problem of the interaction of externally 
generated em waves with Cerenkov electrons appears 
not to have been studied up to the present time. In this 
article an analysis is presented of a particular problem 
of this type, namely the incidence of a plane em wave 
moving through a slow-wave medium (e.g., a dielectric 
medium) on an electron gas moving through or suffi- 
ciently near the medium at a velocity exceeding that of 
the em wave in the medium. We shall henceforth refer to 
these electrons as a “Cerenkov electron gas.” 

The author was led to consider this problem in the 
course of a theoretical study of the possible usefulness 
of the Doppler effect for increasing the frequency of 
available, high-frequency em power by reflecting it off 


1 P. A. Cerenkov, Compt. rend. acad. sci. U.R.S.S. 2,451 (1934); 
3, 413 (1936); 14, 99 and 103 (1937); Phys. Rev. 52, 378 (1937); 
I. M. Frank and I. Tamm, Compt. rend. acad. sci. U.R.S.S. 14, 107 
(1937). Here we have cited only some of the earliest references. 
A more recent study which carefully examines the quantum theory 
of the Cerenkov effect is that of J. M. Jauch and K. M. Watson, 
Phys. Rev. 74, 950 and 1485 (1948) and 75, 1249 (1949). 

2 The interaction of an electron beam with em waves moving 
slower than the beam has been extensively studied in the literature 
on traveling wave tubes, space-charge wavé tubes and related 
devices. However, the focus of interest in these studies, namely the 
problem of wave growth, is unrelated to the problem discussed in 


this paper. 


an electron beam. One might thereby hope to generate 
presently unavailable, coherent em power at wave- 
lengths on the order of a millimeter or less, starting from 
lower frequency power obtained from conventional 
microwave tubes. Such a scheme was suggested in 1952 
by Landecker,* who proposed the use of an electron 
beam in vacuum to reflect em power traveling with 
velocity c= 3X 10" cm/sec. In this scheme a substantial 
increase in frequency requires the use of relativistic 
electron velocities. Thus, for a hundred-fold increase in 
frequency, the em wave must be reflected off a beam of 
approximately 2-Mev energy. However, by noting that 
the Doppler effect is relative to the velocity of the em 
wave in the medium in which it is traveling, one might 
hope to achieve the desired frequency increase by using 
nonrelativistic electron beams moving in vacuum but 
coupled tightly to the em wave which is slowed down by 
a suitable medium.‘ Two possible laboratory geometries 
achieving this are shown in Figs. 1(A) and 1(B). Both 


3K. Landecker, Phys. Rev. 86, 852 (1952). 

‘V. L. Ginsburg, Bull. acad. sci. U.R.S.S. 11, 165 (1947). In 
this paper Ginsburg discusses theoretically a scheme for generating 
millimeter wave em power through the use of the Doppler-shifted 
em radiation from accelerated electrons moving close to a dielec- 
tric. He also studies the direct Cerenkov radiation from electrons 
moving uniformly near a dielectric. The former proposal is similar 
to the “‘undulator” scheme proposed and studied independently by 
Coleman and Motz in this country. [P. D. Coleman, Ph.D. thesis, 
Massachusetts Institute of Technology, 1951 (unpublished) and 
Engineering Reports of the Electrical Engineering Research 
Laboratory, Univ. of Illinois, Urbana, Illinois (unpublished); H. 
Motz, J. Appl. Phys. 22, 527 (1951).] 
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Fic. 1. Laboratory geometries for an electron beam moving in 
vacuum and coupled to an em wave slowed down by a suitable 
medium. 


are evacuated coaxial structures. In the structure of Fig. 
1(A) the em wave is slowed down by the dielectric rod, in 
Fig. 1(B) by the dielectric-coated wire (Goubau line). In 
both cases the electron beam envelops the inner rod, and 
practically fills the space between the inner rod and 
outer metal cylinder. It is assumed that the beam has a 
more or less sharp leading edge and that an em wave of 
frequency /; traveling in the fundamental mode for the 
particular structure is incident on the beam head-on. 
Then the frequency f, of the reflected component in the 
fundamental mode will be given by /,/fi=(1+$)/ 
(1—f), where f= V/V,, V being the beam velocity and 
V, the phase velocity of the incident em wave. This 
formula is the same as that for the classical, vacuum 
Doppler effect with ¢ replacing 8B=V/c. By making £ 
sufficiently close to, but less than, unity, arbitrarily 
large frequency changes are possible, at least in prin- 
ciple. Actually there are formidable practical difficulties 
involved in the use of such a scheme to achieve large 
changes in frequency. However, we shall not pursue this 
particular subject further. 

From a study of the Doppler effect for a slowed-down 
em wave, it is a natural further step to make the 
inquiry : what happens if ¢>1? That is, what happens to 
an em wave incident on a Cerenkov electron gas? This 
problem is given conceptual interest through the fact 
that in the analogous problem of an em wave, with 
V ,=C, incident on an electron gas moving in vacuum, if 
the electron density is sufficiently high, the gas acts like 
a moving mirror to the oncoming em wave. The incident 
wave is reflected back into the vacuum and the em 
fields penetrate the electron gas only with reactive 
attenuation. This situation is illustrated symbolically in 
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Fic. 2. A uniform plane em wave incident on a sub-Cerenkov 
(<1) electron gas moving through a dielectric. 


LAMPERT 


Fig. 2(B). Here (taking the dielectric as vacuum) i 
denotes the incident em wave, r the wave reflected back 
into the vacuum and / the wave “‘transmitted’”’ into the 
electron gas. By reactive attenuation, for example in a 
stationary medium, is meant a (z,/) dependence for the 
transmitted fields, in the coordinate system of Fig. 2, of 
the form e***-'*, with w and T' both real. Electromag- 
netic power does not propagate through the medium; 
that is, the real part of the complex Poynting vector 
vanishes. 3} 

For an em wave incident on a Cerenkov electron gas, 
there cannot be a reflected wave in the conventional 
sense. No matter how high the density of the electrons, 
the em power must be capable of entering and propa- 
gating through the gas. Indeed it is easily shown that 
the boundary conditions cannot be satisfied with em 
waves whose field amplitudes either increase or decrease 
exponentially at the electron gas boundary. However, 
we shall show that nonetheless a Cerenkov electron gas 
of sufficiently high density does indeed exhibit a 
“mirror-like” quality in that it does reverse the direction 
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Fic. 3. A uniform plane em wave incident on a Cerenkov (¢>1) 
electron gas moving through a dielectric. 


of propagation of the incident wave inside the gas. This 
situation is illustrated symbolically in Fig. 3(B), which 
is explained more fully in the following section. One can 
also describe this behavior by saying that the “dense”’ 
Cerenkov electron gas does reflect the electromagnetic 
power, but overtakes the reflected waves due to its 
greater velocity. 

Two possible geometries for an experimental study ¢f. 
an em wave incident on a Cerenkov electron gas are 
shown in Figs. 1(A) and 1(B), which we have already 
discussed briefly above. A theoretical analysis of such an 
experiment employing circular geometry would be 
rather tedious. Instead we have chosen to analyze a 
much simpler, highly idealized one-dimensional version 
of the problem, namely that of a uniform, plane em 
wave propagating through an infinite dielectric medium 
and incident on an electron gas which is moving at a 
uniform velocity through the medium. The geometry 
for this problem is illustrated in Figs. 2(A) and 3(A). 
Although this simplified problem is unrealistic, because 
an electron gas moving through a real dielectric would 
rapidly lose energy through inelastic collisions, nonethe- 
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less its solution exhibits the important features of the 
solution of the problem with realistic geometry. In the 
following section, the one-dimensional plane problem is 
solved, both for sub-Cerenkov and Cerenkov velocities 
of the electron gas. 


II. SOLUTION OF THE PROBLEM 


The geometry for the problem, including choice of 
axes etc., is illustrated in Fig. 2 (sub-Cerenkov case) and 
Fig. 3 (Cerenkov case). The dielectric constant of the 
medium is ¢ and its permeability is that of vacuum yp. 
It is assumed that em wave propagation in the dielectric 
is nondispersive in the frequency range of interest, that 
is, that € is independent of frequency in this range. The 
electron gas is of infinite lateral extent and uniform 
density N and is moving through the dielectric at a 
uniform velocity V= — Vz. The gas has a sharp forward 
edge normal to its velocity. The incident plane em wave 
has angular frequency w,; and propagation constant 
k;=k;z. The field components of the incident wave are 


E,=Real part [xEeiest-i2) 7, 
leis (1) 
H,;=Real part y—E e*oit-kia) | 
n 


where 

n=(uo/e)? and k,=w;(uoe)}. 
x, y, and z are unit vectors along the three coordinate 
axes. The incident-wave phase velocity is Vp=w,;/k; 
= (ue)! and its group velocity is the same: V,= dw;/ 
dki= V ». 

The mks system of units is used throughout. Likewise 
the usual complex notation is employed without, hence- 
forth, explicitly writing the necessary “Real part.” 

The solutions of the Maxwell-Lorentz equations inside 
the electron gas which are excited by incidence of the 
em wave (1) are also transverse, uniform plane em 
waves whose propagation characteristics are defined by 
a permeability uo and an “effective” dielectric constant 
€, given by 

@ p*€o 


és=€— ’ 
yu 


eN 
op =—, 
meéeo 


where e and m are the charge and rest mass of the 
electron, respectively, y is the relativistic quantity 
(1—6)~}, w, is the angular plasma frequency as usually 
defined, and w is the angular frequency of the propa- 
gating em wave. It is to be noted that in the present 
case w is determined by solution of the problem itself, as 
discussed below. The formula (2) is derived in straight- 
forward fashion by writing for the curl H Maxwell 
equation, curlH = — eV v+ jweE, where H and E are the 
alternating magnetic and electric fields respectively and 
v is the alternating component of the electron velocity 
(it being assumed at the outset that the alternating 
component of charge density vanishes identically), and 
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for the Lorentz force equation, —eE= jwymv. In writing 
the latter equation, several terms of order v/c have been 
neglected, where v= | v|. Elimination of v results in (2). 
For y= 1 and e= €o, (2) reduces to the well-known result® 
for the effective dielectric constant of a stationary 
electron gas in vacuum. Since v/c=e|E| /ymwe in the 
above approximation, (2) is valid so long as 10?! E| / 
yf«1, where f=w/2xr. Thus the use of (2) is justified 
except at very high field strengths or very low fre- 
quencies. With this limitation, (2) is valid at arbitrarily 
high electron energies; that is, as the presence of y 
indicates, the usual nonrelativistic approximation for 
this type of problem has not been made. 

The wave phase velocity V,, and the wave group 
velocity V,, corresponding to (2) are, for ¢,>0, re- 
spectively, 


V pt=V p(e/er)!;  Vor=V p(es/e)!, (3) 
since e,<¢, Vps>V, and Var<V>,. 

The em wave (1) incident on the moving electron gas 
gives rise to two additional em waves. In the sub- 
Cerenkov region of electron velocities, ¢= V/V »<1, one 
will be a wave reflected back in the dielectric and the 
other a wave transmitted into the electron gas. In the 
Cerenkov region of electron velocities, >1, there can 
be no reflected wave in the dielectric because it cannot 
travel fast enough, and consequently both waves must 
be transmitted into the electron gas. 

The boundary conditions to be satisfied at the moving 
edge of the electron gas are that the tangential com- 
ponents of the vectors E*=E+VXB and H*=H 
—V xD be continuous across the boundary. (Note that 
inside the electron gas B=yoH and D= cE.) These are 
the Lorentz transforms of the usual boundary condi- 
tions which hold in the system in which the electrons are 
at rest. These boundary conditions impose requirements 
not only on the amplitudes of the em waves but also on 
their frequencies; for matching of the fields at the 
moving boundary requires equality of their phases. If 
the motion of the boundary is described by zg= — V1, 
then the phase of the incident wave at the boundary is 
®;(B)=w,t—kzp=w; (1+ Ht. 

Defining a “forward wave” as one propagating in the 
same direction as the incident wave, that is, in the 
positive z direction, a forward em wave in the electron- 
gas medium and its phase $,,(B) at the moving bound- 
ary may be written 


Ews= xEuy exp 7 (wist—Riy2), 
Hiy= (€ss/uo) 2X Ezy; Ris=wry(€ puto)’, (4) 
P17(B) =wisl{1+(€rs/€)4}, 


with ¢€,, given by (2) with w=w,,. Likewise, a “back- 
ward wave” in the electron-gas medium, that is, one 
propagating in the negative z-direction, and its phase 


5H. R. Mimno, Revs. Modern Phys. 9, 1 (1937). 
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,,(B) at the moving boundary may be written 
E.5= xExs expj(wislt+hisz), 
Hro=— (€e0/uo)*tXEr; keo=wro(€rmo)!, (5) 
,(B) =wrot{1—$(€r0/6)}, 


with €;, given by (2) with w=wy;». 
Equality of the phases ®,(B), &,,(B), and ®,,(B) at 
the moving boundary gives the relations 


? ; 
w(t+8)—au) 148(1-P—) I (6a) 


t 


w?\! 
v(1+1)=eu) -7(1-P—-) | 


Wed 


(6b) 


with P=w,"¢o/yw,;*e. Equations (6a) and (6b) lead to 
the same quadratic equation in the w;’s, whose roots w_ 
and w, are given by 


wo SQH1I oo ¢Qi-I 


= (7) 
r-1 


Wi ¢-1 Ws 


with Q=[ (¢—1)/(+1) JP+1. 

The assignment of the frequencies of (7) to the ap- 
propriate waves depends both on ¢ and P. It is con- 
venient to discuss the Cerenkov and sub-Cerenkov 
regions of electron velocity separately. 


Case A: Sub-Cerenkov Region of Electron 
Velocity: {<1 


In this case the incident wave (1) generates at the 
moving boundary a wave reflected back in the dielectric: 


E,= xrE; exp[ j(wt+k,2) ], 
cee (€/uo)*zXE,, 


and a wave transmitted into the electron gas: 


E,= xtE, exp[ j(wit—k.z) ], 
H = (€:/uo)'tXE,, 


The quantities r and ¢ are the (complex) reflection and 
transmission coefficients respectively. Here w,=w, given 
in (7) and ¢; is given by (2) with w=«,. For w, real (that 
is, Q positive) w; is positive, as expected. 

For fixed electron velocity and incident em wave 
frequency, that is, with ¢ and w; held constant, as the 
electron density N increases from zero, w,/w; increases 
monotonically from unity, reaching a value of (1—¢)“! 
at a critical density P, given by P.= (1+ ¢)/(1—$). 

For P> P,, Q is negative, but (7) is still valid so that 
w, is complex: 


w/wi= (1-9) {1+ j$(—Q)4} ; 
k, is also complex: 

ke/ki= — (1-8) {5+5(—Q)4. 
The phase of the transmitted wave is 


(w¢t— ky) =0,(1—$) 71 (t+ 2) + 70 (—O) (t+ V2) J. 


k,= w,(euo)}, 


ki=we(€mso)!. 
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This phase describes a reactively attenuated wave 
which is “carried along” by the dense, moving electron 
gas. At the moving boundary /+ V~'z vanishes so that 
the phase is real and the field amplitudes are constant, 
as required for satisfaction of boundary conditions. The 
“propagation” part of the phase corresponds to back- 
ward propagation at a phase velocity c/f exceeding c. 

Matching of phases gives for the frequency of the 
reflected wave, 


wr/wi= (14+$)/(1—$). 


The coefficients r and / are given by 


r= (1+5)(1—Q4)/(1—-$) (1+), 
t= 2(1—¢9)/(1—$) (1+). 


These relations are valid for Q negative as well as 
positive. As P increases from zero to P,, r increases 
monotonically from zero to (1+¢)(1—f)~ and ¢ in- 
creases monotonically from unity to 2(1—¢)-". As 
P increases beyond P,, |r| remains constant at 
(1+¢)(1—¢)~; the incident wave is “thrown back” by 
the electron gas and further its energy content is in- 
creased by the work which the electron gas does on 
reversing the momentum of the incident wave. The 
phase of r shifts by radians as P goes from P, to «. 
These results are illustrated symbolically in Figs. 2(A) 
and 2(B). 

As the electron velocity approaches the Cerenkov 
velocity, that is, as {—1, the critical electron density P. 
at which mirror-like behavior sets in approaches infinity. 
This result is not unexpected in view of the fact that a 
Cerenkov electron gas, no matter how great its density, 
cannot reflect the incident wave in the above sense. 
Likewise as {—1, w,/w—* which is a consequence of 
the fact that the Doppler effect is relative to the velocity 
of light in the medium. 


Case B: Cerenkov Region of Electron 
Velocity: (>1 


In the idealized geometry for whlch the problem is 
solved, namely that of Fig. 3, the electron gas, though 
moving at a Cerenkov velocity, does not emit Cerenkov 
radiation. On grounds of symmetry it is clear that such 
radiation is impossible. If the gas were bounded in 
cross section, then, of course, the Cerenkov radiation 
would be present and indeed would emerge from the 
“sides” of the gas. 

The em wave (1) incident on the electron gas gener- 
ates two waves which propagate inside the electron gas. 
Therefore both frequencies, w_ and w,, in (7) must be 
significant. An inspection of (7) reveals at the outset a 
striking difference between the Cerenkov case and the 
previous sub-Cerenkov case; namely, for ¢>1, the 
transmission frequencies w. and w, are real for all 
electron densities, no matter how large. As the sub- 
scripts indicate, w, is positive and w_ negative for all 
electron densities (for ¢> 1). 
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TABLE I. Frequencies, effective dielectric constants, and relative amplitudes of the transmitted waves in the Cerenkov case: {> 1. 








w4/wi ,/¢€ 


t, =E,/Ei 


e/e t_ =E_/Ei 


w-/wi 





P<«!1 ft 
“1”_+forward wave 1+P. 1—P 
2(¢+1) 


“—_”_sbhackward wave 


P=PC= (¢+1)? f+1 


1+4P 


(¢+1) 


f+1 c (¢-1) 


t1  2(¢41) (+19 
41 4 441 
tt (+1) 2 


—1P 








P>!1 
“4_+backward wave 
“—”_»+backward wave 


c 1 
——/P <{1 


ey =e reve 


2(¢2—1)! f 
VP 
2(s?—1)8 


2(—1)8 iy 
; P 


1+ =y / 
$S—1)/P 2(¢2—1)4 


¢ 1 | 
o P i 
(7-1) " 








It remains to assign the frequencies w_ and w, to the 
appropriate waves. In the sub-Cerenkov case, for 
P<P., the transmitted wave is a forward wave. In the 
Cerenkov case it is possible for the incident wave to 
generate, at the moving boundary of the gas, a back- 
ward wave inside the gas, since the velocity of the gas 
exceeds the group velocity of the wave. Detailed calcu- 
lations following the lines of the previous discussion 
reveal that there is a critical electron density P,° 
= (¢+1)?, below which both forward and backward 
propagation in the electron gas take place and above 
which only backward propagation occurs. Specifically, 
for P<P.©, w_ belongs to a backward wave, w.=wy:p, 
and w, to a forward wave, w,=w;:;. For P>P,°, both 
w_ and w, belong to backward waves. In Table I the 
frequencies, effective dielectric constants, and relative 
amplitudes of the two transmitted waves are given for 
the extreme density ranges P&1 and P>>1 and at the 
critical density P,°. 

The range P< P.“ is analogous to the range P< P, in 
the sub-Cerenkov case. For P<1, almost all of the 
energy of the incident wave enters the gas as a forward 
wave of almost unchanged frequency. A “reflected” 
wave is generated at the moving boundary, but since the 
wave is travelling slower than the boundary it appears 
as a backward wave in the gas. It will be noted that for 
P1 the frequency of this backward wave is given by 
the same expression which gives the frequency of 
the reflected wave in the sub-Cerenkov case: w_/w; 
~(1+)/(1-—f£). The direction of propagation of the 
backward wave is, of course, reversed in a transforma- 
tion to the system in which the electrons are at rest. 
This is related to the appearance of a negative frequency 
in the analysis. Negative frequencies have previously 
appeared in a study of Cerenkov radiation by Jauch and 
Watson.! The negative frequency in the present analysis 
is a mathematical construction; no physical difficulties 
arise out of its use since all measurable quantities are of 
the form: Real part [expj (wiz) J. 

The range P> P.“ is analogous to the range P> P, in 
the vacuum case. In this range the direction of propaga- 
tion of the incident em energy is completely reversed, 
but inside the electron gas; both transmitted waves have 
become backward waves. A stationary observer inside 
the electron gas when the incident wave first strikes the 


gas would not, except for transient effects, “see” any 
em energy. For P>>1, the “reflected” energy is shared 
equally by the two transmitted waves, as indicated by 
Table I. That the transmitted waves, in this range of P, 
are not reactively attenuated, as in the corresponding 
sub-Cerenkov case, may at first sight seem surprising. 
However, we can see that this would be impossible by 
noting that, since the incident em energy is continuously 
entering the medium, if the transmitted waves were 
reactively attenuated they would have to grow in 
amplitude at the boundary at a rate corresponding to 
the absorption of energy by the electron gas. But fields 
of growing amplitude at the boundary cannot be 
matched to the constant-amplitude incident field. 

For P=P.°, ¢,/e=0 and the corresponding phase 
velocity is infinite. This result is in accord with the fact 
that P.© is a transition point for the “+” wave. For 
P<P.©, the “+” wave is a forward wave and for 
P>P.© it is a backward wave. A smooth transition at 
P.© is possible, for €, not infinite, only for e,=0. 

A problem very similar to the one discussed above is 
that in which the “incident” wave is itself a backward 
wave, that is, a wave travelling along the negative z 
direction. In this case, the electron gas “overtakes” the 
em wave. Again a critical density P,©’ separates two 
regions of solutions, but in this case P,“’= ({—1)?. For 
P<P.©', one wave in the electron gas is a forward wave 
and the other a backward wave, with the negative 
frequency now corresponding to the former and the 
positive frequency to the latter. As P—0, the backward 
wave joins smoothly to the “incident” wave, as indeed 
it must. For P>P,°’, both transmitted waves are 
backward waves, as expected. 


III. PRACTICAL CONSIDERATIONS 


It has already been pointed out in the Introduction 
that a laboratory experiment bearing on the present 
studies is likely to have a configuration such that a large 
fraction of the em energy is actually outside the slowing- 
down medium, as for example the circular geometries of 
Figs. 1(A) and 1(B). Such a slow-wave line which 
confines the em fields close to the rod or wire, necessarily 
gives a longitudinal component to the electric field. 
Therefore the em wave solutions are somewhat more 
complicated than the plane waves used in the idealized 
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one-dimensional analysis. However, if the wave has been 
only slightly slowed down, then the longitudinal E-field 
component will be small compared to the transverse 
E-field component, almost all of the wave energy will be 
outside the dielectric, and interaction of an em wave in 
the fundamental mode with the electron beam will 
strongly resemble the idealized situation which has been 
analyzed. Matching of fields at the moving edge of the 
beam will, to be sure, require utilization of higher modes 
of propagation, both in reflection and transmission, but 
under the stated conditions there will be negligible 
energy in these higher modes. The slower the em wave, 
the greater will be the departure of the laboratory 
experiment from the idealized calculation. 

In so far as a laboratory experiment is to be related to 
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the theoretical results obtained in Sec. II, there is a 
further consideration, namely that the foregoing calcula- 
tions refer only to steady-state solutions. Actually, there 
is likely to be a considerable transient following inci- 
dence of the wave on the electron beam because of the 
high dispersion of the electron-gas medium. A trans- 
mitted wave inside the gas must, so to speak, “hunt” 
for its proper, steady-state frequency. 
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Thermomolecular pressure ratios of He* have been measured for a tube extending from room tem- 
perature to a bulb at 2°K. The results agree within experimental accuracy with He‘ ratios calculated 
from the Weber-Schmidt equation. Detailed calculations from this equation are given. Limitations of the 
equation due to large deviations from ideal viscosity behavior in the liquid helium range are discussed. 


INTRODUCTION 


EASUREMENTS of the vapor pressure of liquid 
He’ below 1°K have required a knowledge of the 
thermomolecular pressure ratio, Poid tO Pwarm. The 
theory of this ratio has been developed in detail by 
Weber! and applied experimentally to He* by him and 
his collaborators.?* Their research showed that this 
pressure ratio can be expressed as a function only of 
the ratios of the tubing radius, R, to \, and \.., the mean 
free paths at the cold and warm ends of the tube. Thus 
in the classical region where the mean free paths of 
He‘ and He’® are equal, the thermomolecular pressure 
ratios also must be equal. 

The quantum-mechanical calculations of de Boer 
and Cohen,‘ confirmed by the experiments of Becker, 
Misenta, and Schmeissner,® have shown that below 
5°K the viscosities, and hence the mean free paths, of 
He’® and He‘ are very unclassical in behavior. In fact 
the He* viscosity, 73, is nearly twice as great as the 
He‘ viscosity, 4, instead of being equal to (2)!n,. 
Nevertheless, the present measurements show that 


t Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1S. Weber, Leiden Comm. No. 264b (1936) ; 264d (1936), and 
Suppl. 71b (1932). n 

2 Weber, Keesom and Schmidt, Leiden Comm. No. 246a (1936). 

3S. Weber and G. Schmidt, Leiden. Comm. No. 246c¢ (1936). 

4 J. de Boer and E. G. D. Cohen, Physica 17, 993 (1951). 

5 Becker, Misenta, and Schmeissner, Z. Physik 137, 126 (1954). 


within the experimental accuracy there is no difference 
between measured ratios for He*® and calculated ratios 
for Het. 

Since He* is scarce, vapor pressure thermometry 
using He’ may be forced to rely on considerable thermo- 
molecular pressure ratio corrections below 1°K. 
Therefore we have calculated the ratios in more detail 
than heretofore available for convenience in making 
the corrections graphically. The results of the experi- 
ments and calculations are given below. 


CALCULATED p./p, RATIOS FOR HELIUM FOUR 


Weber and Schmidt* found that the following equa- 
tion best fittted their He‘ data. The subscripts ¢ and w 
designate cold and warm quantities, respectively. 


ye+0.1878 


pe T. 
log—=} log—+0.18131 log———— 
p T Yo +0.1878 


ye+1.8311 
Yw+1.8311 


Vet+4.9930 
—0.15823 log —, 
+4. 


w w 


+0.41284 log 


9930 


Vw 
273.15°K 
T 


yo ts 


1.7 Rp 
oe) 


13.42 
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The units of R are cm and of p are microns of mercury. 
Equation (1) must be solved by successive approxima- 
tions since the pressures cannot be separated out 
easily. The equation has been solved by use of the 
IBM 701 calculator for various values of T,,, T., and 
Rp, with the results shown in Tables I, I, and III. 
The limiting ratio as Rp,—0 is (T./T.)'. Curves of 
P-/ Pw for each pair of T,, T. values can be drawn on 
semilogarithmic paper as a function of log(Rpw). 
Using commercially available 25-cm/cycle paper, one 
can read p./p». to +0.001. Linear interpolation is ad- 
equate at either 7, or T.. 

Table I is for use between room temperature and 
liquid helium temperatures with a constant radius 
pressure sensing tube. Tables II and III may be used 
for a stepped pressure sensing tube having a change of 
radius at liquid air temperatures. Table III also may be 
used to calculate approximate pressure drops in tubes 
at liquid helium temperatures according to Eq. (1). 
For example, from values for Rp,.=0.01 and T,,=85°K, 
the ratio p./pw» for T,=4°K, T.=1°K, and rpy 
= 0.002213 is 0.1142/0.2213=0.516. Such calculations 
in the liquid helium range should not be very reliable 


TABLE I. Calculated p./py for He*, room temperature 
to liquid He temperature. 
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TABLE II. Calculated p./p.» for Het. Room temperature 
to liquid air temperature. 








Rpw 
cmys 


0 a. -—" ene 
0.4974 


0.5347 
0.5029 


0.5376 
0.5060 


0.5415 
0.5104 


0.5485 
0.5178 


0.5577 
0.5274 


0.5714 
0.5423 


0.5896 
0.5626 


0.6140 
0.5884 


0.6462 
0.6235 


0.6852 
0.6658 


0.7377 
0.7231 


0.7976 
0.7881 


0.8560 
0.8504 


0.9092 
0.9065 


0.9466 
0.9453 


0.9728 
0.9722 


0.9871 
0.9868 


250 1 0.9940 
400 0.9975 

0.9989 
1000 0.9995 


30°C 











because of the previously mentioned deviations of the 
viscosity from ideality. The limitations of Eq. (1) 
for He® and He* below 4°K will be discussed in a later 
section. : 


MEASURED )./p. FOR HELIUM THREE 


Helium-three thermomolecular pressure ratios were 
measured by the single-tube method of Weber and 
Keesom.* A vacuum-jacketed Inconel tube of radius 
0.211 cm. was connected to an Inconel bulb of 25 cc 
volume. This volume was held at a constant temperature 
below the A point by using a Sommers’ electronic 
helium bath regulator. Metered amounts of gas were 
successively admitted to the system and the equilibrium 


°S. Weber and W. H. Keesom, Leiden. Comm. No. 223b (1932). 
7H. S. Sommers, Jr., Rev. Sci. Instr. 25, 793 (1954). 
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TABLE III. Calculated p-/p» for He*, liquid air temperature to liquid He temperature. 
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* Equation (1) is not reliable for these entries. 


warm pressures measured by a specially designed 
McLeod gauge with a range of 0.1 to 3400 microns of 
mercury. The gauge has a 50 cm long capillary. It was 
calibrated in the range 80 u to 3000 uw by a mass-balance 
method. The calibration was checked at 3000 u against 
an oil manometer. The corresponding p, values were 
calculated and the results of two runs are given in 
Table IV. About 1.3% of the gas was calculated® as 
being in the Inconel tube, assuming the temperature 
distribution corresponding to a thermal conductivity 
proportional to T and a pressure of (p+ .)/2. 
Adsorption corrections were made based on the 
data of Keesom and Schweers.® For purposes of extra- 
polation a straight line was drawn through a plot of X 
versus log(p/po) with the equation X=[39.5+3.1 
Xlog(p/po) ]X10-" mole/cm*. The adsorption correc- 
tion amounts at most to about 1.5% and leads to a 
slight improvement in the fit of the He® data to Eq. (1). 
8S. G. Sydoriak and H. S. Sommers, Jr., Rev. Sci. Instr. 22, 


915 (1951). 
*W. H. Keesom and J. Schweers, Physica 8, 1007, 1020 (1941). 


The two runs in Table IV were taken nearly a year 
apart with two different McLeod gauge capillaries. 
The last column gives the percentage difference between 
the observed ,/. as corrected for adsorption and the 
He‘ ratio read from a graph of the calculated data of 
Table I. This percentage error is defined as A in Table V 
and is compared as to algebraic and absolute magnitude 
averages with measurements on He‘ by other workers. 
The present work compares favorably in scatter with 
the measurements of Weber, Keesom, and Schmidt,” 
on which Eq. (1) is based. The other two sets of data 
show larger systematic deviations. 

Only the Weber and Keesom® data were obtained by 
the single-tube method. The other measurements 
were made by the differential method in which the 
pressure difference is measured between the warm 
ends of the capillary tube and a considerably wider 
tube. The wider tube pressure is corrected by Eq. (1) 
to find pc. 

Using this differential method, van Itterbeek and 
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de Grande” found a consistent difference in thermo- 
molecular differences, py»—p., between Hz and Dy» at 
T.. values of 20.4° and 14.15°K. However, the maximum 
observed deviation in p./p. between the two gases was 
1.5%. This they attributed to the fact that \(H2)/ 
d(Dz) is larger than 1, being 1.134 at 20°K and 1.194 
at 14°K. 

The ratio of mean free paths for He® to Het is calcu- 
lated from the data of Becker and his co-workers*:"! 
according to the relation \3/Aa= (M4/M3)'n3/n', where 
M is the atomic weight of the corresponding helium 
atom. Although the mean free path does not have a 


TABLE IV. Experimental helium-3 thermomolecular 
pressure ratios. 








(1) (3) 
(pe/Pw)obs (3) —(1) 
Corrected for am 
adsorption 


(2) 
(Pe/Pw)obs 

Rie Uncorrected 
cmy (Hg) (Pe/Pw) cale for adsorption 





Run I: 7,=2.15°K; T,,=301.2°K 
0.4730 0.4783 0.4719 
0.5917 0.5939 0.5857 
0.6608 0.6683 0.6619 
0.7096 0.7155 0.7101 
0.7781 0.7834 0.7794 
0.8225 0.8206 0.8174 
0.8527 0.8573 0.8546 
0.8756 0.8804 0.8781 
0.9074 0.9079 0.9061 
0.9272 0.9347 0.9332 +0.6 
0.9419 0.9448 0.9435 +0,2 
0.9648 0.9654 0.9645 0.0 
115.3 0.9761 0.9758 0.9752 —0.1 
167.2 0.9870 0.9832 0.9828 —0.4 
291 0.9950 0.9944 0.9943 —0.1 

0.9973 (0.9973) (0.9973) 


Run IT: T.=1.90°K; T»=305.7°K 


0.6000 0.6004 0.5955 
0.7235 0.7142 0.7095 
0.7897 0.7967 0.7930 
0.8227 0.8370 0.8338 
0.8492 0.8646 0.8620 
0.8820 0.8953 0.8932 
0.9122 0.9196 0.9179 
0.9303 0.9414 0.9400 
0.9457 0.9482 0.9470 
0.9682 0.9734 0.9726 
0.9846 0.9842 0.9836 
0.9930 0.9908 0.9903 
0.9971 0.9934 0.9933 
0.9990 (0.9990) (0.9990) 


4.87 

8.12 
10.94 
13.67 
18.97 
24.2 
29.0 
33.9 
43.8 
53.1 
63.0 
89.2 


—0.2% 
—1.0 
+0.2 
+0.1 
+0.2 
—0.6 
+0.2 
+0.3 
—0.1 


—0.8% 
—2.0 
+0.4 
+1.3 
+15 
+1.3 
+0.6 
+1.0 
+0.1 
+0.5 
—0.1 
—0.3 








clear meaning in the helium temperature range where 
the quantum statistics are dominant, the ratio calcu- 
ulated by the above classical relation serves as a 
measure of departure from ideal gas behavior. The 
results are shown in Table VI. Apparently the large 
deviations from ideality in the helium temperature 
range do not measurably change the thermomolecular 
ratios for He’, at least for Rp, values greater than 5 
cm micron of Hg. An explanation for this fact is 
discussed in the next section. 


A, Van Itterbeek and E. de Grande, Physica 13, 289 (1947). 
FE. W. Becker and R. Misenta, Z. Physik 141, 535 (1955). 
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TABLE V. Summary of average percentage deviations 
of p-/pw from calculated values. 








ZlAl/n 


+0.30% 
+0.08 
+0.50 
+0,32 
+1.1 
+1.5 
+1.8 


Investigators Rem LA/n 





Present work, Run I 

Present work, Run II 

Weber, Keesom, and Schmidt* 
Weber, Keesom, and Schmidt* 
Van Itterbeek and de Grande» 
Van Itterbeek and de Grande® 
Weber and Keesom4 








* See reference 2. 

> See reference 10. 

¢ One point at A= +19.6% has been omitted. 
4 See relevance 6. 


CALCULATION OF p./p. IN LIQUID HELIUM RANGE 


According to Weber,' the equation for the high- 
pressure or hydrodynamic region is obtained by 
integrating the equation 


dp/dT = (6k:/R*)(n2/pT), (3) 


where &; is an empirical constant equal to 1.36 for 
helium four and p is the gas density. Since pressures 
are less than 1 mm, the ideal gas law is adequate for 
density calculations. For He‘, the measured®” values 
of viscosity are approximated by 4= 2.7T (micropoise) 
while the calculated‘ and measured® He’ viscosities are 
roughly given by 73;=7.07! (micropoise). Integration 
of Eq. (3) under these assumptions from 7,,=3°K to 
T.=0.5°K yields the following for He: 


1— (p./Pw)?=0.0124/(Rpw)”, (4) 
and for He’: 


1— (pe/Pw)?=0.0543/(Rpw)’, (5) 


for Rpw in units of cmyu. For He‘ from 15°K to 480°K, 
na=5.00T°-*7 (u poise) and integration of this value 
in Eq. (3) would give 


Table VII gives ratios calculated from Eqs. (4), (5), 
and (6) for Rp. from 10 to 1 cmy. These equations 
cease to be good approximations for lower p./pw» values. 
The table shows that differences between He‘ and He*® 
ratios of greater than 1% may be expected for Rp,<2 
cmy. The high temperature viscosity relationship, 
used in Eqs. (1), (2), and (6) should give reasonably 
reliable ratios from room or liquid nitrogen temperatures 


TABLE VI. Ratio of viscosities and mean free 
paths of He? to Het. 








4.15 
2.64 
1.30 








“Van Itterbeek, Schapink, van den Berg, and van Beek, 
Physica 19, 1158 (1953). 
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TaBLe VII. p-/ Pw calculated from 
Tw=3.0°K; T-=0.5°K 


S. @), (5), and (6). 








Rie 
cmy Eq. (4) (He*) 


10 0.9999 
3 0.999 
1 0.994 


Eq. (S) (He’) 


0.9997 
0.997 
0.973 


Eq. (6) 


0.9999 
0.999 
0.987 











down to Rp, values of about 1 cmy. Hence the entries 
below an Rp,, of 1, indicated by superscript a in Table 
III, should not be relied on very heavily. 


CONCLUSION 


Experimental measurements have shown that the 
thermomolecular ratios for He*® between room and 
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liquid helium temperatures do not differ within 
experimental error from values calculated from the 
Weber-Schmidt He‘ equation, Eq. (1), for Rp» values 
down to 5 cmy. Theoretical considerations based on 
measured viscosities in the liquid hydrogen and helium 
regions indicate that deviations from these calculated 
ratios probably will exceed 1% for lower Rp~ values. 
When very low pressures are reached, the ratios for 
both gases should theoretically converge to the 
molecular-flow-region limiting value of (T./T.)}. 
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The Lindemann and Griineisen Laws* 
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The Lindemann assumption of direct contact of neighboring 
atoms at fusion is replaced by the criterion that melting occurs 
when the root-mean-square amplitude of thermal vibration 
reaches a critical fraction p, presumed the same for all isotropic 
monatomic solids, of the distance of separation of nearest-neighbor 
atoms. The Debye-Waller theory of the temperature dependence 
of the intensity of Bragg reflection of x-rays is used, without 
further assumptions, to derive a generalized Lindemann law. In 
contrast to the Lindemann form, all physical quantities involved 
in this formulation are evaluated at the fusion point, and departure 
of the average energy of an atomic oscillation from the equi- 
partition value is taken into account by the quantization factor 
of the Debye-Waller theory. If the Griineisen constant ym of the 
solid at fusion is evaluated by its definition from the Debye 
frequency of the solid, use of the generalized Lindemann law and 
Clapeyron’s equation permits one to express ym in terms of the 
bulk modulus of the solid at melting and the latent heat and 
volume change of fusion. By means of Griineisen’s law applied 
to the solid at fusion, y», can be expressed likewise in terms of the 


HE order-disorder theory of fusion given by 
Lennard-Jones and Devonshire' yields excellent 
agreement with experiment.’ The theory has the im- 
portant consequence that it provides an approximate 
theoretical justification' for Lindemann’s theory of 
fusion,** beyond the elementary considerations on 
which the latter theory is based. Lindemann considers 
a solid composed of simple harmonic oscillators, as in 
the Griineisen theory of solids.* He assumes further 
_ ag sponsored by the U. S. Atomic Energy Commission. 
E. Lennard-Jones and A. F. Devonshire, Proc. Roy. Soc. 
(Lendend A170, 464 (1939). 
2 J. de Boer, Proc. Roy. Soc. (London) A215, 5 (1952). 
3F. A. Lindemann, Physik. Z. 11, 609 (1 910). 
‘J. K. Roberts and A. R. Miller, Heat and Thermodynamics 
(Interscience Publishers, Inc., New York, 1951), p. 551. 
5 E. Griineisen, in Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1926), pp. 1-59. 


corresponding bulk modulus, thermal expansion, volume, and 
heat capacity at constant volume; the two evaluations of ym 
connect the Lindemann and Griineisen laws. These relations 
permit one to evaluate the slope and curvature of a fusion curve 
as functions of ym, and thus to express in terms of 7m the conditions 
that a fusion curve be normal in the sense of Bridgrnan. Experi- 
mental fusion data on 13 cubic metals are used to evaluate the 
constant of proportionality (inversely proportional to p) in the 
Lindemann frequency; the values are reasonably constant. The 
corresponding values of p for Al and Cu show reasonable agreement 
with values deduced from x-ray intensity measurements. The 
average p seems significantly below values estimated by Griineisen. 
Good agreement with the cubic metals is found for hexagonal 
close-packed elements, but not for elements with more complex 
lattices, in general. The two evaluations of the Griineisen constant 
ym of the solid at fusion are shown to be in good agreement, 
experimentally, for 14 elements checked, but agreement fails for 
the elements Ga, Bi, and Sb, which show abnormal fusion curves. 


that the oscillators are arranged in a simple cubic 
lattice, and that any departure of the average energy 
of an oscillator from the equipartition value can be 
represented by the Einstein function appearing in the 
theory of heat capacity of solids. The basic assumption 
is made that fusion occurs when the amplitude of 
thermal vibration of the atoms reaches one-half the 
distance of separation of neighboring atoms less their 
diameter; that is, when direct contact of neighboring 
atoms occurs. A second assumption is made, that the 
Hooke constant of the thermal oscillation (with the 
mass of the atom) corresponds to the Einstein frequency 
of the solid as determined by the heat capacity. These 
hypotheses determine a characteristic frequency as a 
function of the melting temperature, which shows good 
numerical agreement with the characteristic frequencies 
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of Einstein and of the later theory of Debye, if a 
constant of proportionality is properly chosen. 

Recently, the Lindemann law and the Debye equation 
of state have been used by Salter® to derive theoretically 
Simon’s melting-point formula.’ The empirical Simon 
relation can be justified? on the theory of Lennard- 
Jones and Devonshire; it fits experimental fusion curves 
reasonably well, by choice of two disposable coefficients. 
The fact that, when conjoined with the Debye equation 
of state, it implies the Simon law, and that it is implied 
by the theory of Lennard-Jones and Devonshire, sug- 
gests that the Lindemann relation may be more than a 
semiempirical rule. 

The concept of direct contact of neighboring atoms 
at fusion is factitious. In this paper, the basic assump- 
tion is made that fusion occurs when the root-mean- 
square amplitude of thermal vibration reaches a critical 
fraction of the nearest neighbor distance of atoms at 
fusion; the fraction is presumed the same for all iso- 
tropic monatomic solids. The theory of Debye* and 
Waller’ for the temperature dependence of the intensity 
of Bragg reflection of x-rays is used to derive the 
corresponding form of Lindemann’s law without further 
assumptions. As usually formulated,‘ the Lindemann 
relation equates a frequency determined in terms of 
fusion parameters with a frequency (the Einstein or 
Debye frequency) corresponding to normal tempera- 
ture. In the formulation given here, all thermodynamic 
variables entering the relation are evaluated at the 
fusion point. As a consequence, a connection between 
fusion parameters and the Griineisen constant of a solid 
at melting emerges. Thus, a direct relationship between 
the Lindemann and Griineisen theories is established. 

The basic Debye-Waller theory corresponds to the 
assumption of linear thermal oscillation of the atoms. 
Hence, the reformulation of the Lindemann law, as 
given, ignores anharmonic terms in the potential energy 
of an atom, such as have been introduced into the 
theory of the heat capacity of solids by Born and 
Brody,”® and have been included in the theory of the 
temperature dependence of x-ray reflection intensity 
by Waller." The possible effect of lattice defects’? near 
the melting point has been neglected ; the sharp increase 
in heat capacities of the alkali metals near the fusion 
point has been attributed to such a cause.'* Further, 
the restriction of the theoretical discussion to isotropic 
monatomic solids ignores Zener’s extension of the 
Debye-Waller theory to anisotropic crystals. For these 


6 L. Salter, Phil. Mag. 45, 369 (1954). 

7F. Simon, Z. Electrochem. 35, 618 (1929); Trans. Faraday 
Soc. 33, 65 (1937). 

*P. Debye, Ann, Physik 42, 49 (1914). 

*T. Waller, Z. Physik 51, 213 (1923). 

1 M. Born and E. Brody, Z. pet 6, 132 (1921). 

"J, Waller, Ann. Physik ’83, 153 (19: 27). 

2K. F. Stripp and J. G. Kirkwood, J. Chem. Phys. 22, 1579 
(1954). 

3 L. G. Carpenter, J. Chem. Phys. ce 2245 (1953). 

4 C, Zener, Phys. Rev. 49, 122 (193 6). 
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reasons (and others), one can hope at best only for 
approximate agreement of the theory with experiment. 
I. GENERALIZED LINDEMANN LAW 


In the Debye-Waller formula J7=Jye~™ for the 
intensity Jy at absolute temperature 7 relative to the 
intensity J» at zero temperature, of x-rays reflected by 
a crystal, the parameter M is given by® 

M = 8n*(sind/dA)*(u) w, (1) 
where J is the wavelength of the radiation and 9 is the 
Bragg angle, and (w”),, is the mean-square amplitude, 
normal to the plane of reflection, of the thermal vibra- 
tion of the atoms. For an isotropic, monatomic crystal,'® 
the Debye continuum model yields 

= (64°T/mk@*) (sind/A)?O (x), (2) 
where m is the mass of an atom, # and & are the Planck 
and Boltzmann constants, respectively, and © is the 


Debye temperature of the lattice. The quantization 
factor Q is defined by 


Q(x) =0(x)+4x, 
where ®(x) is the Debye function 


&(x) = of y(e"—1)"dy, 
0 


x=hv/kT, 
if vy is the Debye frequency. The term x/4 in Q takes 
account of the zero-point energy. Comparison of Eqs. 
(1) and (2) yields 
(1?) w= (3kT /4’mv*)O (x). (6) 
For x small, the expansion of Q is 
Q=1+22/36—24/3600+---, 
so that Q is approximately unity for x1 or a1. 
Lindemann’s basic assumption will be reformulated 
to state that the root-mean-square amplitude of atomic 
vibration at fusion is a critical fraction p of the distance 
r» of separation of nearest neighbor atoms; that is, 
(0?) w= pF m?. (8) 
For close-packed lattices (face-centered cubic or hex- 
agonal), the volume »,, per atom of the solid at melting 
is connected with the nearest neighbor distance r,, by 
Um =1m'/V2. (9) 
For other lattice types, the variation of v»,/r,,° from 
the close-packed value is too small to consider here. 
With this expression, Eqs. (6) and (8) yield 
Y¥m=VLOm', (10) 
where vy, is the Debye frequency of the solid at fusion, 
Qm=Q(m) in terms of the corresponding value x, of x 
at fusion, and vz is defined by 
vp=cmton, (kT), (11) 
18 C, Zener and G. E. M. Jauncey, Phys. Rev. 49, 17 (1936). 


in which 


(7) 
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where T,, is the absolute melting temperature and the 
dimensionless constant c is given by 


c=34(27/8xp)-. 
The frequency v, can be written likewise as 
vp=CMV 2 tT 2, (13) 


where M is the atomic weight and V,, is the atomic 
volume of the solid at fusion, if 
C=NiRic, (14) 

in which N is Avogadro’s number and R& is the gas 
constant. Equation (13) represents the Lindemann 
frequency, with V,, substituted for the normal volume 
and a different choice of the constant C; Eq. (10) is 
the generalized Lindemann law with the Debye fre- 
quency evaluated at fusion and with the quantization 
factor Q in place of the Einstein function. 

The Debye frequency v, of the solid at melting is 
given by 


(12) 


(15) 
where x» is the bulk modulus (incompressibility)"* of 
the solid at melting and s,,, from the expressions for 
the wave velocities in an isotropic elastic solid, is defined 
in terms of the value ¢,, of Poisson’s ratio'® of the solid 
at fusion by 
4 
(16) 


Vn = Sm Km *Dq:'!6, 


3 7 9/4 
ll ee Sees 





Use of Eq. (15) in Eq. (10) yields 
OmkT m=Q2K mm, 
where 22(¢,,) is defined by 
0Q= (s,,/c)?. 
Equation (17) can be written likewise as 
OmRT m=2KmV ms 


(17) 


(18) 


(19) 














Effective Poisson retios 
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Fic. 1. Effective Poisson ratios for NaCl and for Na as a function 
of temperature (M.P. designates melting point). 


16 The value can be taken indifferently as isothermal or adia- 
batic for a solid [H. Jeffreys, Proc. Cambridge Phil. Soc. 26, 101 
(1930) ]. 
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which reduces to 


RT =X mV m, (20) 


for XmK1 or %m~1. The analogy of the last equation 
to the equation of state of an ideal gas can be noted. 

Conjunction with Eq. (19) of the equation of state 
P= f(V,T) of the solid (P is the pressure and V is the 
atomic volume) yields two simultaneous equations for 
the fusion temperature 7,, in terms of the fusion 
pressure or fusion volume of the solid. Salter’s deriva- 
tion® of Simon’s melting-point formula’ from Linde- 
mann’s law corresponds, for example, to choice of the 
Debye equation of state for P= f(V,T). To use Eq. 
(19), however, one must know the value of Poisson’s 
ratio a» of the solid at fusion. 

Detailed information on elastic constants up to a 
high melting temperature (1077°K) is available from 
results of Hunter and Siegel'’ on NaCl, obtained by an 
ultrasonic pulse technique. Sodium chloride is a cubic 
crystal with three independent elastic constants, so 
that the expressions for wave velocities on which Eq. 
(15) is based, which correspond to an isotropic solid 
with two elastic constants, are not strictly valid. 
However, the anisotropy factor [2c4s/(¢1:—¢12) in terms 
of the elastic stiffness constants ] has a value of about 
0.7 at room temperature and thus is near unity. Hence, 
by comparing the expressions for the velocity of a 
longitudinal and a shear wave along a cube axis, 
(ci:/d)* and (c4s/d)}, respectively, if d is the density, 
with the corresponding expressions for an isotropic 
solid, one can obtain effective Poisson ratios in the two 
CaSeS, Fets,1 AN Gers, 1, respectively, defined by 


Gott, 1= (3—Cy1/n)/(3-+011/k), (21a) 
Gott, = 3 (3—2C44/x)/(3+-Ca4/k), (21b) 


if x is the bulk modulus. These effective Poisson ratios 
are shown for NaCl in Fig. 1 as a function of T up to 
the melting temperature. One notes that the velocity 
of the shear wave in the solid does not vanish at the 
fusion point, and that the average of the two Poisson 
ratios of Eqs. (21), defined by 


(Gets) = $ (Gert, +288, 1), (22) 


is roughly constant at the Cauchy value } appropriate 
to an ionic crystal. 

The figure illustrates the basic result established by 
Hunter and Siegel, that a crystalline solid behaves as 
such right up to the melting point, as far as the trans- 
mission of elastic waves is concerned. Hence, it is 
reasonable to assume that Poisson’s ratio is approxi- 
mately independent of temperature up to fusion. 
Experimental data as detailed and to as high a melting 
temperature as that for NaCl do not exist for metals, 
but the effective Poisson ratios shown in Fig. 1 for Na 
(of low-melting temperature)'* are not in contradiction 
with the assumption. The value of s,, defined by Eq. 


17 L. Hunter and S. Siegel, Phys. Rev. 61, 84 (1942). 
18S. L. Quimby apne S. Siegel, Phys. Rev. 54, 293 (1938). 
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(16) is shown in Fig. 2 as a function of o». It should be 
emphasized that the hypothesis that Poisson’s ratio is 
constant up to fusion is not essential to the theory, and 
is made only in default of experimental information on 
om. With values of om available, Eq. (19) or (20) 
permits empirical evaluation, which will be carried out 
in Sec. III, of the constant ¢ of the Lindemann fre- 
quency. 

The form of Eq. (20) with values under normal 
conditions substituted for x» and V,, (and with Q,,=1) 
is ascribed by Griineisen® to Einstein and Lindemann; 
a variant determined empirically has been given by 
Richards.” Explicit introduction of the fusion volume 
V» in the Lindemann frequency has been made by 
Griineisen.” These formulations correspond to replacing 
the factor s,, in Eq. (15) by an average over different 
solids. 


Il. THE GRUNEISEN CONSTANT 


The Griineisen constant y of a solid can be defined®.° 
by 
y=-—d Inv/d InV, (23) 
on the assumption that the Debye frequency » is a 
function only of the volume. The value y» of the 
constant for a solid at fusion is 


m= —3—4d Inkm/d InVn, (24) 


from Eq. (15), on the further assumption that the 
Poisson ratio o», of the solid at fusion is independent of 
the volume. A similar hypothesis is made in the deri- 
vation of the analog of Eq. (24) for normal tempera- 
ture”; grounds for extending the approximation to 
the case at hand are provided by the conclusion of 
Hunter and Siegel, that the elastic properties of a 
solid at melting are essentially similar to those of a solid 
under normal conditions. On the basis of Griineisen’s 
law,®”° the value of ym should be given likewise by 


(25) 


where a» is the volumetric coefficient of thermal 
expansion of the solid at the fusion point, and Cy, m is 
the corresponding heat capacity at constant volume. 

Differentiation of Eq. (19) with respect to V», with 
use of Eq. (24), yields 


(1-On/Qm)d INT» /d INV m= §— (2—Om/Qm)¥m; 
where On(*m)=XmdQm/d%m is given by 
Om= —®(Xm)+ 2m (XPXm— 1)-!+- Fam. 
From the fact that 
dP »/dT m= (8P/dT)y+(OP/OV)rdV m/dTm, (28) 


where the total derivatives are evaluated along the 
fusion curve and the partial derivatives (and V,) 


1” T, W. Richards, J. Am. Chem. Soc. 37, 1643 (1915). 

%” FE. Griineisen, Ann. Physik 39, 258 (1912). 

2 J. C. Slater, Phys. Rev. 57, 744 (1940). 

2 J. C. Slater, Introduction to Chemical Physics (McGraw-Hill 
Book Company, Inc., New York, 1939), pp. 238, 259, 261, 451. 


Ym >= KmOm Vn/Cy, my) 


(26) 


(27) 
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Fic. 2. The parameter s» as a function of the fusion 
value ¢m of Poisson’s ratio. 


correspond to the solid at fusion, one can show that 
dT »/dV m 
= — (km/Vm) (dT m/dPm)(1—KmomdT m/dPm). 


Use of this expression and of Clapeyron’s equation in 
Eq. (26) yields 


(29) 





Ont [1—Om/Qm]QKmAV 
| + 0) 


Ta™ ‘[2-— 
Om 2—0,/Q0.) L 


in which 


= (1—KmdimT nV /L)-, 


(31) 


where L is the latent heat of fusion and AV is the 
change in volume (from solid to liquid) in fusion. 
The expansion of O,, for x» small is 


Om= Xm2/18— xm'/900+ - + -, (32) 


so that O,, is approximately zero for x»K1 or %»~1. 
Under these conditions, Eq. (30) yields 


Yn>= $+3qkmAV/L, 
which can be written alternatively as 
Y¥m=$4+3(gR/2)(TmAV/LV m), (34) 


from Eq. (20). The parameter g of Eq. (31) is equal to 
the reciprocal factor in the right-hand side of Eq. (29); 
since (0P/dV)r for the solid at fusion does not differ 
greatly from dP,,/dVm, q correspondingly does not 
differ greatly from unity, and can be written 


Q=1+KmotmT mAV/L, 
in general, or alternatively, as 
g=1+YmCv, ml mAV/LV m, (36) 


from Eq. (25). These relations for ym, which are 
algebraic in fusion parameters, yield a direct connection 
via Eq. (25) between the Lindemann and Griineisen 
theories. The connection is susceptible to an experi- 
mental verification, which will be carried out in Sec. III. 


(33) 


(35) 
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From Eq. (26) with the use of Eq. (29), one obtains 


ated), 


{DHE 


For x» small, this equation yields 
dT n/ dP m= 2(¥m—})T m/Qkm- (38) 


If ¥m> 4, this equation states that the fusion tempera- 
ture 7, is a monotone-increasing function of the 
fusion pressure P,,, so that, in this respect, the 
fusion curve predicted by the generalized Lindemann 
relation is normal in the sense of Bridgman.*™ Only 
if ym=} at finite pressure can the predicted fusion 
curve be in accord with the hypothesis of Tammann,” 
that the fusion temperature rises to a maximum and 
then falls, and only if y,—} for P,, large can it be in 
accord with the alternative hypothesis of Schames,”® 
that an asymptotic fusion temperature exists. Equation 
(33) can be rewritten as 

L/AV=4(47m—4) 0h. (39) 
Since this equation specifies only the ratio L/AV, it 
yields no direct information on the existence or non- 
existence of a critical point (where ZL and AV must 
vanish simultaneously so that d7,,/dP,, remains finite), 
but it is consistent with the latter possibility, since the 


(37) 


ratio is specified as always positive if ym— } is positive. 

The preceding results show that the theory yields 
correctly the sign of the slope of the normal fusion 
curve if ym>4. Equation (38) yields the approximation 


PT m/dP = —2(Y¥m—F+dym/d INVm)Tm/Gkm®, (40) 


corresponding to 0,=1, O,=0, and q a constant of the 
order of unity. The fusion curve for all substances, 
according to Bridgman,*™ shows a negative value of 
@T,,/dP?; that is, the curve of Tm vs Pm is concave 
to the pressure axis. Hence, the fusion curve predicted 
by the generalized Lindemann law is completely normal 
in the sense of Bridgman only if ym> 4 and the ine- 
quality 

Ym—}+dyn/d InV»>0 (41) 
is satisfied. 

The necessity for evaluating at the fusion point the 
Debye frequency appearing in Eq. (10) is underwritten 
by the experimental results of Owen and Williams.” 
These authors found that values of © deduced, by 
means of Eq. (2), from measurement of the intensity of 
Bragg reflection of x-rays, are not constant for Al, Cu, 

*%P, W. Bridgman, The Physics of High Pressure (G. Bell and 
Sons, Ltd., London, 1949), pp. 160, 189. 

% P. W. Bridgman, Revs. Modern Phys. 7, 1 (1935). 

2% G. Tammann, Kristallisieren und Schmelzen (Verlag von J. 
A. Barth, Leipzig, 1903), p. 90; Aggregatzustinde (Verlag von L. 
Voss, Leipzig, 1922), p. 94. 

% L.. Schames, Ann. Physik 38, 830 (1912); 39, 887 (1912). 

27 E. O. Owen and R. W. Williams, Proc. Roy. Soc. (London) 
A188, 509 (1947). 
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and Au over the temperature range from 293 to 900°K. 
The observed values of © at temperature T relative to 
the value Oo at temperature 7» are represented well by”* 


0=0,[1—ya(T—T»)], (42) 


where a is the volumetric coefficient of thermal expan- 
sion. This relation is precisely what the Griineisen 
theory demands on the basis of Eqs. (15) and (23), if 
the temperature dependence of © exists only by virtue 
of the change in volume. 

A relation for ym in terms of fusion parameters (but 
depending also on the average coefficient of thermal 
expansion from absolute zero to the melting tempera- 
ture), somewhat similar to Eq. (33), has been given by 
Griineisen.” The result depends on Griineisen’s hypoth- 
esis that the fractional change in volume from absolute 
zero to the melting temperature is a constant for all 
solids, and like Eq. (33), it is derived by use of 
Clapeyron’s equation to convert a differential into an 
algebraic function of fusion parameters. 


Ill. COMPARISON WITH EXPERIMENT 


Values of thermodynamic variables at the fusion 
point are assembled in Table I to check Eq. (20) for 
the elements which show the same cubic lattice (body- 
centered or face-centered) at both normal temperature 
and fusion, and for which sufficient data can be ob- 
tained. For Pb and Al, the temperature variation of 
the bulk modulus can be obtained from measurements 
of Birch and Law,” extending to temperatures fairly 
close to the melting temperature. In other cases, the 
tabulated values of xm were obtained from the (approxi- 
mate) formula 

Km=KoL1—na(tm— to) |, (43) 


where /,, is the centigrade fusion temperature and the 
norma! bulk modulus x» corresponds to temperature fo; 
the parameter 


n= — (xa) (0«/OT) p= xa (da/dP) 7 (44) 


is a dimensionless constant varying from about 3 to 
perhaps 10 for most solids. The values of 7 shown are 
averages for each element obtained from a survey of 
data given by Birch,” or from a tabulation of Griineisen® 
based on results of Bridgman. From the corresponding 
temperature ranges indicated for » and for the thermal 
expansion a, the correction of Eq. (43) (unnecessary 


*8 For Al, Eq. (42) is valid up to only 600°K, since the values 
of © show nonlinearity as a function of T near the melting 
temperature. For such a case, C. Zener and S. Bilinsky [Phys. 
Rev. 50, 101 (1936)] have given a modification of the Debye- 
Waller theory in terms of a variable © of form more general than 
corresponds to Eq. (42). One can show, with use of Griineisen’s 
law, that their expression for © reduces to the linear form (42) 
if the heat capacity Cp is constant. The limitations on the simple 
Debye-Waller theory (in terms of a constant @) at high temper- 
ature are discussed by R. W. James [The Optical Principles of 
— raction of X-Rays (G. Bell and Sons, Ltd., London, 1948), 
p. 231]. 

(1938) Birch and R. R. Law, Bull. Geol. Soc. Am. 46, 1219 
1 . 
® F. Birch, J. Geophys. Research 57, 227 (1952). 





LINDEMANN AND GRUNEISEN LAWS 


TABLE I. Values of the ratio Sn’*mVm/RT» and of the Lindemann constant c for elements with cubic lattices. 








Sm%xoVo 
RT» 
12.7 


15.0 
11.4 


Smxm Vm 
RT m 
12.7 é 1 


15.1 9/10 
11.2 1 


10~%km 
bars 


0.0203 
0.031, 
0.0308 


0.0643 


bm 10>*xo 10% 
°C bars (°C)7 


29.78 0.0203> eee <4 ne 
38.7 0.031, tee ose 
3.2 255. 


62.5 0.0318 
(0-95°C) (0-50°C) 
213. 


97.6 4.3; 
(0-95°C) (0-95°C) 
168.4 


4.6° 
(0-95°C) (0-95°C) 


Vn 
cm}/mole Weight 


71.0% 


56.0 
45.7 





0.0691 24.0 15.8 14.8 


186.4 0.116> 0.10; 13.4! 11.7 10.5 


18.8! 425i 12. 10. 
10.3 14.5 


0.355 
0.565 


327.44 
660.1 


960.84 
1083. 


0.428 
0.757 


6.7! 
"(ame 


67.24 
(0-900°C) 
60.9 


1.00* 11.2! 8.7 


1.37 


0.5s 


0.65 7.60 9s 


(3075°C ) 


7.6° 
(0-100°C) 


(0-1000°C) 


45.04 
(20-900°C) 


1532." 1.68* 


48.94 
(25-900°C) 

41.4 
(16-1000°C) 

30.6 


0. 
(0-1000°C) 


1453.4 é 6.0! 
—e 


(0-75°0 
(30-75°C) 


1552. 
1769. 


7.68" \ B lo. 


7.2! 8.4 
9.4 R : 1;. 


9.7 9.0 











* Kubaschewski (reference 32). 
> Gilvarry (reference 38). 
¢ Birch (reference 30). 


4 From Smithsonian Physical Tables (Smithsonian Institute, Washington, D. C., 


954). 
* Value for K computed by Eq. (22) from elastic constants given by C. Kittel [Introduction to Solid State Physics (John Wiley and Sons, Inc., 


New 


York, 1953), p. 50]; value for Na computed similarly (for normal temperature) from data of Quimby and Siegel (reference 18). Values for Cs and Rb 


taken equal to that of K; value for Li taken equal to that of Na. 
Computed from thermal expansion to the melting point. 
* Slater (reference 22). 


b Computed from temperature corrections of Birch and Law (reference 29). 


i Determined (or extrapolated) from data in Landolt-Bérnstein physikalisch-chemische Tabellen (Verlag Julius Springer, Berlin, 1923), fifth edition. 
i Values (or averages) from Metals Handbook (American Society for Metals, Cleveland, 1948), or from — Properties of Metals and Alloys, 
National Bureau of Standards Circular C447 (United States Government Printing Office, Washington, D. C., 1943). 


k Slater (reference 21). 
' Griineisen (reference 5). 
™ Stott and Rendall (reference 33). 


for Cs and Rb) should be accurate for K and Na, and 
should be reasonably accurate for Li. For elements 
below Al in Table I, the listed values of x», are merely 
estimates, of an accuracy which is uncertain but which 
decreases for the elements of higher melting tempera- 
ture.*' Values of the fusion volume V,, were obtained 
from a critical survey of fusion data given by 


31 Birch and Law (reference 29) represent their measurements 
of compressibility on Al up to 435°C by a linear relation in the 
temperature, and their measurements on Pb up to 259°C by an 
expression containing a small quadratic term, which corresponds 
to only six percent of the total change observed in compressibility 
with temperature, or only one percent of the compressibility itself. 
The observed temperature coefficients are in close agreement 
with those obtained by Bridgman over the restricted range 
30-75°C. The data of Hunter and Siegel (reference 17) show that 

some curvature exists in the graph of « vs T. To compensate for 
any curvature, values of the average thermal expansion over as 
large a temperature range possible were taken, so that Eq. (43) 
should be valid at least as a zero-order approximation. These 
considerations yield some justification for assumption of this 
linear relation over the temperature ranges in question. Iron 
undergoes phase transitions below its melting temperature, but 
this fact does not invalidate use of Eq. (43), since the 6-phase 
stable near fusion is merely a reappearance of the normal a phase. 
For both Fe and Ni, any “AE-effect’”’ [C. Zener, Elasticity and 
Anelasticity of Metals (University of ieee Press, Chicago, 
1948), p. 105] has been ignored. 


Kubaschewski,” from work of Stott and Rendall,* or 
from data in standard tables. The tabulated values (in 
some cases estimated from single-crystal constants) of 
Poisson’s ratio o,, refer to normal temperature. Table I 
shows the value of Sm2kmVm/RTm for each element, 
assigned a weight to correspond to the presumptive 
accuracy in km and V,,; the corresponding value of c 
defined by Eqs. (17) and (18) is shown likewise. 
Throughout this section, Q,=1 and O,,.=0 will be 
taken; these assumptions cause negligible error. 

On the assumption (8), the tabulated values of the 
ratio Sm’kmVm/RT» should be constant, from Eq. 
(20), as is true approximately. The listed values of 
Sm’koV0/RT» (Vo is the normal volume) corresponding 
to the Lindemann assumption are roughly constant 
likewise, which indicates that the two assumptions are 
approximately equivalent, empirically. However, there 
is less tendency for the values of Sn’kmVim/RT» to 
increase at the higher fusion temperatures relative to 
the values for the alkali metals, than is the case for 


#2 O. Kubaschewski, Trans. Faraday Soc. 45, 931 (1949). 
(95s) H. Stott and J. H. Rendall, J. Iron Steel Inst. 175, 374 
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TABLE ITI. Comparison of critical ratios p of vibration amplitude 
pd nearest neighbor distance at fusion, from x-ray and fusion 
ta. 








On [(u?)ay 7? Tm p 
°K A A r) (Table I) 
2.9 0.082 0.066 
2.6 0.07¢ 0.07, 
2.9 0.07; tee 





3o0* 


150 





* Extrapolated from data of Owen and Williams (reference 27); the 
quadratic temperature correction in the case of Al was made from an 
average curve drawn to the data of Fig. 4. 


Sm?koV o/RT». It is essential to retain the factor s,,? in 
SmkmV m/RT», without averaging over the elements; 
otherwise the values of the ratio show wide deviations 
from the average for Pb and for Li (to a less extent). 
The presumption is strong that values of ¢,, actually 
corresponding to the fusion temperature and accurate 
values of x» would reduce the variance shown by the 
table for the constant ¢ of the Lindemann frequency. 
Aside from such uncertainties, possible effects of 
anharmonicity," and, particularly in the case of the 
alkali metals, lattice imperfections," part of the vari- 
ance shown may be due to deviations of the Debye 
continuum model from the more accurate models of 
Born and von K4érmén™ or Blackman,® or from 
Bhatia’s extension® of the model of Born and von 
K4rmén to cubic metals. 

In Table II are shown the values of 0,,, the Debye 
temperature of the solid at fusion from the x-ray 
intensity measurements of Owen and Williams,” as 
extrapolated linearly for Cu and Au but quadratically* 
for Al. The corresponding root-mean-square amplitude 
[(ué*)» |t of thermal vibration at fusion, as computed 
from Eq. (6), is shown likewise, with the values of r,, 
determined by Eq. (9) from the values of V,, in Table I. 
For Al and Cu, the critical ratios p=[(1*)w }!/rm show 
reasonable agreement with the values, given for com- 
parison, deduced from the corresponding values of ¢ in 
Table I by means of Eq. (12). 

An average value over the elements (with their 
assigned weights) in Table I is shown in Table III for 
the constant c of the Lindemann frequency, with its 
weighted standard deviation = and the ratio 2/c. The 
corresponding value of C from Eq. (14), and of p from 
Eq. (12), are shown likewise. The average value of p 
from the data of Table II is given also, with the corre- 
sponding values of c and C. One notes that the over-all 
agreement is quite satisfactory. Both values of p 
appearing are significantly below the average values of” 
0.085, and of somewhat less than® 0.10;, estimated by 
Griineisen. Weighted averages of c computed separately 
for the body-centered (alkali elements and Fe) and 
face-centered elements in Table I agree with each other 
within less than ten percent, so that no evidence exists, 


* M. Born and T. von K4rmén, Physik. Z. 13, 297 (1912). 
% M. Blackman, Proc. Roy. Soc. (London) A159, 416 (1937). 
%* A. B. Bhatia, Phys. Rev. 97, 363 (1955). 
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within the significance of the data, for a systematic 
difference in c between the two classes of elements. The 
ratio of the standard deviation to the average, computed 
with equal weight for each element, of the Lindemann 
analog of c obtained by replacing kmVm by xoVo, exceeds 
the corresponding ratio in Table III by a factor of 
about three. 

In Table IV, values of the ratio 5n2tmVm/RTm, and 
of the constant ¢ defined by Eqs. (17) and (18), are 
shown for a number of elements with noncubic lattices. 
In the cases where experimental results for these 
anisotropic crystals show a significant difference in the 
linear compressibilities a,, and a,, parallel and perpen- 
dicular to the crystal axis, respectively, extrapolated 
bulk moduli were determined from the relation 


(45) 


From the fact*’ that the mean-square thermal displace- 
ment in a hexagonal crystal is given in terms of the 
corresponding values, (1%,,”)5 and (1#,”)w, parallel and 
perpendicular to the crystal axis, respectively, by 


(10?) = 3 L(t?) w+ 2(1,")w J, (46) 
and the fact that the average Debye temperature (®)x 
is given in terms of values 0,, and @,, associated with 
directions parallel and perpendicular to the crystal 
axis, respectively, by 


[(O)w }*=4$(0,7+20,), (47) 


it follows that Eq. (45) represents a proper average in 
this case. One notes that the values of Sm2kmVim/RTm 
and of ¢ for the hexagonal close-packed elements Zn 
and Mg are consonant with those in Table I, in agree- 
ment with one’s expectation. 

The other elements in Table IV with more complex 
lattices and of generally lower-melting point (excluding 
Te but including Sb) seem to form a distinct group 
with a value of the Lindemann constant higher than 
corresponds to Table III. It should be emphasized that 
because of the limitation of Eq. (2) to isotropic solids, 
the theory as formulated is not directly applicable to 
elements with complex lattices. For such elements, the 
mean-square amplitude of thermal vibration, as aver- 
aged over different directions in the crystal, should be 
connected with the average Debye temperature from 
expressions for wave velocities in an isotropic solid, by 
a function differing in a constant of proportionality 
from that corresponding to Eq. (6). For complex 
crystals, Eq. (9) also requires modification, and the 


gts a+ 2a,. 


TABLE III. Values of empirical constants, from averages. 








Standard z/e 10-HC 


c deviation 2 (erg/°K)? mole-1/s 


Table I 3.4 0.09 0.03 2.6 
Table II 3.2 2.5 





0.072 
0.07.6 








7G. W. Brindley and P. Ridley, Proc. Phys. Soc. (London) 
51, 69 (1939). 
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TABLE IV. Values of the ratio Sin?mVm/RTm and of the Lindemann 
constant ¢ for elements with noncubic lattices. 








Sm®km Vm 
RTm 
(1/3)¢ 13 
0.35 1, 
(1/3)¢ 3; 
(1/3)4 41 
0.334 3, 
0.33 26 


(1/3) 1s 
(1/3) 21 


bm 10~*km 
Lattice * bars 


h.c.p. 419.5* 
h.c.p. 651 


Vin 
cm?/mole om 





0.43» 
0.34 


0.23° 
0.49! 
0.4,» 
0.2, 


0.2; 
0.4; 


9.56° 
14.8 


14.14¢ 
11.8° 
16.5° 
21.6 


20.9 
18.8 


rhomb. — 38.98 


complex 29.78 
231.9% 
271.3 
452 
630.5 


tetra. 
rhomb. 
Se t 
rhomb. 








= bak gegu cag Physical Tables (Smithsonian Institute, Washington, 

> Extrapolated from data of Bridgman (reference 23) for 30 and 75°C, 
corrected according to Slater (reference 21). For all elements except Bi, 
Eq. (45) was used. 

© From Smithsonian Physical Tables (Smithsonian Institute, Washington, 
D. C., 1954) or Landolt-Bérnstein physikalisch-chemische Tabellen (Verlag 
Julius Springer, Berlin, 1923), fifth edition. 

4 Parenthetic values are average over metals [C. Zwikker, Physical 
Properties of Solid Materials (Interscience Publishers, Inc., New York, 
1954), p. 90); other values from Mechanical Properties of Metals and Alloys, 
National Bureau of Standards Circular C447 (United States Government 
Printing Office, Washington, D. C., 1943). 

¢ From value for liquid at melting point quoted by J. F. Kincaid and 
H,. Eyring [J. Chem. Phys. 5, 587 (1937)], combined with rough value for 
difference in compressibility of liquid and solid at fusion given by P. W. 
Bridgman [Proc. Am. Acad. Arts Sci. 47, 347 Osizit. 

f Value for solid at 20°C given by Bridgman (reference 23) corrected 
according to Slater (reference 21). 


possibility cannot be ignored that p of Eq. (8) isa 
function of lattice type. 

To compare the Griineisen constants ym as deter- 
mined from fusion parameters and from Griineisen’s 
law, thermodynamic variables at fusion are tabulated 
in Table V for those elements in Tables I and IV for 
which data are available. These data, in conjunction 
with those of Table I or IV, are sufficient to determine 
vm from Eq. (25) and from Eq. (33). Values of Cy, m 
were computed from values of Cp,m, the fusion heat 
capacity of the solid at constant pressure, by means of 
the thermodynamic identity Cy, m=C Pp, m—Km0m?V mT m. 
The value of y, the Griineisen constant under normal 
conditions, is shown likewise for comparison. One notes 
that agreement of the values of ym is very good, in 
general, for the elements with cubic lattices and with 
hexagonal close-packed lattices (Zn and Mg); any 
disparities do not exceed those common in comparisons 
of y from Griineisen’s law with values deduced from 
the analog of Eq. (24) under normal conditions.”.%8 
The agreement holds in spite of the fact that the values 
of km and L range in magnitude by a factor of about 40 
and 7, respectively. For Hg and Sn, the agreement is 
fair, in spite of the deviation of c from the average of 
Table III in these cases. 

For all the elements in Table V except Ga, Bi, and 
Sb, Ym exceeds } and the fusion curve is normal as 
regards sign of slope. For the latter three elements, the 
slope dT,/dP is negative for the phases which are 
stable at ordinary pressures.” It is known that Ga and 

38 J, J. Gilvarry, J. Chem. Phys. 23, 1925 (1955). 


% Antimony is not listed by Bridgman (references 23 and 24) 
as showing an abnormal fusion curve. However, results of Y. 
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Bi undergo a phase transition at high pressure to a 
polymorphic form showing a normal fusion curve; the 
behavior of ice is similar. One notes from Table V that 
identity of the Griineisen constants from fusion pa- 
rameters and from Griineisen’s law fails outright for the 
three elements in question. A similar anomaly arises in 
connection with Mott’s theory of liquids.” Mott treats 
the liquid state essentially as an amorphous solid on 
the Debye theory, by assigning a characteristic fre- 
quency to the liquid which is lower than the corre- 
sponding frequency of the solid. This assumption 
permits evaluation of the ratio of characteristic fre- 
quencies in the solid and the liquid, and thus the 
corresponding ratio of electrical conductivities, in terms 
of the latent heat of fusion and the melting temperature. 
Mott’s expression for the ratio of the conductivities is 
in good accord with experimental values, in general, 
but it fails in the cases of Ga, Bi, and Sb, by yielding 
the wrong sense (relative to unity) of the ratio. 
Kubaschewski® has pointed out that the quantity 


5=LV,,/TAV (48) 
is nearly a constant for a considerable number of 


TABLE V. Comparison of Griineisen constants. 








CP.m 
cal) 108am Ym Ym 

°C mole (°C) Eq. (33) Eq. (25) ¥ 
7.39% 0.298 14 
7.17 0.27 1.5 


0.25" 
0.22 
0.18 


L 
cal/ 
mole 

500* 

524 


AV/Vn 


Cs 0.026" 
Rb 0.025 


K 0.0255" 571% 
Na 0.025 630 
Li 0.0165 703 


Pb _—0.035* 
Al 0.060 
Ag 0.038 
Cu _—0.0415 


Fe 0.03 
(+0.005) 


Zn 0.042 
Mg 0.041 
Hg 0.037 
Sn 0.028 


Ga —0.032! 
Bi  —0.0335 
Sb —0.0095 





— 
an 


0.128 
0.099 
0.081 
0.070 


0.06," 


1190* 
2520 
2740 
3110 


MNP Sr, 
7S go toby co 


0.113* lig , 2.014 
0.110 li . 1.51 
0.171 3.2 «ee 
0.095 2.1 2.14 
0.054" ( 
0.040 ( 
0.033 ( 


1.2) 5 sea 
0.60) i 1.14 
0.12) 1. 0.92 








* Kubaschewski (reference 32). 

— (reference 5), corrected to correspond to values of «xo 
in Table I, 

¢ Carpenter, Harle, and Steward, Nature 141, 1015 (1938). 

‘4 Griineisen (reference 5). 

# Stott and Rendall (reference 33). 

{ J. H. Awberry, quoted by F. E. Simon [Nature 172, 746 (1953) ]. 

® Value recommended in survey of data by J. B. Austin [Indust. and 
Engr, Chem, 24, 1225 (1932)]. 

b Value (from empirical formula of Kubaschewski) given by Stott and 
Rendall (reference 33). : 

; Kubaschewski (reference 32). Value for Sb is from Matuyama (reference 


Matuyama [Science Repts Tohoku Imp. Univ. 27, 1 (1928)] 
show a definite negative value of AV, in contradiction of the 
positive value of M. Toepler [Ann. Physik und Chemie 53, 344 
(1894) ], which is reproduced in the /nternational Critical Tables 
(McGraw-Hill Book Company, Inc., New York, 1929). 

“N, F. Mott, Proc. Roy. Soc. (London) A146, 465 (1934). 
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metals, with the average value 60 cal/deg mole, which 
yields the empirical relation dP,,/d7,=8/Vm from 
Clapeyron’s equation. In terms of this constant one 
obtains 

Yn= $+3qR/2, q= 1+7mnCv, m/6, (49) 


from Eqs. (34) and (36), respectively, which yield 
Ym= 1.6 and g=1.2 as average values over the metals, 
if Cy, m is given the Dulong and Petit value and if 2 is 
evaluated (with c,,=4) from the value c=3.4 of Table 
III. The average values of 7,, from the data of Table V 
(exclusive of values for Ga, Bi, and Sb) are 1.8 from 
both Eq. (25) and Eq. (33); the corresponding value 
of g is 1.2. The validity of Kubaschewski’s relations is 
a consequence of the fact that y, is nearly a constant 
over most solids; in a similar manner, the validity of 
an empirical relation antedating the formulation of 
Griineisen’s law by many years is justified by the law 
of Dulong and Petit and by the constancy of y over 
most solids.” 


IV. CONCLUSION 


The excellent agreement shown by Table V between 
the two evaluations of the Griineisen constant at fusion 
is a strong indication of the validity of the reformulation 
of Lindemann’s law, for monatomic elements. The 
agreement implies that the relation v,,=v , yields not 
only the right magnitude, approximately, of the fusion 
temperature, but likewise the correct slope of the fusion 
curve. As one notes, no attempt has been made to 
check the theory against experiment for the ionic or 
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molecular crystals. Direct extension of the theory to 
ionic crystals is complicated by the limitation of the 
Debye-Waller theory to monatomic solids. 

One notes that Eq. (10) differs from the corresponding 
Lindemann form, in the essential respect that quantum 
effects are included on the basis of the Debye, rather 
than the Einstein theory. Similarly, the form (24) 
taken for the Griineisen constant corresponds to that 
derived first by Lorentz“ and later by Slater* for the 
Debye model. Dugdale and MacDonald® have sug- 
gested a form for the Griineisen constant as evaluated 
from the equation of state, which implies that this 
value for ym should be reduced by 3. In a further 
paper, however, the author shows that the result (for 
zero pressure) of Dugdale and MacDonald is appro- 
priate to an Einstein solid of independent atoms. Hence, 
the considerations of this paper, and of the following 
two papers, are fully consistent with the Debye theory. 
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The correction to Griineisen’s law corresponding to the effect 
of the electrons at high pressure is determined, on the assumption 
that the lattice contribution to the pressure is small, and that the 
equation of state of the solid can be approximated by results of the 
statistical Thomas-Fermi atom model for the electron pressure. 
The effect of a first-order temperature perturbation, for tempera- 
tures low in the sense of the model, is included in the Thomas- 
Fermi theory, but exchange is neglected. For temperatures subject 
to the restriction noted, but high enough so that the electronic con- 
tribution to the heat capacity dominates the lattice contribution, 
Griineisen’s law is valid as a formal relation on the Thomas- 
Fermi theory, with a physical reinterpretation of the proportion- 
ality constant which enters. The fusion curve under high com- 
pression is determined from a reformulation of the Lindemann law 
given previously, on the similarity assumption that the ratio of 
the amplitude of thermal vibration to nearest neighbor distance 
has the same value at high pressure as at low. The fusion tempera- 
ture as a function of pressure is determined to zero order from 
results of the zero-temperature Thomas-Fermi theory, on the 


assumption that Poisson’s ratio is independent of temperature 
and pressure. It is shown that the general temperature-perturbed 
Thomas-Fermi theory is adequate to determine the fusion curve 
on this model, except for the domain of large atomic number 
near the Fermi-Dirac limit of high pressure, for values of Poisson’s 
ratio which are not relatively high. Exclusive of this domain, 
it is proved that the predicted fusion curve is normal in the sense 
of Bridgman, and is not in accord with the hypotheses of 
Tammann or of Schames. Fusion curves predicted for the alkali 
elements at high pressure are in accord with experimental results 
of Bridgman for low pressure, in the sense that the high-pressure 
curves show a reversal of normal order with respect to atomic 
number of melting temperature in the ‘alkali metal family, as 
postulated by Bridgman from extrapolation of the low-pressure 
curves. The theory presented yields a general method of deter- 
mining the corrections, corresponding to the lattice contributions, 
in thermodynamic functions determined from the Thomas-Fermi 
model (the method is subject to a limitation on physical validity 
in the Fermi-Dirac limit of high pressure). 





UTSIDE the region of normal pressure and tem- 

perature, Griineisen’s law has been discussed by 
various authors for a number of metals! and for solid 
hydrogen and deuterium? on the basis of experimental 
data, for low temperature and for low or moderate 
pressure. The validity of the law for the temperatures 
and moderate pressures corresponding to conditions 
in the earth’s mantle has been discussed by Birch.’ 
Visvanathan‘ has considered the modification in the law 
at very low temperature due to the electrons. A similar 
modification corresponding to the effect of the electrons 
is necessary at high pressure. In this paper, the exten- 
sion of the law to high pressures is considered, on the 
assumption that the equation of state of the solid is 
given by results of the statistical Thomas-Fermi atom 
model and that the lattice contribution to the pressure 
is small. 

By assuming the identity of the Lindemann and 
Debye characteristic frequencies at moderately high 
pressures, Uffen® has estimated the melting point 
gradient in the earth’s mantle. He evaluated the Debye 
frequency from the known values of the speeds of 
elastic waves at various depths in the mantle (obtained 
by analysis of travel times of seismic waves), obtaining 
the density at each depth from Bullen’s determination 
of the density distribution in the earth.* This procedure 
yields a maximum temperature in the earth’s mantle 
at the core boundary which is in agreement with an 


* Work sponsored by the U. S. Atomic Energy Commission. 
1D. Bijl and H. Pullan, Phil. Mag. 45, 290 (1954). 
2H. D. Megaw, Phil. Mag. 28, 129 (1939). 
3F. Birch, J. Geophys. Research 57, 227 (1952). 
4S. Visvanathan, Phys. Rev. 81, 626 (1951). 
5 R. J. Uffen, Trans. Am. Geophys. Union 33, 893 (1952). 
1 (19 50). 


® W. M. Elsasser, Revs. Modern Phys. 22, 1 


independent estimate made by Daly,’ and is concordant 
with an upper limit given by Jeffreys.*® 

In this paper, Uffen’s method, which amounts to a 
similarity assumption, is generalized to obtain the fusion 
curve at high compression. The explicit development 
will be based on a reformulation of Lindemann’s law 
given by this author in a previous paper.’ In that paper 
it is shown that adjunction of an equation of state of the 
solid to the reformulated Lindemann rule yields the 
fusion curve ; the equation of state corresponding to the 
Thomas-Fermi atom model will be taken here. Final 
justification of the method must be based on a funda- 
mental theory of fusion, such as that of Lennard-Jones 
and Devonshire” (which implies the Lindemann rule at 
low pressure). These authors considered their original 
model too crude to be applied reliably at high pressure 
but Domb" has applied the model (with modifications) 
to the range of moderate pressure where a Lennard- 
Jones intermolecular potential is a sufficient approxima- 
tion, to derive theoretically Simon’s empirical melting 
formula.” It will be shown that the generalized Linde- 
mann law, in conjunction with the Thomas-Fermi 
model, yields a dependence of fusion pressure on tem- 
perature which is consonant with the results of Domb 
for the range of moderate pressure. 

Thcretyanene functions of the Thomas-Fermi 


1B A. Daly, Bull. Geol. Soc. Amer. 54, 401 (1943). 
effreys, Monthly Notices Roy. Astron. Soc., Geophys. 

Supp , 6 (1932). 

La eS ’Gilvarry, preceding paper [Phys. Rev. 102, 308 (1956) ] 
(referred to hereafter as I). 

” . Lennard-Jones and A. F. Devonshire, Proc. Roy. Soc. 
(London) A170, 464 (1939). 

1 C, Domb, Phil. Mag. 42, 1316 (1951). 

3 F, Simon, Z. Electrochem. 35, 618 (1929); Trans. Faraday 
Soc. 33, 65 (1937). 
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atom are available from work". of this and another 
author, for temperatures which are low in the sense of 
the model (small relative to the maximum energy of an 
electron at the atom boundary). It will be shown that 
Griineisen’s law and the fusion curve from Lindemann’s 
rule can be discussed adequately (with some reserva- 
tions) to zero order under this temperature restriction. 
The fact that the Thomas-Fermi atom model loses much 
of its physical validity at pressures below a limit in the 
order of megabars"® restricts the results to high pressure, 
and the statistical nature of the model limits its strict 
applicability to elements of large atomic number. The 
effect of exchange in the Thomas-Fermi model!® will 
not be included explicitly, but the necessary modifica- 
tions are fairly direct. 

As an incidental result, the theory presented provides 
a general method on the Debye theory of determining 
the corrections, corresponding to the lattice contribu- 
butions, in thermodynamic functions determined from 
the Thomas-Fermi model; the method generalizes 
results of others.!” 

The Debye and Griineisen theories presuppose that 
an atom (nucleus and electron cloud) oscillates therm- 
ally as a rigid unit. Reitz'* has shown that for the limit 
of a degenerate Fermi-Dirac gas and for the tempera- 
tures in question, differential oscillation of the nucleus 
relative to the electron cloud becomes important. As a 
consequence, the (nonelectronic) thermal pressure in 
this limit is determined less by the compressibility of 
the lattice than by the polarizability of the atom”; an 
analogous factor must be taken into account in the 
theory of the long optical vibrations of an ionic crystal.” 
For this reason, the validity of the results on the lattice 
term in Griineisen’s law and on the thermodynamic 
functions of the lattice is restricted to pressures below 
the limit of very high compression corresponding to a 
degenerate Fermi-Dirac gas. 


I. INTRODUCTION 


The equation of state of the solid (assumed to be a 
pure element) will be approximated by results of the 
Thomas-Fermi atom model, on the assumption that 
the lattice pressure is negligible relative to the electronic 
pressure P,. The latter assumption will be justified in 
Sec. IV. On this model, P, is approximately equal to its 
zero-temperature value, designated by for con- 
venience, provided that the absolute temperature T is 
sufficiently less than a limiting temperature 7». In 


%3 J. J. Gilvarry, Phys. Rev. 96, 934 (1954), referred to here- 
after as IT; Phys. Rev. 96, 944 (1954), referred to hereafter as III. 

“J. J. Gilvarry and G. H. Peebles, Phys. Rev. 99, 550 (1955), 
referred to hereafter as IV. 

6H. Jensen, Z. Physik 111, 373 (1938). 

16 Feynman, Metropolis, and Teller, Phys. Rev. 75, 1561 (1949). 

17 Fermi, Teller, and Ulam (unpublished report). 

18 J. Reitz (unpublished report). 

1 W. G. McMillan (unpublished report). 

* M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Clarendon Press, Oxford, 1954), p. 100. 
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terms of two dimensionless variables, ¢, and x», ob- 
tained by solution of the zero-temperature Thomas- 
Fermi equation, the zero-temperature pressure p and 
the corresponding volume » of the atom are given by 


p= (Z%e*/10mu*) (b./x»)*”, (1a) 
v= (44/3) (ux), (1b) 


where Z is the atomic number, ¢ is the electronic charge, 
and y= do(9x"/128Z)* in terms of the first Bohr radius 
da of the hydrogen atom. In II, computational results 
were used to determine a fitted function for ¢, in terms 
of x»; this fitted function makes the equation of state 
[parametrically from Eqs. (1) ] and thermodynamic 
functions directly available for the case of zero tem- 
perature. For validity of the zero-temperature Thomas- 
Fermi model, one must have T<7o, where the limiting 
temperature 7» is defined by 


ZT o/8=4(2/9x*)'o/x0, (2) 


in terms of the atomic unit 6=e?/ao of energy. Note 
that, in the zero-temperature approximation, all thermo- 
dynamic functions scale with atomic number Z for 
fixed x»; from Eqs. (1), the scaling factor for pressure 
is Z'°/8 and the scaling factor for volume is Z~. 

Through terms in 7? corresponding to a first-order 
temperature perturbation in the Thomas-Fermi model, 
the electronic pressure P, is given by 


P.=plit (5/2) (o+2r)¢(kT)"), (3) 


where & is Boltzmann’s constant and ¢=2°y?/8Z?e! or 
¢= (1.017Z**&)~ if & is a Hartree unit of energy. The 
perturbation paramenters o and 7 depend on the solu- 
tions of the first-order temperature-perturbed and the 
zero-temperature Thomas-Fermi equations, and they 
can be evaluated in terms of x, (and thus of »v or ) 
from fitted functions given in II and IV. In terms of the 
parameter er defined by 


er= — (0 InP,/d Inv)7, (4) 


the isothermal and adiabatic bulk moduli corresponding 
to the electronic pressure can both be evaluated as 
erP,.. The value of er is given by 


er= €o—[4eor+ (5/6)do/d Inx, \f (kT)?, (5) 


in which the corresponding zero-temperature value 
€o= —d Inp/d Inv is determined by 


€o9= (5/6) (1—d In¢,/d Inx»). (6) 


The electronic heat capacity C,,. at constant volume 
and the electronic entropy S,., per atom, are given by 


Cy, c= S.= 15pv(o+27+ 3w) fT, (7) 


in which w, like o and 1, is a perturbation parameter 
available from fitted functions given in II and IV. The 
Thomas-Fermi coefficient of volume expansion a, can 
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be evaluated as 
ae= Seo '(o+2r) CRT. (8) 


The temperature-perturbation terms given here corre- 
spond to use of the volume » of the atom as an inde- 
pendent (and thus unperturbed) parameter. Perturba- 
tion terms of higher order can be included by means 
of the general perturbation method given in II and III, 
to permit corresponding relaxation of the condition 
T<To. 
The total pressure P is the sum 


P=P,+P, (9) 


of the electronic pressure P, and the pressure P; due to 
the lattice. On the Debye model, a monatomic lattice 
can be represented dynamically by an isotropic con- 
tinuum in which elastic waves of longitudinal and trans- 
verse type propagate. Thermodynamic functions of the 
lattice are obtainable in terms of the Debye frequency, 
or corresponding Debye temperature, by standard 
results of statistical mechanics." Since the normal fre- 
quencies of vibration of the lattice all vary with volume 
in the same manner as the maximum or Debye fre- 
quency, results of the Griineisen theory of solids are 
directly applicable.” 

The pressure P, is determined by P;= — (0F;{/0v)r, 
where the Helmholtz function F; per atom of the 
monatomic lattice is given (with omission of a zero- 
point term) by 


F,=3kT([In(1—e-*) —3D(x) J, (10) 


in which «=hv/kT if h is Planck’s constant and » is the 
Debye frequency, and D(x) is the Debye function 
defined by 


(11) 


D(x) =3e1f yi (ev—1)—"dy. 


With use of the Gibbs-Helmholtz equation, one obtains™ 
P,=yiE//2, (12) 


where the thermal energy E; per atom of the lattice 
is determined (with omission of the zero-point term) by 


E,= 3kTD(x) (13) 
and the lattice Griineisen parameter 7; is given by 
y= — (0 Inv/d Inv). (14) 


The lattice contribution C,,;= (0E,/dT), per atom to 
the heat capacity at constant volume is 


Cy, 1= 3k 4D (x) —3x(e7—1)-]. 


21 J. E. Mayer and M. G. Mayer, Statistical Mechanics (John 
Wiley and Sons, Inc., New York, 1940), pp. 251, 386. 

2, Griineisen, in Handbuch der Physik (Verlag von Julius 
Springer, Berlin, 1926), pp. 1-59. 

% J. C. Slater, Introduction to Chemical Physics (McGraw-Hill 
Book Company, Inc., New York, 1939), pp. 219, 239. 

*C. Kittel, Introduction to Solid State Physics (John Wiley and 
Sons, Inc., New York, 1953), p. 80. 


(15) 
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The normal frequencies of vibration all vary with 
volume as v~7'; note that a similarity assumption is 
entailed.” 


Il. THE GRUNEISEN LAW 


The derivation of the usual form of Griineisen’s law 
presupposes that the electronic contributions to the 
heat capacity and to the quantity (@P/dT), are 
negligible relative to the corresponding lattice contribu- 
tions. This condition can be (and in fact generally is) 
violated at high pressure; the appropriate generaliza- 
tion of Griineisen’s law for this case will be considered. 

The Debye frequency v of a monatomic lattice is 
defined by 


(16) 


y= sm-}2q1/2yl/6, 


where m is the mass of an atom, x is the bulk modulus 
—v(dP/dv)r corresponding to the total pressure, and 
s is a function of Poisson’s ratio ¢ which is defined by 
Eq. (16) of Lif s,, is replaced by s and ¢», by ¢. With use 
of the assumption P;<P, and of Eqs. (3) and (4), one 
obtains 


y= sm-'¢qh!2 p1%y1/84.0(T2), (17) 


where the presence of terms arising from the tempera- 
ture-perturbation terms in P, and er has been indicated 
by the common notation O(T7?). The relative smallness 
of the latter terms in general (for T<T») indicates that 
the assumption that » is a function only of the volume, 
made as an approximation in application of the 
Griineisen theory under normal conditions,”-* is closely 
fulfilled at high pressure for sufficiently low temperature. 

In general, the value of Poisson’s ratio must be 
known to obtain the thermodynamic functions of the 
lattice. In I, it has been assumed that the ratio is 
independent of temperature. In Fig. 1, values of 
Teft,l, Fett, t, ANA (cers), aS defined in I, are shown for 
Al and Cu as a function of pressure up to about 10 
kilobars, from data of Lazarus.”° One notes that both 
values of (cess) are closely constant. On the basis, in 
part, of these experimental data, it will be assumed that 
Poisson’s ratio is approximately independent of pressure 
as well as temperature. 


0.5 


Effective Poisson ratios 


2 a 6 
Pressure (kiJobors) 


Fic. 1. Effective Poisson ratios as a function of pressure 
from experimental results of Lazarus, for Al and Cu. 


% 1). Lazarus, Phys. Rev. 76, 545 (1949). 
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The assumption that Poisson’s ratio is approximately 
constant with pressure is not contradicted by geo- 
physical information** on the earth’s mantle obtained 
by analysis of seismic data. Throughout the mantle 
[possibly of olivine (Mg,Fe)2SiO,, or a similar material ], 
the value of the ratio is about 0.3, up to pressures of the 
order of 1.4 megabars. Jeffreys’ hypothesis* that the 
material of the mantle is just below the point of fusion 
is some justification for assuming that a solid retains 
an approximately constant value of Poisson’s ratio at 
high pressure up to the melting point. Support for 
Jeffreys’ hypothesis comes from the fair agreement of 
the melting temperature in the mantle at the boundary 
of the core, computed on this basis, with Uffen’s value.° 
In any event, the assumption that Poisson’s ratio is 
constant with pressure and temperature implies that 
3\/(A+u), where A and yw are the Lamé parameters, is 
constant, and thus is a similarity assumption in the 
same sense as the extrapolation of the generalized 
Lindemann rule, to be made later. 

At high pressure, one expects that the lattice of a pure 
element will be one of the close-packed forms, face- 
centered cubic or hexagonal, and that pressure will 
induce a lattice transformation to one of these forms 
in elements whose normal lattices are not of these 
types.” Values of Poisson’s ratio for elements with 
close-packed lattices are given in I for a number of 
cases. For elements with other than close-packed 
lattices under normal conditions, it is necessary to 
adopt at high pressure an average value of Poisson’s 
ratio over the close-packed elements; from the data of 
I, this average is 0.37. Note that the last assumption is 
not essential to the theory, but is made in default of 
experimental (or theoretical) information. 

On the assumption that Poisson’s ratio is constant 
and that P;<P,, the lattice Griineisen parameter of 
Eq. (14) becomes 


vi=$(3e0— 1—3d Ineo/d Inv)+O(T"), 


from Eqs. (4) and (16); it can be seen from Fig. 3 of II 
that the logarithmic derivative which appears is small 
relative to ¢o. Values of +; from this equation are shown 
in Fig. 2 as a function of the scaled pressure Z~—°*p, as 
computed with use of Eq. (6) from the fitted function 
of II for ¢». In the Fermi-Dirac limit corresponding to 
po, one has «5/3 and thus 7-2/3, and, in the 
opposite limit ~—0 corresponding to an infinite atom, 
one has e—10/3 and thus 73/2 (in both cases, 
d Ineo/d Inv vanishes). Hence, the limits of variation of 
yi are relatively small. The range of abscissas in Fig. 2 
corresponds approximately to the range of computed 
data directly fitted by the fitted functions of II and IV; 
the highest values of pressure approach those corre- 
sponding to a degenerate Fermi-Dirac gas. 


(18) 


%6 Support for this assumption in the case of the alkali metals 
(normally body-centered cubic) is given by J. Bardeen [J. Chem. 
Phys. 6, 372 (1938) ]; at a pressure of about 22 kilobars, Cs trans- 
forms to a lattice which is probably face-centered cubic. 
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With use of the identity (0P/dT),= xa, in which a is 
the volumetric coefficient of thermal expansion and the 
product xa involves both electronic and lattice contribu- 
tions, differentiation of Eq. (9) with respect to tempera- 
ture at constant volume yields 


Ka>= (yL>, et Cr, 1)/2, (19) 


from Eqs. (3), (7), and (12), if the electronic Griineisen 
parameter 7, is defined by 
Ye=$—w/(o+27+3w). (20) 
Terms of higher order arising from the Thomas-Fermi 
temperature perturbation have been neglected in Eq. 
(19); thus, this equation is the generalization of 
Griineisen’s law to high pressure for temperatures small 
in the sense of the Thomas-Fermi model. The usual 
form of the law is recovered for C,,./Cy,-20. The 
fitted functions given in II and IV have been used to 
plot y. as a function of the scaled pressure Z—"*p in 
Fig. 2. It is shown in III that —o, r, and —w are mono- 
tonic-decreasing functions of p, so that , is a monotonic 
function between its limiting values, given from results 
of II as 3 in the Fermi-Dirac limit, and } for the limit 
of an infinite atom. With the former limit y,=3 corre- 
sponding to the free-electron theory of metals, the 
electronic term in Eq. (19) is that given by Visvana- 
than.‘ One notes that both Griineisen parameters ; and 
Ye are of approximately the same order of magnitude. 
As noted, validity of the temperature-perturbed 
Thomas-Fermi model in this application requires that 
the temperature involved be significantly less than the 
temperature T» defined by Eq. (2). For temperatures 
less than T» but sufficiently high that the electronic 
heat capacity dominates the lattice heat capacity, the 
lattice terms can be neglected in the generalized 
Griineisen law (since y.~7:). The lattice heat capacity 
cannot exceed the Dulong and Petit value, 3% per atom 
of a monatomic lattice, so that the equality C,,.=3k 
defines a limiting temperature 7, such that T>T; is 
an approximate criterion that C,,, dominate C,,;. The 
value of 7; is given from Eqs. (1) and (7) by 


Z RT / 8 = (48/n") (2/92?! 


X[(o+27+3w) xy! *by"? 1. (21) 
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Fic. 2. The lattice Griineisen parameter y; and the electronic 
Griineisen parameter y,, as a function of scaled pressure on the 
Thomas-Fermi model. 
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Fic. 3. Scaled ratios of significant temperatures as a function 
of scaled pressure on the Thomas-Fermi model. 


The ratio of 7; to 7» is shown, in the scaled form 
ZT,/To, as a function of the scaled pressure Z~'*p in 
Fig. 3. One notes that 7; is significantly below the 
limiting temperature T> for moderate or large Z, but 
the condition fails to hold for the lower Z-values, 
particularly for the lowest values of scaled pressure. 
Hence, for 7;<T<To, the extended Griineisen law 
reduces to 


Ka= €opae= hs, e (22) 


where a, is the Thomas-Fermi value of a defined ,by 
Eq. (8). This equation yields the result that Griineisen’s 


law is valid, under the temperature restriction stated, 
as a formal relation on the Thomas-Fermi model, with 
a physical re-interpretation of the proportionality 
constant which enters. The result follows because the 
first-order temperature-perturbed Thomas-Fermi theory 
satisfies a general criterion given by Davies”’ that a 
law of Griineisen form apply. 

The Debye temperature © defined by kO= hy can be 
determined to zero order from Eq. (17), by means of 
Eqs. (1) and (6), as 


ZkO/8= (8/9) (6/m)'9(s/B'”) 
X (1—d Ing,/d Inxy)"?(go°/x*)'4, (23) 


where £ is the ratio of the mass of a hydrogen atom to 
that of an electron, and the approximation m= 26Zm,, 
wher m, is the electron mass, has been used for the mass 
m of the atom. The ratio of © to 7, in the scaled form 
Z~*'§Q/T , is shown as a function of the scaled pressure 
Z-“» in Fig. 3; the fitted function of II for ¢, has 
been used, and the value s=0.37, corresponding to the 
average value 0.37 of Poisson’s ratio over the close- 
packed elements of I, has been taken. One notes that 
@ is less than T; for any physical value of Z and for 
any pressure shown, so that the lattice heat capacity 
has actually reached (at least approximately) the 
equipartition value at the temperature 7}. 

The foregoing results apply only to the solid, in 
general, and thus are subject to the reservation that 


7 R. O. Davies, Phil. Mag. 43, 473 (1952). 
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the temperature in question be lower than the fusion 
temperature (to be evaluated in the next section). 
However, the limiting form (22) of Griineisen’s law 
can be valid above the fusion temperature, since it 
does not contain a lattice term. Omission of the Reitz 
frequency changes somewhat the limit of the lattice 
Griineisen parameter in the Fermi-Dirac limit.'* 


Ill. THE FUSION CURVE 


The generalized Lindemann law can be written, from 
results of I, as 


RT m=QOm Qk md my (24) 


where 7,,, is the absolute melting temperature, and «,, 
and v,, are the bulk modulus and volume of the atom 
for the solid, respectively, as evaluated at fusion. The 
quantization factor Q,, which takes account of de- 
parture from equipartition, is defined in I as a function 
of the ratio 


m=O m/T m; (25) 


where ©,, is the Debye temperature at fusion; 2 is 
defined by 


Q= [27/85 9 (om)p/3!? P, (26) 


where s,, is given in I as a function of the fusion value 
am Of Poisson’s ratio, and p is the critical ratio of the 
root-mean-square amplitude of thermal vibration to 
nearest neighbor distance at fusion. In general, con- 
junction with Eq. (24) of the equation of state 
P= f(v,T) of the solid yields two simultaneous equa- 
tions for the fusion temperature in terms of the fusion 
pressure P,,,; the Thomas-Fermi equation of state will 
be adopted for the solid at high pressure, under the 
assumption P;<P,. The fusion criterion is that the 
ratio, at temperature 7, and pressure P,,, of thermal 
vibration amplitude to nearest neighbor distance, equal 
the corresponding ratio at normal pressure, where the 
latter is assumed the same for all isotropic monatomic 
solids; possible effects of differential motion of the 
nucleus relative to the electron cloud are ignored.'* 
Thus a similarity assumption is entailed in this extra- 
polation of the generalized Lindemann law to high 
pressure. The value ¢,, of Poisson’s ratio at fusion will 
be taken in accordance with the previous assumption 
that Poisson’s ratio is independent of temperature and 
pressure. 

Since the temperature perturbation method used in 
connection with the Thomas-Fermi model corresponds 
to use of the atom volume v as independent variable, 
one has v,,=v. From Eqs. (3) and (4), the value of x,, is 
eop+O(T,,”). Hence, use of the Thomas-Fermi model 
under the approximation P;<P, yields 


kT n=Qeopr+O(T »2), 


which is valid as a zero-order approximation for the 
melting temperature, provided x,<1 or x»~1, and 
provided T,,<T», where T> is defined by Eq. (2). 


(27) 
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Fic. 4. The scaled fusion temperature from the extrapolated 
Lindemann law as a function of scaled pressure on the Thomas- 
Fermi model, for a Poisson ratio of 0.37 corresponding to an 
average over the close-packed elements. The Debye temperature 
@, and the limiting temperatures T) and 7;, are likewise shown 
(dashed). Temperatures are in Hartree energy units (27.2 ev or 
3.16X 105 °K). 


Alternatively, Eq. (27) can be written 


RT m=Qe0(yo— 1)u+O(T,,’), (28) 


where u is the zero-temperature Thomas-Fermi energy 
given in IT, and o (not to be confused with a Griineisen 
parameter) is defined by u= pv/(yo— 1) and is evaluated 
in II. The fusion pressure P,, is p+O(T,,”), from 
Eq. (3). From Eqs. (1) and (6), the zero-order approxi- 
mation to T,, can be expressed as 


Z—"*RT,,/ = (4/9) (2/9n*)!* 


xa(i-d Ind,/d Inay) xo! /*p,5”. (29) 


This fusion curve is shown as a function of the scaled 
fusion pressure Z~*p in Fig. 4, as evaluated from the 
fitted function of IT for ¢,; the value s,,=0.37 has been 
taken, corresponding to the average Poisson ratio 0.37 
over the close-packed elements, which yields 2=0.012 
from the value p=0.072 of Table ITI in I. Scaled values 
of the limiting temperatures Ty) and 7, and of the 
Debye temperature © corresponding to a Poisson ratio 
of 0.37, are shown (dashed) on the same graph. 

In terms of © defined by Eq. (23), one has 0,,=0 
+0(T,,”). The value of the ratio x,, of Eq. (25), corre- 
sponding to this value of 0,, for ¢,,=0.37 and to T» 
of Eq. (29), is shown in the scaled form Z*/*x,, as a 
function of the scaled pressure Z—*p in Fig. 3. One 
notes that the condition x,<1 or x,~1 is met in 
general but can be violated for the lowest values of Z 
at the lowest scaled pressure shown. For the latter 
domain, higher order terms in Q,,-' can be taken into 
account by expanding the parameter as 


Qn = 1—2m!2/36—2m'4/2025+--+, (30) 
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in terms of the variable, 
Le = RO m/QK mm; 


which reduces to x», when 0,~1. 

The ratio of T,, (corresponding to the average 
Poisson ratio 0.37) from Eq. (29) to To of Eq. (2), 
expressed in the scaled form Z~'T,,,/To, is shown as a 
function of the scaled fusion presure Z~°/*p in Fig. 3. 
One notes that the condition T,,<T» is met reasonably 
for any Z at the lower scaled pressures. In the Fermi- 
Dirac limit, however, T,, can become comparable to 
To for large Z, since T,,/To—(2/3)QZ (numerically, 
0.74 for Z=92 and for 2 corresponding to the average 
Poisson ratio). Hence, for the larger values of Z at the 
higher pressures, a sufficient number (depending on 
the value of Poisson’s ratio) of perturbation orders 
must be included in the general perturbation method 
given in II and III, or the electronic pressure should 
be determined from the Thomas-Fermi equation as 
generalized to arbitrary temperature.'® 

The neglected perturbation terms are easily evaluated 
in the Fermi-Dirac limit, from the expression” 


2Zy'f Sw skT\? x kT\* 

rote) EC em 
3 v 12 \ 9’ 16\ 7’ 

for the pressure of a degenerate gas of Z-electrons in the 

volume v of the atom. The chemical potential n’ [equal 


to kT» of Eq. (2) ] at zero temperature can be evaluated 
from results of II as 


n=} (9xt)!!8Z28 Sa g2/r2!8, (33) 


in this case, where dp is the first Bohr radius for hy- 
drogen. From Eq. (24), the melting temperature in the 
Fermi-Dirac limit can be expanded as 


3724 


3645 


(31) 


r 


(az). |. (34) 


Numerically, QZ is 1.1 for Z=92 and for the average 
value 0.37 of Poisson’s ratio over the close-packed 
elements, but it is only 0.52 for Z=82 and for a Poisson 
ratio of 0.43, which is the normal value** of the ratio 
for Pb; thus, the series of Eq. (34) is rapidly convergent 
for Pb. Hence, results of the general temperature- 
perturbed Thomas-Fermi model from II and III are 
sufficient to determine the fusion curve, in general, 
except for the domain of large Z near the Fermi-Dirac 
limit of pressure when the Poisson ratio is not relatively 
large. Since the purely formal extrapolation made of the 
generalized Lindemann rule takes no account of the 
possible effect of differential motion of the nucleus 
relative to the electron cloud,!® these results for the 
Fermi-Dirac limit are subject to some doubt as regards 
physical validity. 


28C. Zwikker, Physical Properties of Solid Materials (Inter- 
science Publishers, Inc., New York, 1954), p. 90. 
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The Griineisen constant y» of the solid at fusion, as 
defined in I, is y:+O(T»,”), where y; is given by Eq. 
(18). The parameter g of I is 1+O(T,,”), and, since the 
condition *»<1 or x»~1 is fulfilled in general, the 
parameters Q,, and O,, of I will be given the values 
unity and zero, respectively. Hence, results of I yield 


RdT mn/dP m= (€o—1—d Ineo/d nv)Qv+O(T 2) (35) 


for the slope of the fusion curve. It is easily shown from 
numerical results of II that the parenthetic coefficient 
of Qv is always positive, so that the fusion curve on this 
model has normal sign of slope when the temperature- 
perturbed Thomas-Fermi model is applicabie. Similarly, 
one obtains 


CT », dineg deg d* Inep J Qv 

P --[«-1- + E 

aP,,? dinv dlnv d(Inv)*Jeop 
+O(T »’), 





(36) 


where the coefficient of Qv/eop in square brackets is 
always positive. Hence, the fusion curve on the assump- 
tions made is completely normal in the sense of Bridg- 
man; the hypothesis of Tammann,” that the fusion 
temperature rises to a maximum and then falls, and 
that of Schames,” that an asymptotic fusion tempera- 
ture exists, are both denied. The proof given applies 
only to the range of atomic number, pressure, and 
Poisson ratio where the general perturbation method 
of II and III is applicable, so that the signs of the 
pertinent derivatives can be inferred from the leading 
term of zero order. From results of I, or by means of 
Clapeyron’s equation applied to Eq. (35), one obtains 


L/Av= €o(€o>—1—d Ineo/d Inv)"p+O(T,,?) (37) 


for the ratio of the latent heat of fusion Z per atom to 
the corresponding change Av, from solid to liquid, in 
volume per atom. Since this equation specifies only the 
ratio L/Av, it yields no direct information on the exis- 
tence or nonexistence of a critical point (where Z and 
Av must vanish simultaneously so that their ratio 
remains finite), but it is consistent with the latter 
possibility, since the coefficient of eof is positive. 
Equation (37) corresponds to the evaluation of the 
Griineisen constant from fusion parameters, as given 
by Eq. (33) of I. Hence, this relation persists for high 
pressure. However, the evaluation of the Griineisen con- 
stant at fusion from Griineisen’s law, as given by Eq. 
(25) of I for low pressure, must be modified to corre- 
spond to the generalized Griineisen law (19) at high 
pressure. As noted, the generalized law is subject to 
the condition T<T,,, but the limiting form (22) is 
independent of this restriction. One can show from Eqs. 
(21) and (29) that the generalized form reduces approxi- 


% G. Tammann, Kristallisieren und Schmelzen (Verlag von J. A. 
Barth, Leipzig, 1903), p. 90; A ggregatzustinde (Verlag von L. Voss, 
Leipzig, 1923), p. 94. 

*® L. Schames, Ann. Physik 38, 830 (1912); 29, 887 (1912). 
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Fic. 5. Comparison of the fusion curves for the alkali metals 
redicted by the extrapolated Lindemann law (for om=0.37) at 
igh pressure with Bridgman’s experimental fusion curves at 

low pressure; the dashed portions correspond to a reasonable 
fairing at intermediate pressures of the two curves into one another 
for each element. In the inset, the fusion curves of Bridgman 
are shown on a linear scale. 


mately to the latter form, below fusion, for the larger 
values of Z and for the larger scaled pressures. 

For the Thomas-Fermi atom model at zero tempera- 
ture, one notes from Eq. (4) that pxv~‘ for small 
changes in v, where ¢9 has the value 10/3 corresponding 
to an infinite atom and the value 5/3 in the Fermi-Dirac 
limit. Equation (27) implies, therefore, that the tem- 
perature variation of the melting pressure goes from 
Pm&T n°!" to Pm« T°? as the pressure varies from 
zero to infinity. Simon’s empirical equation” for low 
pressure predicts P,+A«T,,®, where A and B are 
constants ; the value of B is about 4 for metals and about 
2 for other substances. However, Domb’s derivation" 
of the equation from the model of Lennard-Jones and 
Devonshire” yields B=1+3/n for moderately high 
pressure, where m (about 9 to 12) is the (negative) 
exponent of the repulsive term in a Lennard-Jones 
potential; in this case, the constant A can be ignored. 
Hence, Eq. (27) is substantially consistent with Domb’s 
result for the moderate-pressure range. 

A significant feature of the melting formula (29) is 
the scaling of the melting temperature with atomic 
number as Z’* for x, fixed.*' Computed melting tem- 
peratures from this equation are shown in Fig. 5 for 
the alkali metals as a function of pressure above 5 
megabars, for a value of Poisson’s ratio equal to the 
average 0.37 over the close-packed elements”; the 
order of increasing melting temperature is Li to Cs. 
The experimental results of Bridgman®™ for the melting 

31 The leading term of Eq. (34) states that the melting tempera- 
ture scales as Z5/3 for fixed volume, or as Z for fixed pressure, in 
the Fermi-Dirac limit; in this case, more explicit scaling is 

ible, because ¢, from results of II can be obtained directly 
in terms of x», and thus of »v. 


#P. W. Bridgman, Phys. Rev. 3, 153 (1914); 27, 68 (1926); 
Proc. Am. Acad. Arts Sci. 56, 59 (1921). 
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temperatures as a function of pressure are shown on 
the same diagram; the order of increasing melting 
temperature is Cs to Li at the lowest pressures, or the 
reverse of that predicted by Eq. (29). The fusion curves 
of Bridgman are shown or a linear scale in the inset 
on Fig. 5; one notes that the curves for Na and K cross 
near the upper limit of pressure. As interpreted by 
Bridgman on the basis of a graphical extrapolation, the 
data indicate almost with certainty that the curve for 
K will cross that of Li; they imply with high probability 
that the curve for Na likewise will cross that of Li; 
and they suggest strongly that the curves for Rb and 
Cs eventually will cross those of the other alkali metals 
with increasing pressure. Hence, Bridgman®* has 
hypothesized that at pressures above the order of 
25 kilobars, the normal melting order with respect to 
atomic number in the alkali metal family will be re- 
versed completely. The dashed lines in Fig. 5 have been 
drawn to correspond to a reasonable fairing of the 
curves for low and high pressure into one another; 
complete reversal of the normal fusion order occurs in 
the neighborhood of 25 kilobars, in agreement with 
Bridgman’s hypothesis. 


IV. THERMODYNAMIC FUNCTIONS OF THE LATTICE 


The salient thermodynamic functions of the lattice 
have been listed in Sec. I. The lattice contribution 5S; 
per atom to the entropy is given by” 


Si= 3k (4/3)D(x)—In(1—e~*) J, 
which, for «<1 or x~1, reduces to 
Si= 3k[4/3+1n(T/0) }. (39) 


By comparison of the latter equation with S, as given 
by Eq. (7), a limiting temperature can be set such that 
S; is dominated by S,. Since S;~4k for T~O, and the 
logarithmic function in Eq. (39) is slowly varying, the 
condition T> 7 can be used as a rough criterion that 
S, dominate S,, where T; of Eq. (21) is the limiting 
temperature for dominance of C,,, over C,,;. Other 
thermodynamic functions of the lattice on the Debye 
model, such as the Gibbs function and enthalpy, are 
easily obtained from the functions given. 

To determine the thermodynamic functions of the 
lattice at any temperature and pressure, it is sufficient 
to know the lattice Griineisen parameter y; and the 
Debye temperature ©, which enter parametrically into 
the functions. The latter parameters have been evalu- 
ated to zero order on the Thomas-Fermi model by 
Eqs. (18) and (23), respectively, on the assumption 
P+<P, (which remains to be justified). Terms of higher 
order in y; and © can be included by means of the 
general perturbation procedure of II and III, or alter- 
natively, results of the Thomas-Fermi model as gen- 
eralized to arbitrary temperature'® can be used to 


(38) 


% P. W. Bridgman, The Physics of High Pressure (G. Bell and 
Sons, Ltd., London, 1949), p. 211. 
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evaluate the parameters directly. These considerations 
yield a general prescription for obtaining the thermo- 
dynamic functions of the lattice at low temperature, 
which is the analog of the method given by Feynman, 
Metropolis and Teller'® for obtaining the corrections in 
thermodynamic functions due to the atomic nucleus 
at high temperature. 

The upper limit of temperature for validity of these 
expressions for the thermodynamic functions of the 
lattice is the melting temperature 7. For T>>O or 
T~@O, the thermodynamic functions assume their 
equipartition values, so that the lattice pressure 
becomes 


Pi=3yikT/2, (40) 


which is a result obtained previously by others!’ (by a 
method equivalent in its assumptions to the Griineisen 
theory). The thermal energy £; of the lattice becomes’ 


E,=3kT, (41) 


which corresponds to C,,,;=3k. For equipartition, the 
dependence of the thermodynamic functions of the 
lattice [except those involving the entropy of Eq. (39) ] 
on Poisson’s ratio disappears, since this ratio enters the 
functions only through the parameter x=0/T. From 
the considerations of Sec. III, equipartition is always 
reached below the fusion temperature, except for the 
lowest values of Z at the lowest scaled pressures. 

An upper limit P;,, on the lattice pressure can be 
obtained by evaluating P; at fusion, which yields 


Pi, m=3Qy140p+O(T »’), (42) 


by means of Eqs. (27) and (40). One notes that, to 
zero order, the ratio P;,,/p of maximum lattice pres- 
sure to electronic pressure is independent of the atomic 
number Z. The limits of variation of the ratio are not 
large, since the limit of y,eo in the Fermi-Dirac limit 
is 10/9 and the limit for an infinite atom is 5. Corre- 
sponding to these two limits, the ratios of the maximum 
lattice pressure to the electronic pressure are 102/3 
and 15, or, numerically, about 4% in the Fermi- 
Dirac limit and about 18% in the limit of an infinite 
atom for an average Poisson ratio of 0.37. These 
considerations justify the basic assumption P;<P,, on 
which the entire treatment of this paper is based. A 
maximum thermal energy E;,» of the lattice can be 
obtained from Eqs. (28) and (41) as the fusion value 


Ex, m= 3Qe€0(yo— 1)u+O(T 2’), (43) 


where u is the zero-temperature Thomas-Fermi energy 
and ‘po is defined by u= pv/(yo—1). 

This method of obtaining the thermodynamic func- 
tions of the lattice is valid only for pressures below the 
Fermi-Dirac limit, because of neglect of the Reitz 
frequency.'* The question of the transition from the 
thermodynamic functions given here to the corre- 
sponding ones in the Fermi-Dirac limit has been dis- 
cussed by McMillan.” 
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Vv. CONCLUSION 


The results of this paper yield a practical method 
of determining the lattice corrections to thermodynamic 
functions computed on the Thomas-Fermi model. No 
attempt has been made to take account of the long- 
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Mott’s theory of liquids* may provide an approach 
to such questions. 
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existence of such order must introduce corrections to 
thermodynamic functions computed on the Thomas- 
Fermi model, analogous to the lattice corrections. 
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A generalization of the Lindemann law given previously is used in conjunction with the Murnaghan 
equation of state for a solid to derive a law of reduced states for fusion, valid for the case of classical 
excitation of the lattice vibrations at melting. If the bulk modulus and volume of the solid at fusion and 
the melting temperature are reduced by dividing the quantity in question by its corresponding value at 
the origin of the fusion curve, any reduced variable of this set can be expressed as a power of any other, 
with an exponent involving a constant appearing in the Murnaghan equation. It is shown that the ratio 
of the latent heat to the volume change of fusion obeys a similar law of reduced states, on the basis of an 
assumed form of the volume dependence of the Griineisen parameter of the solid along the fusion curve. 
The constant appearing in the Murnaghan equation of state is interpreted physically in terms of an average 
Griineisen parameter of the solid. The law of reduced states yields an immediate derivation of the empirical 
Simon equation for the fusion curve. For the alkali metals, it is shown that experimental values of the 
temperature exponent in the Simon equation are quantitatively compatible with the theoretical evaluation 


given, and, furthermore, that the theory can predict approximate values of the exponent, in practice. 


HE empirical equation’ 
log(Pm+A)=B logT n+C, (1) 


where P,, and T,, are the fusion pressure and absolute 
temperature, respectively, and A, B, and C are dispos- 
able coefficients, has been proposed by Simon to 
represent the fusion curve. By evaluating the constant 
C at the triple point of temperature 7, (and negligible 
pressure), he has put the equation in the form 


Pm=A[(Tn/T)?—-1)] (2) 


for elements of low melting point; this form will be 
referred to as the Simon equation. If a reduced pressure 
P,,’ and temperature 7,’ are defined by P,,/A and 
T»/T 1, respectively, Eq. (2) yields the Simon law, 


P,,'=T,,'8—1, (3) 


of corresponding states for fusion. This law is analogous 
to the law of corresponding states for a van der Waals 
gas, with the constant A and the triple-point tempera- 
ture as reducing parameters corresponding to the 
critical pressure and temperature, respectively. 

* Work sponsored by the U. S. Atomic Energy Commission. 


1F, Simon, Z. Electrochem. 35, 618 (1929); Trans. Faraday 
Soc. 33, 65 (1937). 


If the constants A and B are selected by trial, 
Eq. (2) yields a good fit to the observed melting curves 
of solids of low melting point. Values of the constants 
for various elements, as derived from experimental 
work prior to 1937, are tabulated (except for D.)? by 
Ruhemann and Ruhemann.' Later work‘ has extended 
the pressure range over which the equation is applicable. 
The Simon exponent B is roughly 2 for most of the 
substances (He, Hz, Ne, Nz) of low melting point, 
except for A, for which it is somewhat over unity. 
For the alkali metals, 7, in Eq. (2) must be replaced by 
the normal melting temperature; reported values® of 
the exponent B are approximately 4. Values quoted for 
the Simon exponent by different authors frequently 
are fairly discrepant for the same element. Part of the 
variance is presumably due to the fact that a require- 
ment merely of fit to the data does not necessarily 


2K. Clusius and E.. Bartholomé, Z. physik. Chem. B30, 237 
(1935). 

3M. Ruhemann and B. Ruhemann, Low Temperature Physics 
(Cambridge University Press, London, 1937), p. 97. 

‘ Holland, Huggill, Jones, and Simon, Nature 165, 147 (1950) ; 
Holland, Huggill, and Jones, Proc. Roy. Soc. (London) A207, 


268 (1951); J. S. Dugdale and F. E. Simon, Proc. Roy. Soc. 
(London) A218, 291 (1953). 

$ a Simon and G. Glatzel, Z. anorg. u. allgem. Chem. 178, 309 
(1929). 
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fix the parameters of a two-parameter curve uniquely, 
although Simon*’ has indicated the use of the initial 
slope of the fusion curve (or of Clapeyron’s equation) 
to reduce Eq. (2) to a one-parameter curve. 

Domb* has derived the Simon equation theoretically 
from the order-disorder fusion theory of Lennard-Jones 
and Devonshire,’ for the range of moderately high 
pressure where a Lennard-Jones intermolecular poten- 
tial is a sufficient approximation. His expression for 
the Simon exponent is B=1+3/n, where n (about 9 
to 12) is the (negative) exponent of the repulsive term 
in the potential. A derivation from the same model has 
been given by de Boer"; he obtains the constant value 
1.25 for the Simon exponent. Both these evaluations 
of the Simon exponent are somewhat too low to corre- 
spond to reported values for the elements of low 
melting point (except for argon), and they are definitely 
too low to correspond to published values for the 
alkali metals. Salter" has used the Lindemann law and 
the Debye equation of state to obtain a fusion equation 
identical in form with Simon’s equation, with the 
exponent evaluated in terms of Griineisen’s constant 
for the solid. He notes that use of normal values of 
the Griineisen constant in his expression yields values 
of the Simon exponent considerably below reported 
values for the alkali metals, but in reasonable accord 
for argon. 

Recently, the author has given a generalized Linde- 
mann law which may represent a basic criterion of 
fusion, at least for isotropic monatomic solids.” The 
generalization yields an experimentally verified relation 
connecting the Griineisen constant of the solid at 
melting with fusion parameters, and explains the 
validity of an empirical relation of Kubaschewski." 
The theory yields the conclusion that the fusion curve 
is determined by conjunction of the equation of state 
of the solid with the generalized Lindemann law. In 
this paper, it will be shown that, by selection of the 
Murnaghan equation of state” for the solid, the theory 
of I yields a fusion equation identical in form with 
Simon’s equation and providing quantitative agreement 
with experiment for the alkali metals. The discussion 
presupposes that the normal vibrations of the solid at 
melting are classically excited, so that the quantization 
parameters Q),, and O,, of I are equal to unity and zero 
respectively. This limitation excludes cases (such as 
Hz, D2, and He at low temperature) in which the 
zero-point energy at fusion is relatively large. 

6 F. E. Simon, in L. Farkas Memorial Volume (Research Council 
of Israel, Jerusalen, 1952), Pp. 37. 

7F. Simon, Nature 172, 746 (1953). 

8 C. Domb, Phil. Mag. 42, 1316 (1951). 

® J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. Soc. 
(London) A170, 464 (1939). 

0 J. de Boer, Proc. Roy. Soc. (London) A215, 5 (1952). 

UL, Salter, Phil. Mag. 45, 369 (1954). 

J. J. Gilvarry, this issue [Phys. Rev. 102, 308 (1956)], 
referred to hereafter as I. 

180. Kubaschewski, Trans. Faraday Soc. 45, 931 (1949). 


4 F, D. Murnaghan, Finite Deformation of an Elastic Solid 
(John Wiley and Sons, Inc., New York, 1951), p. 70. 
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I. LAW OF REDUCED STATES 


The equation of state of the solid will be taken as 
that derived by Murnaghan“ from his “integrated 
linear theory” of finite strain. If P is the pressure 
corresponding to the volume V of the solid, this equation 


of state is 
P= (ko/n)[(Vo0/V)"—1], (4) 


where xo is the norma! bulk modulus (incompressibility) 
corresponding to the normal volume Vo, and 7 is a 
constant. The bulk modulus « of the solid follows as 


xk=ko(Vo/V)". (5) 


By determining » empirically, Murnaghan has obtained 
an excellent fit of Bridgman’s pressure-volume data on 
Na, for pressures up to 100 kilobars. The value obtained 
for » (and the corresponding xo) varies somewhat with 
the pressure range selected for direct fit. The largest 
relative deviations are found for the lowest pressures, 
which corresponds to the fact that Eq. (4) represents an 
approximation in the large (rather than an osculating 
approximation at the origin). 

The bulk modulus x,, of the solid at melting can be 
regarded as a function only of the corresponding 
volume V ,, of the solid. Since the Murnaghan equation 
specifies x, by Eq. (5), as a function only of the volume, 
application of this equation of state to the solid along 
the fusion curve is a legitimate approximation. Hence, 
Eq. (5) yields 


Km/Km,0= (V m,0/V m)", (6) 


where km o and Vm o are the values of km, and V», 
respectively, corresponding to the origin of the fusion 
curve. In principle, the parameter 7 should be deter- 
mined from the pressure-volume relationship for the 
solid along the fusion curve; unfortunately, such data 
are not usually available from experiment for the 
elements of higher melting temperature (such as the 
alkali metals). Physical validity can be claimed for use 
of the Murnaghan equation of state for the solid at 
fusion only if values of » inferred from fusion curves 
are reasonably consonant with those obtained from 
experimental equations of state. 

The Lindemann law for the case of classical excitation 
of the lattice vibrations at melting of a monatomic 
solid can be written 


RT n= mV m, (7) 


where R is the gas constant, 7, is the absolute melting 
temperature corresponding to the molar volume V », 
and Q, defined in I, is a function of Poisson’s ratio at 
fusion and of the Lindemann constant. Under the 
assumption of I that the fusion value of Poisson’s 
ratio is a constant, use of Eq. (6) in Eq. (7) yields 


TalT a, pas (Vin, o/V m)™, (8) 


where T,,,9 is the temperature corresponding to the 
origin of the fusion curve. From this equation and 





EQUATION OF FUSION CURVE 


Eq. (6), one obtains 
Ku /Km, “- (Ta/T'n, 0) ! (9) 


b=n/(n—1). (10) 


Equations (6), (8), and (9) yield a law of reduced 
states for fusion, in which the reducing parameter for 
Km, I'm, OF Vm is the corresponding value at the origin 
of the fusion curve; any reduced variable can be 
expressed as a power of any other, with an exponent in 
terms of the Murnaghan parameter 7». The law is 
referred to as one of reduced (rather than correspond- 
ing) states in accordance with Simon’s nomenclature, ® 
since the reducing parameters are not constant as in 
the law of corresponding states for a van der Waals 
gas. The relations are consistent with the Lindemann 
law (7) in the form 


T m/T m,0= (Km/Km, 0) (Vin/V m, 0); (11) 


which presupposes that the Poisson ratio of the solid 
is constant along the fusion curve. 

It is shown in I that the ratio of the latent heat Z 
to the volume change AV of fusion is given by 


L/AV = qk m/2(¥m—4)s (12) 


where 7» is the value of the Griineisen parameter of 
the solid at the point (7,,P) of the fusion curve, 
and q is a parameter defined in I. The quantity ym—} 
can be regarded as a function only of the volume V,, 
of the solid at fusion. Its analytic dependence on V, 
will be taken as 


(y¥m—$)/(¥m, 0-3) = (V/V m, 0)", 


where Ym,o is the value of ym corresponding to the 
origin of the fusion curve, and yu is defined by 


u=dIn(yn—§)/d nV », 


analogously to the definition of y,, in terms of the 
fusion value of the Debye frequency. On the assumption 
that » is constant, its value can be inferred from the 
equation 


PT »/dP n= —2(1+4)(Y¥m—4)T n/Pem? (15) 


of I, as applied at the origin. The parameter gq is of the 
order of unity, with the average value 1.2 over the 
elements discussed in I; it can be presumed for purposes 
of the present discussion that g shows only small 
variation over the fusion curve and can be assigned 
the constant value go corresponding to the origin. 
Under these assumptions, use of Eqs. (6) and (13) in 
Eq. (12) yields the law 


(L/AV)/a= (Vm, o/ Vm) **# 


of reduced states for L/AV, where the parameter a 
is defined by 


where 


(13) 


(14) 


(16) 


4= ok m, 0/2(Y m,o— 4): (17) 


327 


By Eq. (12), the parameter a appearing as the reducing 
parameter for L/AV is equal to the value of the latter 
quantity at the origin. Bridgman has expressed 
opposition to the idea of a law of corresponding states 
for fusion,'® since Z and AV separately do not exhibit 
definite signs of such a law (except possibly for the 
alkali metals)'*; note, however, that it is the ratio 
L/AV which obeys the law (16) of reduced states. 

By means of Eq. (8), one can write Eq. (13) as 


(y¥m—4)/(¥m,0—4) = (Tm, o/ Tm), 


B=y/(n—1). (19) 


Similarly, the law (16) of reduced states for L/AV can 
be written 


(18) 
where 


(L/AV)/a=(Tm/T m0)”, (20) 
in which 


B=b+B= (n+u)/(n—1), (21) 


where b is defined by Eq. (10). It is clear that any 
reduced variable corresponding to the set km, Vm, Tm, 
Ym—%, and L/AV can be expressed as a power of any 
other. 

Equation (13) demands that the Griineisen parameter 
vm Of the solid be a variable along the fusion curve. 
The Murnaghan parameter » appearing in Eq. (6) can 
be interpreted in terms of an average value 7m, of the 
Griineisen parameter ym over the fusion curve, by 
means of the equation 


(22) 


given in I. Application of this equation to Eq. (6) 
corresponding to the Murnaghan equation yields 


Yn= —}—}d Ink»/d InV », 


Ym, w= 3(n— 4). (23) 


Note that this identification in terms of an average 
Griineisen constant yields a physical interpretation of 
the Murnaghan parameter » (introduced as an empirical 
constant in the integrated linear theory of finite strain) 
which applies in general and not merely at fusion. 

It has been emphasized that the Murnaghan equation 
of state represents an approximation in the large for 
the equation of state along the fusion curve. If the 
Murnaghan parameter 7 is chosen by fitting the 
pressure-volume curve over a small range of pressure 
near the origin of the fusion curve, one must obtain 


no= 27 m,o+$ (24) 


for n in terms of the Griineisen parameter at the origin, 
as follows from Eq. (22) or Eq. (23). In this case, 
Eqs. (6) and (8) can be written 


Km = Km, o(V m, o/ V_)trm ors, 


Tn= I= o( a! o/ Vm)? rm 0-1/8 , 


(25a) 
(25b) 


16 P. W. Bridgman, Revs. Modern Phys. 7, 1 (1935). 
16 P, W. Bridgman, The Physics of High Pressure (G. Bell and 
Sons, Ltd., London, 1949), p. 211. 
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respectively, and Eq. (9) becomes 
Km = Km, o(T m/T m, o”, 


b= (67m, 0+ 1)/[2(37m, 0-1) J. (27) 


The three equations (25a) (25b), and (26) are valid 
only as osculating approximations at the origin; by 
means of Eq. (23), one can show that they differ only 
in the substitution of ym,o for ym, from their cor- 
respondents in the large, Eqs. (6), (8), and (9), 
respectively. 

These osculating approximations are derivable 
directly from the Griineisen postulate that the Debye 
frequency, in general, is a power-law function only of 
the volume; if v,, is the Debye frequency of the solid 
at melting, this assumption yields the expression 


n= G/ V _™™ 0 


(26) 
where 


(28) 


where G is a constant, for v,, in the neighborhood of the 
origin of the fusion curve. The Debye frequency of a 
monatomic solid at melting is given likewise by 


Vm = SmNM—U%,,U2V 16 


(29) 


where M is the atomic weight, V is Avogadro’s number, 
and s,, is a function, defined in I, of the value of 
Poisson’s ratio of the solid at melting. On the assump- 
tion of I that the Poisson ratio at fusion is constant, 
comparison of Eqs. (28) and (29) yields Eq. (25a). 
Equation (25b) and thus Eq. (26) then follow directly 


from Eq. (7), or from the identification v,,= vz, where 
vy is the Lindemann frequency defined in I. 


II. SIMON EQUATION 
The general result, 


for the slope of the fusion curve has been obtained in I. 
If g is given the constant value go corresponding to the 
origin, integration of this equation with use of Eqs. 


(9) and (18) yields 
Pur—Pno= (a/B)((T m/T m, ee 1}, 


where P»,9 is the pressure corresponding to the origin 
of the fusion curve, a is given by Eq. (17), and B is 
defined by Eq. (21). Equation (31) has precisely the 
form, with A=a/B, of the Simon equation (2) (except 
for the introduction of the constant P,,,,o of integration 
to make both sides of the equation vanish together at 
the origin). The equation assumes a reduced form, 
analogous to Eq. (20) for L/AV, if the left-hand side 
is rewritten as (Pm—Pm,o)/a. 

Equation (31) of the fusion curve yields the correct 
initial slope demanded by Eg. (30), and the correct 
initial value a of the ratio L/AV required by Eq. (12); 
thus Clapeyron’s equation is satisfied at the origin, 
independently of the value of the Simon exponent B. 
As has been pointed out, the parameter yu of Eq. (14), 


(30) 


(31) 
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which corresponds to the volume variation of y,—4} 
and enters B through 8 of Eq. (19), can be evaluated 
by application at the origin of Eq. (15) ford’7,,/dP»’. 
In this case, it follows that Eq. (31) yields the correct 
curvature of the fusion curve at the origin corresponding 
to Eq. (15); note, however, that this equation has been 
derived in I on the assumption that q is constant. 

The derivation of Simon’s equation given by Salter," 
based on the Debye equation of state, assumes that 
the Griineisen parameter has a constant value. His 
result is essentially 


Pm—Pm,o=Al[(T'n/Tm,0)” — 1], (32) 


where A is specified only as a constant and 0’ is defined 
by Eg. (27). Since the exponent 6 of Eq. (10) can be 
written in terms of the average Griineisen parameter 
of Eq. (23) as 


b= (67m, w+1)/[2(¥m,m— 1), 


it follows that Salter’s evaluation of the Simon exponent 
corresponds to substituting ym,o for Ym, in 6 and 
taking 8=0 (corresponding to 1.=0) in Eqs. (21) for B. 

Equation (30) for dP,,/dT, is susceptible to a 
physical interpretation. If one writes the parameter q, 
in a form deducible from results of I, as 


G= (1—KmotmdT m/dP mm), (34) 


in which a, is the coefficient of volume expansion of 
the solid at fusion, substitution of this expression into 
Eq. (30) yields 


dP »/ AT m=Km/2(¥ m—4)T m+ KmOm: (35) 


The second term on the right-hand side of this equation 
is given by Griineisen’s law as 


KmOm=YmCv, m/V m=[(0P/8T) v ]m; (36) 


where Cy,» is the heat capacity of the solid at fusion, 
and the subscript m on the last term designates evalua- 
tion of the partial derivative for the solid on the fusion 
curve. Hence, the second term in Eq. (35) for dPn/dT » 
corresponds to the increment in thermal pressure of 
the lattice as T,, is increased. Thus, the assumption 
g=Qo made in deriving Eqs. (20) and (31) corresponds 
to the postulate that [(0P/0T)y]m bear a constant 
ratio to the total derivative dP,,/dT,, along the melting 
curve. From the fact that 


dP n/dT mn=[(OP/OV) 7] md V m/ AT m 
+((0P/8T) vm; 


(33) 


(37) 
it follows that 


[(OP/OV) 7 |mdV m/AT m=Km/2(¥m—4)T m- (38) 


Hence, the first term in Eq. (35) for dP,,/dT,, corre- 
sponds to the increment, as 7,, and thus V ,, is changed, 
of that part of the pressure which depends directly on 
the volume, that is, the pressure corresponding (for 
low or moderate compression) to the potential energy of 
an atom in the interatomic force field. Salter’s derivation 
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of the Simon equation assumes that this term is 
constant; thus he obtains the correct form of the 
exponent b’ of Eq. (27) in terms of ym,o but fails to 
obtain the analog of the expression a/B corresponding 
to the Simon coefficient. 

Simon! has shown that the coefficient A of Eq. (2) 
is of the order of the internal pressure of the solid. 
Approximate numerical consistency of this result with 
the evaluation of the Simon coefficient given here can 
be shown by means of Griineisen’s law and an expres- 
sion’ for the internal pressure from the Griineisen 
theory of solids. 


III. COMPARISON WITH EXPERIMENT 


In this section, the preceding theory will be compared 
with Bridgman’s experimental results!’ on the fusion 
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Fic. 1. Pag rap of the law of reduced states (straight line) 


for the ratio L/AV in terms of the fusion temperature, against 
Bridgman’s experimental data for four alkali metals. Values of 
the Simon exponent B (tabulated in the fourth column of Table I) 
selected in each case for best over-all fit to the data. 


curves of the alkali metals Cs, Rb, K, and Na, extending 
over pressure ranges up to 12 kilobars; the element Li 
will be ignored, since Bridgman’s measurements were 
made on a somewhat impure sample.’ To make a 
comparison of Eq. (20) and of Eq. (31) with the data, 
values of km,o entering the reducing parameter a@ are 
available from Table I of I. Values of ym, 9 from Eq. (12), 
and of go from Eq. (31) of I, are shown in Table I, as 
evaluated to correspond to Bridgman’s experimental 
values of Z and AV at the normal melting point; the 
values of Ym,o given for the alkali metals in Table V of 
I correspond to data for Z and AV from other sources. 
The third entry of Table I is the parameter a of Eq. (17). 

Equation (20) states that the ordinate (L/AV)/a, 
when plotted against (7'm/T7'm,o)®, should yield a 


17P, W. Bridgman, Phys. Rev. 3, 153 (1914); 27, 68 (1926). 
18 P. W. Bridgman, Proc. Am. Acad. Arts. Sci. 56, 59 (1921). 
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Fic. 2. Comparison of the Simon equation (straight line), with 


values of B tabulated in the fourth column of Table I, against 
Bridgman’s experimental data for four alkali metals. 


straight line of inclination 45°. In Fig. 1, this ordinate 
from Bridgman’s experimental values of Z and AV and 
values of a from Table I is shown as a function of 
(T'm/T m,o)® for the alkali metals, where the Simon 
exponent B has been selected by trial in each case to 
yield the best over-all fit to the data. For the same 
value of B in each case, the values of (Pm—Pm,o)/a 
corresponding to Bridgman’s pressure-temperature 
data at fusion are shown in Fig. 2 as a function of 
BL(T»/Tm,0)2—1]; the data yield closely the 
straight line of inclination 45° demanded by Eq. (31). 
The maximum error indicated at the highest ordinate 
on Fig. 2 for any element does not exceed 3%, which 
may be within the experimental error. The values 
of the Simon exponent B obtained for each element are 
shown in Table I, with values, for comparison, as 
determined by others from essentially the same data. 
The disparities are explainable on two counts: the 
election in this paper to obtain the Simon exponent by 
a best fit corresponding to Eq. (20), rather than to the 
Simon equation (31) directly, and the requirement of 
this theory that the Simon coefficient A be a/B, with a 
given by Eq. (17), which insures that Clapeyron’s 
equation is satisfied at the origin of the fusion curve. 
The question at issue is to show that the values of 
the Simon exponent obtained are compatible with the 
theory given. Since experimental data on the volumes 
of the alkali metals along the fusion curve are not 
available, the values of the Murnaghan parameter 7, 


TABLE I. Parameters of the Simon equation. 








10-%a 
bars 
0.0119 
0.0146 
0.0202 
0.0454 


B 
Eq. (20) 
4.50 
3.70 


4.21 
3.15 


ym,0 qo 


Cs 1.34 1.18 
Rb 1.6, 1.22 
K 1.20 1.15 
Na 1.13 1.13 











* Value for Cs from Simon and Glatzel (reference 5); values for Rb, K, 
Na from J. A. W. Huggill, as quoted by Salter (reference 11). 
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Taste IT. Parameters of fusion curves. 








Ym, Ym,Ay ” B 
Eq. (23) Eq. (39) Eq. (40) Eq. (21) 


lilo 2.6 3.8 
14, 3,2 3.6 


0.9 0.9 25 3.9 
(12) (10) (23) (3) 


BH 2 
Eq. (15) Eq. (21) 





co oy . 22 cee 1.0 
Rb 47 3.1 ae 1.4 


K 2s 
Na (2.) 


a. ous 
(2.2) 3.79 
50-60 
kilobars) 
2.86 
(90-100 
kilobars) 








* Values at the origin of d?7m/dP»* in Eq. (15) were computed from 
second differences of Tm vs Pm from Bridgman's data (reference 17). It 
was necessary to smooth the values of A*7 near the origin for K. For Na, 
the values of A*7\= were too erratic to permit smoothing, and the value at 
the origin was taken as the average of values corresponding to the first 
four intervals of Pm. 
reference 14. Parenthetic pressure ranges correspond to direct fit. 


which enters B, must be obtained indirectly. Values of 
the parameter u corresponding to the volume variation 
of ¥m— } are shown in Table II, as determined by Eq. 
(15) from quantities evaluated at the origin; values of 
&T,,/dP,,2 were computed by numerical differentiation 
of the fusion temperature with respect to pressure. As 
noted, the value for Na is somewhat doubtful, as is 
that for K to a less extent. These values of » and the 
values of the fourth column of Table I for B yield the 
tabulated values of 7 in the second column of Table II, 
from Eqs. (21). It is seen that the values of 9 are 
reasonably concordant with the listed values obtained 
by Murnaghan from direct fit, over ten-kilobar intervals 
of pressure, of the pressure-volume curve for Na at 
normal temperature. 

A severer test of the assumptions underlying the 
theory can be obtained by noting that the average value 
Ym,» of the Griineisen parameter along the fusion curve, 
defined by Eq. (23) in terms of y, should be approxi- 
mately equal to the average value defined implicitly by 
Eq. (18) for the variation of y,,— 3 with fusion tempera- 
ture. The latter average is given by 


bog (Tm, o/T m, max)? 
(6— 1)(Tm, iielTae~1) 


where 7m,max is the maximum temperature on an 
observed fusion curve. It is seen that agreement is 
reasonable for tabulated values of ym,« in Table II, 
as obtained by means of Eq. (23) from the values of 
n in the second column, and as obtained by means of 
Eq. (39) from the values of u and 7» in the first and 
second columns, respectively. One should not expect 
identity necessarily, since the two evaluations of 
Ym,m correspond to different methods of averaging. 
Finally, one notes that dy,,/dT,, is negative, from 
Eq. (18); the sign of the derivative agrees with the 
relation Ym,a<Ym,0, Which holds for the values of 
¥m,» in Table IT except for one instance in the doubtful 
case of Na. 

The approximate equality of these two evaluations 


Yunu—% 





(39) 
Ym,0— $ 
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of Ym, yields a method of inferring the value of » from 
knowledge of the values of ym,o and uw. If Eq. (39) is 
rewritten, by means of Eqs. (23) and (24), as 


i- (Ta o/T m, Pe 
tS, Ae, ae 


the definition 8=yu/(n—1) permits one to solve the 
equation for 7 by trial, if 79 and « are known. Values of 
n obtained in this manner, with use of values of ym,o and 
u from Tables I and II, respectively, are shown in the 
sixth column of Table II; the agreement with the values 
of the second column is satisfactory. Values of B from 
Eq. (21) corresponding to values of » and 7 from the 
first and sixth columns, respectively, are tabulated in 
the last column of Table II; the agreement with the 
values of the fourth column of Table I is good for Rb 
and K, but the differences in the cases of Cs and Na 
reflect the sensitivity of B= (n+u)/(n—1) to the value 
of n—1 in the denominator. Thus, the theory given is 
able to predict an approximate value of the Simon 
exponent for the alkali metals; by way of contrast 
with the values of the last column of Table IT, note that 
Salter’s evaluation (27) of the Simon exponent yields 
numbers of the order of 1.5. 

By use of a Taylor expansion of Eq. (18) to obtain 
an evaluation of 7m,m#, one finds the explicit expression 


2~ {not 1+L[ (n0o— 1)?—4u (Tm, max/Tm,o— 1) ]7}, (41) 


valid as an approximation provided 7m, max/Tm,o is 
sufficiently small. This equation yields values of 7 
differing from those corresponding to Eq. (40) by about 
6% on the average for Cs, Rb, and Na; it fails for 
K, where the large value of 7m, max/Z'm,o—1 (in this 
case about }) makes the radical imaginary. 

On the assumption that the heat capacity of the 
solid at fusion has the Dulong and Petit value, Eqs. 
(36) and (34) of I yield the approximation 


q=1+2ym(3ym—1)Q, 


in which Q is the parameter appearing in Eq. (7). Use 
of Eq. (18) in this expression for g with values of u 
and 7 from Table II, permits one to evaluate the 
minimum value gmin of g corresponding to the tempera- 
ture 7m, max On a fusion curve. The relative difference 
(Go—Qmin)/go is largest for the elements K and Cs 
showing the largest ordinates in Fig. 2, in which 
cases it amounts to about 10%. Since this value 
probably exceeds the experimental error in the fusion 
data, Eqs. (20) and (31) are valid only as first-order 
approximations; a more refined analysis should take 
the variation of g into account. 


n—-1 





(40) 
no—1 


(42) 


IV. CONCLUSION 


The successful comparison of theory with experiment 
for the alkali metals permits one to assess tentatively 
the significance of the Simon equation for elements of 
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relatively high melting point. For elements of low 
melting point, such as the molecular crystals, applicabil- 
ity of the Murnaghan equation of state has not been 
verified; hence the conclusions are not necessarily 
valid for elements of this class, for which the Simon 
equation was originally devised. 

The fundamental fusion criterion on this theory is 
Eq. (7) corresponding;to the Lindemann law, from 
which the Simon equation follows through choice of 
the Murnaghan equation (or one of similar analytic 
form) as the equation of state of the solid. However, a 
treatment analogous to that given here, based on a 
Birch equation’® (also derived from the theory of finite 
strain) or other justifiable equation of state, will not 
necessarily yield the analytic form of Eq. (31), but 
should be capable of representing the experimental 
facts as well, if Eq. (7) is accepted. Further, the 
evaluation (21) of the Simon exponent implies some 
dependence on the pressure range covered by the fusion 


” F. Birch, Phys. Rev. 71, 809 (1947). 
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curve, and the evaluation of the Simon coefficient shows 
a dependence on the arbitrary position of the origin 
of the fusion curve. These considerations suggest that 
the Simon equation has more the character of an 
interpolation formula than a basic fusion equation, at 
least for the elements of higher melting temperature. 

The fact that the Simon equation can be derived so 
directly from the generalized Lindemann law of I, for 
low pressure, justifies to some extent the step of 
extrapolating the law, for high pressure, to obtain the 
fusion curve on the basis of the Thomas-Fermi equation 
of state.” 
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An evaluation of the Griinesisen parameter (or constant) from the equation of state of a solid has been 
obtained by Druyvesteyn and Meyering on the basis of the theory of finite strain. The result differs (by — }) 
from the corresponding evaluation on the Debye theory, as given by Lorentz and by Slater. The value of 
Druyvesteyn and Meyering is derived here without use of the formal theory of finite strain, and shown to 
correspond physically to a model of independent pairs of nearest neighbor atoms, rather than to the Debye 
model of coupled atomic vibrations. This fact resolves a paradox raised by Dugdale and MacDonald in 
connection with an ideal harmonic solid, and ascribed by them to neglect of finite strain. The presence of a 
state of finite hydrostatic pressure, upon which elastic waves or pressure changes of infinitesimal amplitude 
are impressed, is taken into account explicitly by means of Murnaghan’s theory of finite strain, to obtain 
the Griineisen parameter, as evaluated from the equation of state, on the Debye model and for a 
Druyvesteyn-Meyering solid. The results are identical in the two cases with the corresponding values 
obtained without use of the formal theory of finite strain. Hence, no basis exists for the modification at 
finite pressure in the Griineisen parameter from the Debye theory, as proposed by Dugdale and MacDonald. 
A comparison of average values over a relatively large number of elements, of Griineisen constants as 
evaluated from Griineisen’s law and from the equation of state on the Debye model, shows excellent 
agreement at normal and at melting temperature. 


I. INTRODUCTION 


ROM results of Lorentz! and Slater,?* the Griineisen 
parameter (or constant) yp of an isotropic solid 
can be evaluated from its equation of state as 


yo= —§—3(0P/dV)"(VarP/av*), (1) 


where P is the pressure corresponding to the volume 
V. As indicated by the subscript D, this result is based 


* Work sponsored by the U. S. Atomic Energy Commission. 

1H. A. Lorentz, Proc. Roy. Acad. Amsterdam 19, 1324 (1916). 

sj. = Slater, Phys. Rev. 57, 744 (1940). 

8G . Slater, Introduction to Chemical Physics (McGraw-Hill 
Book Company, Inc., New York, 1939), pp. 238, 394, 451. 


on the Debye theory; it presupposes that the Poisson 
ratio of the solid is constant. In a number of papers*-* 
concerned with the fusion curve and the behavior of 
solids under pressure, the author has assumed that the 
evaluation (1) of the Griineisen parameter is valid at 
high pressure, for the Debye theory. 

The question can be raised whether the theory of 


‘J. J. Gilvarry, this issue [Phys. Rev. 102, 308 (1956)], 
referred to hereafter as I. 

SJ. J. Gilvarry, this issue [Phys. Rev. 102, 317 (1956)], 
referred to hereafter as II. 

6 J. J. Gilvarry, preceding paper [Phys. Rev. 102, 325 (1956) ], 
referred to hereafter as III. 
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finite strain may not modify Eq. (1) at high pressure. 
On the basis of Duhem’s formulation’ of the theory of 
finite strain, Druyvesteyn and Meyering® have obtained 
a value pm for the Griineisen parameter of a solid as 
evaluated from the equation of state, which can be 
expressed as 

YpM=Yp—4, (2) 


in terms of yp of Eq. (1). The presumption in their 
work is that the conflict of Eq. (2) with Eq. (1) arises 
from consideration of finite strain. Further, Druyves- 
teyn® has used Murhaghan’s theory" of finite strain, 
with some drastic assumptions, to evaluate the Griinei- 
sen parameter of a solid in terms of its Poisson ratio 
alone. In later work,” however, he pointed out that 
values of the Griineisen constant obtained from 
Griineisen’s law show only poorly the predicted 
correlation with Poisson ratio; hence, this result of 
Druyvesteyn will not be considered further in what 
follows. 

Of late, this question of the possible effect of finite 
strain has been reopened by Dugdale and MacDonald." 
These authors point out that Eq. (1) yields a value 
p=} when applied to the equation of state of a solid 
which they believe should show no thermal expansion; 
since yp does not vanish, Griineisen’s law implies a 
thermal expansion. Dugdale and MacDonald ascribe 
the paradox to neglect of finite strain in the derivation 
of Eq. (1). They attempt to resolve the paradox by 
postulating (apparently without formal derivation from 
the theory of finite strain) an expression for the Griinei- 
sen parameter as evaluated from the equation of state, 
which coincides with Eq. (2) of Druyvesteyn and 
Meyering at zero pressure, and thus yields a vanishing 
Griineisen parameter for the case in question. 

The infinitesimal theory of elasticity describes an 
isotropic solid by means of two elastic parameters, 
which can be taken as the two Lamé constants or as the 
bulk modulus and the Poisson ratio. These coefficients 
yield directly the values of such derivatives as 6P/dV 
or #E/dV*, where £ is the total energy. To evaluate 
the corresponding higher derivatives, the formal theory 
of finite strain introduces three additional coefficients 
for an isotropic solid, which can be taken as the three 
Brillouin® or the three Murnaghan" parameters. 
These parameters yield directly the values of such 
derivatives as 0°P/dV* or d°E/dV*. Since Eq. (1) 
contains é°?P/dV?, though not expressed in terms of 

7 P. Duhem, Ann. Ecole Norm. 23, 169 (1906). 

8 M. J. Druyvesteyn and J. L. Meyering, “seni 851 (1941). 

®M. J. Druyvesteyn, Physica 8, 862 (1941). 

»F, han, Am. J. Math. 59, 235 (1937). 


uF. D. Murnaghan, in Applied Mechanics, Theodore von 
Kérmén Anniversary Volume (California Institute of Technology, 
Pasadena, 1941), p. 121. 

2M. m; Druyvesteyn, Philips Research Rept. 1, 77 (1946). 

oO . Dugdale and D. K. c. MacDonald, Phys. Rev. 89, 832 
(1953 

“L, Brillouin, Ann. phys. 3, 267, 328 (1925). 

%L. Brillouin, Les Tenseurs en Mécanique et en Elasticité 
(Masson et Cie., ’Paris, 1949), Chaps. 10-12. 
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Brillouin or Murnaghan parameters, it involves 
consideration of finite strain. Hence, Eq. (1) for the 
Griineisen parameter on the Debye model should 
contain no restriction to infinitesimal strain (a point 
which has also been made by Slater'®). 

In this paper, Eq. (2) for ypu will be derived without 
recourse to the formal mechanics of the theory of finite 
strain. The derivation brings out clearly the area of 
physical validity of the result; it applies to a model of 
independent pairs of nearest neighbor atorns. Druyves- 
teyn and Meyering obtained the expression by virtue 
only of tacit limitation to such a solid. Hence, the 
difference between Eqs. (1) and (2) lies in the model 
employed. The former equation corresponds to a 
Debye solid, in which coupling of the vibrations of the 
individual atoms is taken into account. These considera- 
tions yield an immediate resolution of the paradox of 
Dugdale and MacDonald. 

Murnaghan has reduced the theory of finite strain 
to a form very tractable for physical applications.” 
The consistency of his results with the very extensive 
earlier work has been shown by Truesdell.!* The 
formalism of the Murnaghan theory will be used in 
this paper to derive the value of the Griineisen 
parameter under finite strain, as evaluated from the 
equation of state for a Debye solid, on the basis of an 
assumption corresponding to that of constant Poisson 
ratio. The result is identical with that of Eq. (1), as 
one should expect on the usual assumption that the 
presence of a uniform finite pressure affects the velocities 
of elastic waves of infinitesimal amplitude only through 
its effect upon the density and the elastic parameters. 
In point of fact, this assumption has been justified by 
Biot"® on his formulation of the theory of finite strain, 
by a general argument. The value of Eq. (2) is found 
for the Griineisen parameter of a Druyvesteyn-Meyer- 
ing solid under finite strain. 


Il. HARMONIC SOLIDS 


A harmonic solid is one in which the thermal behavior 
can be represented by a set of lattice oscillators whose 
Hamiltonian H is 


H=3).i(p?+-42'v?q?), (3) 


where the range of i corresponds to all normal modes of 
oscillation, p; is the generalized momentum correspond- 
ing to the oscillator coordinate g;, and »; is an oscillator 
frequency. The Griineisen parameter y of the solid is 
defined by 


y=—90 Inp,/d InV, (4) 
on the Griineisen postulate that all lattice frequencies 


oem "J.C. Sk Slater (private communication). 
D. Murnaghan, Finite Deformation ve - Elastic Solid 
(John Wiley and Sons, Inc., New York, 1951), Chap. 4. 
18 C, Truesdell, J. Rational Mech. and Anal. 1, 173 (1952). 
® M. A. Biot, J. Appl. Phys. 11, 522 (1940). 
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v; vary with volume in the same manner.” The thermal 
pressure P; of the lattice is given by 


Pi=7E/V, (S) 
where the thermal energy £; of the lattice is defined by 
E,= ‘o> BP? )wt+ (o 2m? Om, (6) 


in which the averages of the kinetic and potential 
energies which appear must be computed from quantum 
statistical mechanics. The volumetric coefficient a of 
thermal expansion for a harmonic solid can be found 
from Griineisen’s law 


Ka=yCy/V, (7) 


in which K is the bulk modulus (inverse compressibility) 
and Cy is the heat capacity at constant volume. This 
result follows directly from Eq. (5), on the Griineisen 
assumption that y is a function only of volume. 

The thermal oscillators, whose coordinates appear 
in Eq. (3) for H, may be the virtual oscillators of the 
acoustic field as in a Debye solid (which shows a 
spectrum of frequencies), or they may be material 
oscillators, as in the Druyvesteyn-Meyering solid 
(where only one frequency appears) discussed below. 
Such harmonic solids stand in contrast to the an- 
harmonic solids treated by Born and Brody,” or by 
Hooton.” 


A. Debye Solid 


For purposes of later reference, a prefatory discussion 
of a Debye solid will be given. 

The Debye frequency vp of an isotropic monatomic 
solid is defined by 


3N = (4/3)rV (cx *+-2c;) vp!, (8) 


where N is Avogadro’s number, V is the atomic volume, 
and ¢c; and ¢ are the velocities of longitudinal and 
transverse elastic waves, respectively; this definition 
corresponds to the Debye assumption of an average 
wave velocity for the two types of waves. The wave 
velocities are given for an isotropic solid by 


cP=(A+2n)/p, c?=u/p, (9) 


if p is the density and J and yu are the Lamé parameters. 
The definition of the bulk modulus by 
K=—VdaP/av (10) 

yields the result 
K=)\+3u (11) 


on the infinitesimal theory of elasticity. Use of this 
relation and the definition, 


o=5d/(A+n), (12) 


® FE, Griineisen, in Handbuch der Physik (Verlag Julius Springer» 
Berlin, 1926), pp. 1-59. 
. Born and E. Brody, Z. Physik 6, 132 (1921). 
2D. J. Hooton, Phil. Mag. 46, 422, 433 (1955). 
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of Poisson’s ratio ¢ permits one to write Eq. (8), in 
the form of I and II, as 


vp =SpN'48M-2K ays (13) 
where M is the atomic weight and sp(c) is defined by 
3 7 9/44 ' 
“allettnal 
2(1+0) J L[2(1—c) }-#+-2[1-—2e 3 


Thermodynamic functions on the Debye model, such 
as the thermal energy E; of Eq. (6), are given directly 
by standard results* in terms of hyp/kT, where h 
and & are the Planck and Boltzmann constants respec- 
tively, and T is the absolute temperature. 

To satisfy Griineisen’s postulate,” that all the 
frequencies vary with volume in the same manner, it is 
essential that the Poisson ratio o be constant ; otherwise 
the frequencies of the longitudinal and transverse 
waves show different variations.’ With this assumption, 
use of Eq. (13) in Eq. (4) yields 


vp=—}—}0 InK/d InV 





(15) 


for the Griineisen parameter yp on the Debye model. 
This form for yp is essentially that of Lorentz; by Eq. 
(10), it is equivalent to Eq. (1) of Slater, which, one 
notes, does not contain explicitly the Lamé parameters 
\ and yu characteristic of the infinitesimal theory of 
elasticity. 

It is common in the theory of elasticity of solids to 
consider only adiabatic and isothermal processes, in 
which cases a strain-energy function can be defined”; 
thus, the distinction between the energy and the 
Helmholtz free energy will be ignored, in general. 
It is known that the bulk modulus for a solid can be 
taken indifferently as adiabatic or isothermal at low 
pressure,”* and the result for a solid at high pressure 
follows from the Thomas-Fermi atomic model, for 
temperatures low in the sense of the model.”* Hence, 
qualification of a partial derivative with respect to 
volume as adiabatic or isothermal will be omitted, on 
the basis above, and on the basis of Griineisen’s 
assumption that the characteristic frequency is a 
function only of volume. 


B. Druyvesteyn-Meyering Solid 


In this section, the Griineisen parameter given by 
Druyvesteyn and Meyering will be obtained from an 
atomistic model. Consider a monatomic solid with a 
simple cubic lattice. Assume that each atom shares a 
bond with each of its six nearest neighbors, and with 
no neighbors more remote. Let each bond be represented 


% J. E. Mayer and M. G. Mayer, Statistical Mechanics (John 
Wiley = Sons, Inc., New York, 1940), pp. 243, 251. 

“A. E. H. Love, "A Treatise on the Mathematical Theory of 
Hastcity (Dover Publications, New York, 1944), fourth edition, 
pp. 94, 99, 104. 

6H Jeffreys, Proc. Cambridge Phil. Soc. 26, 101 (1930). 
% J. J. Gilvarry, Phys. Rev. 96, 934 (1954). 
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by an oscillator consisting of the two atoms connected 
by a nonlinear spring along their join, and assume that 
each such oscillator is independent. The Griineisen 
parameter for such a solid of independent pairs of 
nearest-neighbor atoms will be obtained by extension of 
a method given by Madelung” and Einstein®* to 
evaluate the characteristic frequency of a solid in terms 
of its elastic parameters. The model in question is 
equivalent to one in which each bond is replaced by a 
diatomic molecule. It is clearly artificial, but not 
entirely so; Slater* has pointed out the similarity 
between the metallic bond and the homopolar bond, 
and has used the Morse potential for the interatomic 
potential in a metal to obtain values of the Griineisen 
constant showing reasonable agreement with values 
from Griineisen’s law. 

The volume variation of the frequency » of a single 
bond oscillator is given to first order, from Eq. (4), by 


=vpmL1—ypmu(V—Vo)/Vo], (16) 


where ypm is the corresponding Griineisen parameter, 
vp is a constant frequency, and V» is the normal value 
of the volume V. Since the volume per atom for a 
simple cubic lattice is r* in terms of the interatomic 
distance r, one obtains 


(17) 


if ro is the normal value of 7; note that the nonlinear 
spring forming a bond is such that increase of its length 
r lowers its force constant. The independent oscillation 
corresponding to a bond takes place with the center of 
mass of the two atoms fixed. Using reduced coordinates, 
one can express the total potential energy « of this 
oscillator of variable frequency (and force constant) as 


u=2’mvpm*(r—10)"[1—2ypu(r—10)/r0], (18) 


if m is the mass of an atom. 

The change E—£p in the total energy of a solid on 
compression can be expressed as a Taylor series through 
third-order terms in the volume change as 


v=vpml1—3ypm(r—10)/r0], 


1 Ko 
E-Ey=-—(V-V,)? 
2V 


if /d InK V-—Vo 
CS) FS 

3 6 InV 0 Vo 
by means of Eq. (10), if Zo, Ko, and the partial deriva- 
tive represent values corresponding to the normal 
volume Vo. For the model of a solid in question, the 
work of compression can be viewed as expended 
against the potential energy of the independent bond 


oscillators. For V atoms in volume V, one obtains 
E-—E,=3Nu, (20) 


*7 FE. Madelung, Physik. Z. 11, 898 (1910). 
% A. Einstein, Ann. Physik 34, 170, 590 (1911). 


GILVARRY 


if « is the energy of a single oscillator (since a unit cell 
of a simple cubic lattice corresponds to one atom and 
has twelve edges, each of which is common to four 
unit cells). Taylor expansion of V=Nr' yields 


3 OlnK\ VW-?o 
»-tado-~n 
— ov{t+[1+() | a 


from Eqs. (19) and (20), if v is the normal volume per 
atom corresponding to the normal value 1» of r. 

Comparison of the leading terms of Eqs. (18) and 
(21) for u yields the form 


(22) 


with spw=3"?/2!"m, for the characteristic frequency of 
a solid of independent pairs of nearest neighbor 
atoms. In his evaluation of the characteristic frequency 
of a solid from elastic parameters, Einstein obtained 
the somewhat different value (m/6)'/*(3!/2/2'/r) for 
the coefficient corresponding to spm, by taking into 
account the presence of 26 neighbors of each atom in a 
simple cubic lattice. If N is Avogadro’s number and 
Vo the normal atomic volume, Eq. (22) yields 


vpm=SpmN*4®M-2Ko)/2V 9/6, (23) 


which corresponds to Eq. (13) for the Debye fre- 
quency.”® 

A corresponding comparison of the second terms of 
Eqs. (18) and (21) for u yields 


vom = —3[1+ (0 InK/d InV)o] (24) 


for the Griineisen parameter of a solid of independent 
pairs of nearest-neighbor atoms. This expression 
differs from yp of Eq. (15) by —}; it is identical with 
the result of Druyvesteyn and Meyering, and agrees 
with the result of Dugdale and MacDonald for zero 
pressure. Note that no use of the formal theory of 
finite strain has been made in the derivation. 

On the assumption of independent bond oscillations, 
the thermal expansion of the lattice can be determined 
directly in the classical limit by means of the expression 


(r—nem| f wiran| f "ord, (25) 


—20 


vom =Spum"2K !2n9!6, 


where x=r—19. From Eq. (18) or Eq. (21), one obtains 
Griineisen’s law in the form 


Koa=pu(3k)/v, (26) 


as a check on the results. Equation (25) yields a non- 
vanishing thermal expansion from u of Eq. (18) or 
Eq. (21) only because of existence of the anharmonic 
terms, corresponding to which one obtains the ex- 

* If the value of spy noted above is equated to sp of Eq. (14), 
one obtains ¢=0.36 as the equivalent Poisson ratio, which may 
be compared with the average value } over the metals [C. Zwikker, 


Physical Properties of Solid Materials (Interscience Publishers, 
Inc., New York, 1954), p. 90]. 
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pression 
(8°u/dr*)o= —S4ypmKo, (27) 


obtained by Druyvesteyn and Meyering from prior 
work of Ornstein and Zernike.® 
For a solid with a simple cubic lattice, in which the 
potential energy U of an atom in the interatomic 
force field is given, in terms of the interatomic distance 
r, by 
=—A/r™+B/r", (28) 


where m and n are constants, and A and B are lattice 
sums which are computed for pairwise interaction of 
the atom with all others (considered fixed), and which 
are constant for deformation without distortion, 
Griineisen” determined the characteristic frequency 
directly to obtain the expression 


(m+n+3)/6=ypm 


for the Griineisen constant at normal volume. The 
equation of state corresponding to the potential 
energy (28) can be evaluated as 


P=3Ko(n—m)“[(Vo/V)"*#'— (Vo/V)™**"], (30) 


where Ko is the bulk modulus corresponding to the 
normal volume V». If the bulk modulus K is determined 
from this equation, one verifies that Eq. (24) for ypu 
reproduces correctly Griineisen’s value of Eq. (29) 
for the parameter at normal volume. Slater*® has given 
the value (n+6)/6 for the Griineisen constant at 
normal volume of a solid for which m=1 in Eq. (28); 
the difference from the value (n+4)/6 corresponding 
to Eq. (29) of Griineisen is due to the fact that Slater 
based his result on Eq. (15) for the Debye model. 

A solid of the type of Druyvesteyn and Meyering 
shows thermal vibrations corresponding to the single 
frequency given by Eq. (17). Hence, thermodynamic 
functions, such as the thermal energy E; of Eq. (6), 
can be expressed in terms of hvypw/kT by making use 
of results from Einstein’s theory” of the heat capacity 
of solids. The properties discussed above, depending on 
the cubic term in the interatomic potential energy, are 
consistent with the usual thermodynamic functions 
derived directly from the partition function Q=>, 
Xexp[— (n+43)hvpm/kT], since the energy levels of 
an anharmonic oscillator are independent of the cubic 
term within first-order perturbation theory.* 

Lattices more general than the simple cubic can be 
treated by following Slater’s procedure,’ used in his 
heuristic representation of the metallic bond by a 
diatomic molecule, of writing the volume per atom as 
cr’ in terms of the interatomic distance r of nearest- 
neighbor atoms, where the constant c is characteristic 
of the lattice type. In such a case, Eq. (20) remains 


(29) 


TL. S. Ornstein and F. Zernike, Proc. Roy. Acad. Amsterdam 
19, 1289, 1304 (1916). 

31 L, Pauling and E. B. Wilson, /ntroduction to Quantum Mechan- 
ics (McGraw-Hill Book Company, Inc., New York, 1935), 


p. 160. 
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valid, since each oscillator introduces a generalized 
coordinate g;=r—ro to describe the solid, which has 
3N degrees of freedom. Taylor expansion of V = Ner* 
changes the constant factor in Eq. (21) for «, however. 
For the more general lattices in question, therefore, 
the value of spy in Eq. (23) for vp becomes 3'/c!/*/ 
2'2n, but Eq. (24) for yow remains unchanged. For 
such lattices, Griineisen’s law in the form (26) can be 
verified by means of Eq. (25). 

The preceding results can be generalized directly to 
the case of a simple cubic lattice where the mass of an 
atom differs from the common mass of its six nearest 
neighbors, as in the structure of the alkali halides. 
If the mass ratio is significantly different from unity, 
the value of spy approaches V3/2r. This value is quite 
close to the corresponding coefficient, as noted above, 
obtained by Einstein; in point of fact, both Madelung 
and Einstein had ionic crystals of the type of the 
alkali halides in mind in their treatments. For the 
degenerate case of mass ratio very different from unity, 
the Druyvesteyn-Meyering solid can be viewed as a 
solid of independent (light) atoms, where the coupling 
to the heavy atoms serves the function of providing an 
interatomic force field for the light atoms. The Griinei- 
sen parameter ypwm is independent of the mass ratio. 


C. Ideal Harmonic Solid 


An ideal harmonic solid will be defined as one in 
which the oscillator frequencies »; are strict constants. 
The constancy of the frequencies demands that the 
Griineisen parameter vanish, from Eq. (4). It follows 
from Griineisen’s law (7) that the coefficient of thermal 
expansion vanishes, and, from Eq. (5), that the thermal 
pressure P; vanishes. The latter conclusion is in 
agreement with the virial theorem, which one derives 


as® 
(Xd? )w— (2a? 29? w= FP, 


for an ensemble of purely harmonic oscillators; since 
the average kinetic and average potential energies 
which enter are equal, one has P;=0. As will appear, 
the Debye and the Druyvesteyn-Meyering models 
make different predictions on the equation of state of 
an ideal harmonic solid. 

From Eq. (24) for the Griineisen parameter of a 
Druyvesteyn-Meyering solid, the condition ypy=0 
yields 


(31) 


K=K,(V./V), (32a) 
P=Kj{(V./V)—1], (32b) 


for the bulk modulus and equation of state (correspond- 
ing to P=0 for V=Vpo) of an ideal harmonic solid on 
this model. In this case, Eq. (18) or Eq. (21) yields 
the potential energy u of a bond oscillator as 


u= (3/2)Kovo'*(r—19)?+O[ (r—ro)*], (33) 


2H. C. Corben and P. M. Stehle, Classical Mechanics (John 
Wiley and Sons, Inc., New York, 1950), p. 202. 
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where the notation O[x] has been used for terms of 
order equal to or higher than that of x; the terms 
indicated in this manner have already been neglected in 
determining the energy levels of a bond oscillator.* 
This potential energy contains no cubic term; that the 
corresponding thermal expansion vanishes follows 
directly from Eq. (25), within the approximation made 
in obtaining the energy levels. Through cubic terms, the 
Taylor expansion of « agrees within a proportionality 
factor with the potential energy U of Eq. (28) for 
m=—1 and n= —2, if A, B, and an added constant are 
selected properly. With this choice of m and n, Griinei- 
sen’s value (29) for ypy vanishes, as it should. 

For an ideal harmonic solid of Debye type, the 
condition yp=0 yields 


K=K,(V0/V)", (34a) 
P=3Ko (Vo/V)'*—1], (34b) 


from Eq. (15), if K=Ko and P=0 at V=Vo. The 
equation for the bulk modulus follows directly from 
the condition that vp, as given by Eq. (13), be constant. 
As one notes, the results differ from the corresponding 
ones of Eqs. (32) for a Druyvesteyn-Meyering solid. 
In contrast to the assumption of independent pairs of 
nearest-neighbor atoms, the Debye model postulates 
coupled atomic oscillations; coupling is introduced by 
means of the continuum approximation, by which the 
actual lattice vibrations are represented by elastic 
waves. Corresponding to these differences, the Griinei- 
sen parameters computed on the two models do not 
agree exactly, and the predicted equations of state for 
an ideal harmonic solid differ. 

The formal analog of Eq. (33) for an ideal harmonic 


solid of Debye type, corresponding to use of the result . 


of yp=0 in Eq. (19), is 
E-—E, 
3N 


3 2r—fo 
= ore rot : —"|+or (r—10)*], (35) 


ro 


for a simple cubic lattice. In spite of the fact that the 
equation contains a cubic term, one cannot use this 
result for # in Eq. (25) to conclude that an ideal 
harmonic solid of Debye type shows a nonvanishing 
thermal expansion, since (E—E,)/3N cannot be 
interpreted as the potential energy of an independent 
pair of nearest neighbor atoms or of an independent 
atom (for one-dimensional motion) in an interatomic 
force field, and the validity of Eq. (25) is restricted to 
such a case. It goes without saying that the difference 
—fo appearing in Eq. (35) cannot be identified as the 
displacement which enters the expression for the 
potential energy of a thermal oscillator on the Debey 
model, since it is the normal coordinates g; of the 
acoustic oscillators which enter the potential energy in 
the Hamiltonian H of Eq. (3). The effect of thermal 
expansion is to change the normal coordinates g; to 
new values g;’, where both show mean value zero, and 
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to change the frequencies »; to new values »;’ given by 
vi =v 1—yo(V—Vo)/Vo], (36) 


which minimize the Helmholtz free energy, as Peierls® 
shows. Thus, Eq. (35) represents a purely formal 
expansion for a Debye solid. 

Dugdale and MacDonald” consider a solid in which 
the potential energy ¢ per nearest-neighbor pair of 
atoms is such that ¢« (R—R,)? in terms of the difference 
of the distance R between the pair from its normal 
value Ro. At zero temperature, the total internal energy 
in this case is proportional™ to (V1/*— Vo'/*)*. Dugdale 
and MacDonald identify such a solid as an “ideal 
harmonic body” (this definition does not coincide 
with the definition of’an ideal harmonic solid used in 
this paper). These authors note that computation of 
the pressure at T=0 from this total energy yields 
p=} from Eq. (15) at zero pressure ; since they assume 
that the body in question has no thermal expansion, 
they view this nonvanishing Griineisen parameter as 
a paradox. However, even though the restoring force 
along a bond is strictly proportional to bond extension, 
resolution of the restoring forces of the bonds on the 
crystal axes introduces terms containing trigonometric 
factors in the corresponding components of the restoring 
force on an atom, in general, since the atoms are 
coupled. This effect introduces anharmonicity in the 
vibration of an atom in the two- or three-dimensional 
case, and thus a thermal expansion, as correctly 
predicted by the Debye theory. To suppress this 
behavior, one must imagine the nearest neighbor pairs 
of atoms as independent, in which case the body is a 
Druyvesteyn-Meyering solid with an internal energy 
proportional to « of Eq. (33), and Eq. (24) for you 
correctly yields ypw=0 at zero pressure. Note that the 
effect in question does not exist for the linear chain, 
where the restoring forces of all bonds are in the same 
straight line; in agreement with the discussion of 
Dugdale and MacDonald, one verifies independently 
that ypa and yp are identical in this case.** 

It is clear, accordingly, that the paradox of Dugdale 
and MacDonald arises only by imputing to a. Debye 
solid properties which belong to a Druyvesteyn- 
Meyering solid. 


Ill. CASE OF FINITE STRAIN 


In the following, the presence of a state of finite 
hydrostatic pressure, upon which elastic waves or 


%R. E. Peierls, Quantum Theory of Solids (Oxford University 
Press, London, 1955), p. 31. 

% Strictly, the validity of this expression for the energy is 
incompatible with a simple cubic lattice for nearest-neighbor 
interactions only, since no rigidity exists in this case; in such a 
lattice, this expression is changed by distortion of a cubic cell 
into a rhomboid, but the energy is unaffected since no bonds 
change in length. Hence, for a cubic lattice, the result applies 
without qualification only in the body- or face-centered case. 

% The author is indebted to Dr. W. G. McMillan in connection 
with the argument of this paragraph, 
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pressure changes of infinitesimal amplitude are impres- 
sed, will be taken into account explicitly by means of 
the formal theory of finite strain, to justify Eq. (1) 
for a Debye solid and Eq. (2) for a Druyvesteyn- 
Meyering solid. Thus, any restriction in the preceding 
discussion to the case of infinitesimal strain will be 
lifted. 


A. Debye Solid 


For finite deformation, under hydrostatic pressure 
alone, of an isotropic elastic solid about the arbitrary 
point (V1,P;) on its pressure-volume curve, Murnaghan 
has shown" that the change P—P, in pressure of the 
silid from the point (V:,P;) to the point (V,P) is given 
by a Taylor series through second-order terms in a 
parameter e as 


P— Py= (3A+2u+Pide 


—}(181+2n—6\—4y—3P,)e, (37) 


where \ and yw are Lamé parameters evaluated at the 
point (V;,P;), and / and m are Murnaghan parameters 
corresponding to the same point. The variable e is 
connected with the volumes by the exact relation 


1—2e=(V/V)?8, (38) 


which yields 





1V-Vi 1 fV-Viy? 2fV—-Vi\? 
e=—- + ( aS) (39) 
3 Vi 18 Vi 81 Vi 


by a power-series expansion. 

From the definition (10) of the bulk modulus K, 
Eq. (37) yields 

K=K,—3(VdK/dV)ie, 


(40) 
where 


K,=\+4u+-}3Pi, 
(VK /aV),=21+ (2/9)— (1/9) Pr. 


One notes that inclusion of the second-order term in 
Eq. (37) for P makes the graph of P—P, against the 
dilatation (V—V,)/V1a parabola, instead of the straight 
line corresponding to the first-order term in e. The 
presence of the finite pressure introduces the correction 
term P; to 3\+2y, in the first term of Eq. (37) for 
P—P,, which, by Eq. (41a), changes the physical 
interpretation of the Lamé parameters in terms of the 
bulk modulus at finite pressure, as compared to the 
interpretation of Eq. (11) for infinitesimal pressure. It 
must be emphasized that the Lamé parameters \ 
and wu, and the Murnaghan parameters / and n, are 
functions of P;, in general. 

By a fundamental theorem of Murnaghan,’ an 
elastic body which is initially isotropic remains so 
when subjected to a finite strain due to hydrostatic 
pressure alone; the initial state (Vi,P1) above must be 
produced in this manner. If a general infinitesimal 
stress is superposed in this situation, the body remains 


(41a) 
(41b) 
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approximately isotropic. Hughes and Kelly** have 
extended a prior result of Murnaghan" to show that 
the response of the solid to the superposed infinitesimal 
stress in this case is completely specified by two 
generalized Lamé parameters ZL and M, in a manner 
entirely analogous to the specification by \ and yw in 
the infinitesimal case. The values of L and M are given 
by 

L=\A+P1-— (61—2m-+-n—2d—2u— Pi)e, 


M=yu-—P,-— (3m—4n+3v\+3u+ Pride, 


(42a) 
(42b) 


in which m, like / and n, is a Murnaghan parameter 
evaluated at (V;,P;). 

The speeds C; and C; of longitudinal and transverse 
waves, respectively, of infinitesimal amplitude super- 
posed on a state of finite strain due to hydrostatic 
pressure, are given by equations analogous to Eqs. (9) 
in the infinitesimal case, as 


Cr =e (L+2M)/p, 


where p is the density corresponding to the volume V. 
Hughes and Kelly give expressions for L and M which 
omit terms in P,, since these authors referred the body 
to an initial state of zero pressure, for experimental 
purposes. If use is made of the relation p=po(1+-3e) 
obtained from Eq. (39), for p in terms of an initial 
density po, Eqs. (43) reduce to the corresponding 
expressions of Hughes and Kelly for P;=0, and agree 
with the corresponding relations of Brillouin. 

With K given by Eq. (40), the values of L and M 
satisfy the relation 


C?=M/p, (43) 


(44) 


analogous to Eq. (11) in the infinitesimal case. The 
expression (12) for the Poisson ratio in the infinitesimal 
case must be replaced for finite strain by a generalized 
Poisson ratio = defined by 


2=4L/(L+M). (45) 


The stability conditions K, M2>0O require that 
<4, and one obtains 2—« in the limit P;, P-0. 
With introduction of 2, the response of the solid under 
finite strain to a superposed infinitesimal stress of 
general type can be described completely by the two 
parameters K and 2, instead of Z and M. 

Use of Eqs. (44) and (45) in the analog of Eq. (8) 
obtained by replacing c,and c, by C:and C,, respectively, 
yields 


K=L+3M, 


vp =SN'8MARK Aye (46) 


for the Debye frequency vp, where S=sp(Z) in terms 
of sp of Eq. (14). Corresponding to the case of Sec. 
IIA, it is necessary that 2 be constant to satisfy the 
Griineisen postulate that the frequencies of the longi- 
tudinal and transverse waves show the same volume 
variation. Under this assumption, the definition (4) 


36D. S. Hughes and J. L. Kelly, Phys. Rev. 92, 1145 (1953). 
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Fic. 1. The generalized Poisson ratio = as a function of pressure for 
polystyrene and for Pyrex glass, from data of Hughes and Kelly. 


yields Eq. (15) for the Griineisen parameter on the 
Debye theory, which is the result obtained without 
use of the formal theory of finite strain. By application 
of Eq. (15) at the point (V1,P:), with use of Eqs. (41), 
the expression for yp becomes 


yo = —3(1+ (18/-+2n—P,)/(3A+2u+P,)], (47) 


in terms of Lamé and Murnaghan parameters. 
For an ideal harmonic solid of Debye type, the 
requirement that yp of Eq. (15) vanish yields 


P=P,+3K,{(V:/V)'*—1] 


as the corresponding equation of state, if the constant 
of integration is evaluated at the point (V:,P:). One 
recovers Eq. (34b) if use is made of Eqs. (34) to relate 
K, and P, to the bulk modulus KX» at the normal volume 
Vo; thus the equation of state shows a transitivity 
property. Use of the same relations for K, and P, in 
Eq. (41a) yields 


(48) 


A+$u=Ko, (49) 


so that the combination of Lamé parameters on the 
left is a constant. From Eq. (41b), one obtains 


6l+3n=—Ko, (50) 


in which the combination of Murnaghan parameters is 
constant. The last equation imposes no restriction on 
the second-order coefficient m; this parameter must be 
chosen as a function of volume so that 2 of Eq. (45) 
has the value o, which must be taken as a constant, so 
that the Griineisen postulate is satisfied for the fre- 
quencies. Accordingly, the Lamé parameters \ and yu 
have constant values separately for an ideal harmonic 
solid of Debye type. 

The fact that the Lamé parameters are constant for 
an ideal Debye solid means that the equation of state 
is identical with that obtained by Murnaghan’’ on 
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the linear theory of finite strain. The equation of state 
given by Murnaghan, corresponding to the “integrated 
linear theory of finite strain,” which was used in III 
to derive the Simon equation for the fusion curve, 
reduces to Eq. (34b) if the Griinesisen parameter of the 
solid on the fusion curve vanishes. One notes that the 
sign of the combination of Murnaghan parameters in 
Eq. (50) is negative, which is agreement with the 
general results of measurements of these parameters 
made by Hughes and Kelly on various solids. The 
signs of the second-order coefficients were predicted by 
Brillouin to be negative in general, as is necessary if the 
wave velocities increase with pressure. 

As a check on the assumption of constant 2, values 
of this parameter from experimental results of Hughes 
and Kelly for polystyrene and for Pyrex glass are 
shown in Fig. 1, as a function of pressure. Comparison 
of Fig. 1 with Fig. 1 of I and Fig. 1 of II shows that the 
assumption is fulfilled reasonably as compared to the 
corresponding assumption on o. 


B. Druyvesteyn-Meyering Solid 


For the change E— £, in total energy of a solid from 
the point (V;,P;) to the point (V,P) under a change in 
hydrostatic pressure, Murnaghan has given the 
expression!” 


E-—E\= Vi[3Pe+ (3/2) (3A+ 2u)e— (91-+-n)e*], (S1) 


which, as one verifies, yields Eq. (37) for P—P,, with 
use of Eq. (38). By means of the expansion (39), 
one obtains 


E— E,=— P\(V—V1)+$(3A+2u+ Pi) 
X (V—V1)?/V i+ (1/54) (18/-+-2n— 9A 


—6u—4P))(V— Vi)°/V 2. (S52) 


The first term in this expression is an energy of compres- 
sion whose presence ensures that —(0E/dV),:=P,, 
corresponding to the fact that the total energy of the 
solid cannot possess a minimum at (Vi,P1) unless 
P,=0. For a Druyvesteyn-Meyering solid of NV atoms 
in volume V, the remaining energy of compression can 
be represented as the potential energy of 3N independ- 
ent bond oscillators of potential energy u by 


E-E,+P,(V—V;)=3Nu, (53) 


which replaces Eq. (20) in the infinitesimal case. In 
contrast to E, wis such that (@u/dV),=0, corresponding 
to the fact that the potential energy of an oscillator 
must possess a minimum at (V,P;). 

The definition (4) of the Griineisen parameter yields 


(54) 


v= vpmL1 —3ypm(r— ri)/11] 


for the frequency y of a bond oscillator, if 7; is the 
value of the interatomic distance r corresponding to 
the point (Vi,P1); this expression replaces Eq. (17) in 
the infinitesimal case. The corresponding potential 
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energy u of the oscillator becomes 
u=n’mvpm?(r—11)*[1—2ypm(r—n1)/riJ, (55) 


analogous to Eq. (18). By means of Eqs. (52) and (53), 
an alternative expansion of u in powers of r—r; can 
be obtained. Comparison of the result with ~ as defined 
by Eq. (55) yields 


VpM=SpmMN'83M-"2K {/2V V6 (56) 


as the characteristic frequency, if note is taken of 
Eq. (41a), and yields 


YDM> —}$—$(18/+ 2n—P)/(3A+2u+P1) (57) 


directly as the corresponding Griineisen parameter in 
terms of Lamé and Murnaghan parameters. One 
obtains 


yom= —3(1+ (0 InK/@ InV),] (58) 


from Eqs. (41); this result corresponds exactly with 
Eq. (24) obtained for zero pressure. By direct use of 
Eq. (25) to calculate (r—11)™, one can verify Griinei- 
sen’s law under finite strain. The analog of Eq. (27) 
becomes 

(0°u/dr*),= —54ypmuKi, (59) 


which, with reference to Eq. (57), brings out a point 
emphasized by Druyvesteyn and Meyering, that the 
anharmonic term in the potential energy of an atom in 
the interatomic force field is a function of the second- 
order elastic coefficients. 

For an ideal harmonic solid of Druyvesteyn-Meyering 
type, integration of the relation yp~=0 for an arbi- 
trary point and evaluation of the constant of integration 
at the point (V1,P;) yields 


P=P,+Ki{[(Vi/V)—1], (60) 


as the equation of state. This expression reduces to 
‘ Eq. (32b) by use of Eqs. (32) to evaluate K; and P,; 
thus the equation of state shows a transitivity property 
(as noted for the corresponding Debye solid). Note 
that A+ (2/3)u must be such a function of pressure that 


Eqs. (32a) and (41a) are satisfied simultaneously. 
For « in the case of this ideal solid, one obtains an 
expression corresponding exactly to Eq. (33), from 
which direct use of Eq. (25) to compute (r—r1) yields 
a vanishing thermal expansion. 


IV. COMPARISON WITH EXPERIMENTAL DATA 


It is clear from the foregoing that the two evaluations, 
Yp and yup, for the Griineisen parameter as evaluated 
from the equation of state, correspond to two different 
models. That both models represent approximations 
follows from the more refined analysis of Barron,*’ 
and from considerations noted by Slater’ and Zener** 
in connection with the Debye model. However, from 


* T. H. K. Barron, Phil Meg. 46, 720 (1955). 
% C. Zener, Elasticity and Anelasticity of Metals (University of 
Chicago Press, Chicago, 1948), p. 
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TABLE I. Comparison of average Griineisen constants from 
equation of state and from Griineisen’s law. 





y 
(Griineisen 


Ym,DM law) 





Average of 
19 elements 
Average of 
14 elements 


1.928 1.59" 1.96 


1.8° 1.5¢ 1.8¢ 





* Values for 10 elements (Mn, Fe, Co, Ni, Cu, Pd, Ag, 
ag Slater (reference 3); values for 9 elements L A, Na, 

Mo, and Ta) from Gilvarry (reference 39 

»'Values from Griineisen (reference 20), Tevised in the cases of the alkali 
metals and of Al, Au, Mo, and Ta to correspond to incompressibilities given 
by Gilvarry (reference 39), 

¢ From Table V of I (values for Ga, Bi, and Sb excluded). 


W, Pt, and Pb) 
, Rb, Cs, Al, Au, 


the artificial nature of the Druyvesteyn-Meyering 
solid as compared to the Debye model, one expects 
yp to represent a better approximation than ypw. 
Dugdale and MacDonald state that use of ypu, as 
against yp, improves slightly the over-all agreement of 
values of the Griineisen constant from the equation 
of state and from Griineisen’s law, for the elements in 
Slater’s tabulation.2 However, this tabulation shows 
large deviations in the two evaluations of the constant 
for the three alkali metals included and for some 
relatively incompressible metals (Au, Mo, and Ta). 
A redetermination by the author*®® of compressibility 
parameters for these elements (with inclusion of Rb 
and Cs) from more recent experimental data of Bridg- 
man reduced the discrepancies in these cases, so that 
the contention of Dugdale and MacDonald could not 
be maintained. 

One should expect the inevitable experimental 
inaccuracies to cancel to a significant extent in a 
comparison of the averages for a reasonably large 
number of elements, of evaluations of the Griineisen 
constant on particular models. In Table I, average 
values for 19 elements of yp and ypy, as obtained from 
the equation of state for zero pressure, are compared 
with the corresponding average obtained with use of 
thermal parameters from Griineisen’s law (7) ; one notes 
that agreement of yp with the value from Griineisen’s 
law, shown in the last column, is excellent. An everage 
value for 14 elements is shown likewise for the Griineisen 
constant 7m,p of the solid at fusion, given in I as 


Ym, D= $+ 39K mAV/L, (61) 


where K,, is the bulk modulus of the solid at melting, 
AV and L are the volume change and latent heat of 
fusion, respectively, and q is a parameter of the order 
of unity. This equation has been derived in I on the 
basis of Eq. (15) for the Griineisen parameter, and thus 
is valid on the Debye theory; the corresponding value 
‘Ym,pm for a Druyvesteyn-Meyering solid is Y¥m,p—}. 
The agreement shown by the table is exact, within 
the accuracy of the data, between ym,» and the corre- 
sponding value derived from application of Griineisen’s 


* J. J. Gilvarry, J. Chem. Phys. 23, 1925 (1955). 
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law to the solid at the melting point. These data 
suggest that the assumptions underlying the evaluation 
of the Griineisen parameter from the equation of state 
on the Debye model are met reasonably well by 
elementary solids, on the average. 


Vv. CONCLUSION 


The results obtained show that formal consideration 
of finite strain leaves the evaluation of the Griineisen 
parameter from the equation of state unaltered, for 
either a Debye solid or a Druyvesteyn-Meyering solid. 
Hence, no reason exists on the basis of the theory of 
finite strain for the arbitrary modification in the 
evaluation of the parameter for a Debye solid, as 
proposed by Dugdale and MacDonald. This statement 
presupposes that the wave amplitudes of the lattice 
vibrations are infinitesimal. It is not denied that an 
intrinsically anharmonic theory, such as that of Born 
and Brody” or of Hooton,” may demand revision of 
the value of the Griineisen parameter as determined 
from the equation of state, but such a model likewise 
requires revision of the value of the characteristic 
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frequency, as fixed by Eq. (8) on the Debye theory. 
Underlying the definition of the Griineisen parameter 
is the postulate that all lattice frequencies vary with 
volume in the same manner; it is not obvious, a priori, 
that this requirement can be met within the framework 
of an essentially anharmonic theory. 

The development of I, II, and III is based on the 
Debye-Waller theory derived from the Debye model, in 
contrast to the original Lindemann theory based on an 
Einstein model. Since the form of Griineisen parameter 
taken in the papers in question corresponds to the 
Debye theory, it is felt that in this respect the results 
have been justified fully. 
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With the aim of determining to what extent the energy distribu- 
tion of secondary electrons from targets of Mo and W may contain 
fine structure, measurements have been made using primary 
energies from 100 to 2000 electron volts. An electrostatic analyzer 
of the 127-degree type having an experimentally determined 
resolution of one percent was used. Observations of the pressure 
in the vacuum system, after heating the target above 2000°K and 
cooling to room temperature, showed that an energy spectrum 
could be recorded before formation of the first monolayer of 
contamination on the target surface. 

Energy distribution measurements revealed: (1) Several sub- 
sidiary maxima at fixed differences in energy from the primary 
energy, these differences being characteristic of the target material 
and independent of the primary energy itself. (2) Several sub- 


I. INTRODUCTION 


HE general shape of the energy distribution of 
secondary electrons from a metal target is that 

of a smooth curve whose two principal features are a 
large maximum of slow secondaries occurring near two 
or three volts and a sharper, usually smaller maximum, 
caused by elastically reflected primaries. Furthermore, 
several workers have observed some fine structure in the 


*Now at the Department of Physics, Queen’s University, 
Kingston, Ontario, Canada. 


sidiary maxima in the energy distribution at fixed positions along 
the energy scale lying between 10 and 500 electron volts, charac- 
teristic of the target material, and independent of the primary 
voltage. The maxima described in (1) are considered to be primary 
electrons reflected after suffering discrete losses of energy to the 
target. These discrete losses are believed to indicate the positions 
of the higher energy levels of the target material. The maxima 
described in (2) are interpreted as Auger electrons. Combining the 
energy level values determined from the discrete loss measure- 
ments with energy values for the deeper lying levels available 
from x-ray studies, it is possible to predict the energies with which 
Auger electrons might be expected to be emitted. Some of the 
predicted energies for Auger electrons agree reasonably well with 
with the energies observed experimentally both for Mo and for W. 


energy spectrum of secondaries from a number of dif- 
ferent metals. Rudberg,’ studying Cu, Ag, and Au, 
reported inelastic reflection of primary electrons that 
had suffered discrete losses of energy, these losses being 
independent of the primary energy and characteristic 
of the target material. Haworth? made similar observa- 
tions for targets of Mo and Cb but observed further that 


1E. Rudberg, Phys. Rev. 50, 138 (1936). 
?L. J. Haworth, Phys. Rev. 48, 88 (1935). 
31. J. Haworth, Phys. Rev. 50, 216 (1936). 
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another type of fine structure occurred. This consisted 
of small subsidiary maxima or “humps” indicating that 
electrons were being preferentially emitted at certain 
fixed energies, these also being independent of the 
primary energy and characteristic of the target. The 
emission of secondary electrons at fixed energies was 
studied experimentally by Lander‘ and explained by 
him as the result of Auger processes. Lander was able to 
observe Auger electrons from twelve different types of 
targets. 

This present work was undertaken to determine to 
what extent the energy spectra of secondary electrons 
from Mo and from W contained fine structure. These 
metals were chosen because they could be readily 
cleaned by heating to high temperatures. Previous 
measurements of secondary energy spectra from Mo 
and W include the work of Haworth already mentioned 
and also measurements by Kollath.® For Mo, Haworth 
found fixed energy “humps” of secondary electrons at 
11, 24, and 35 electron volts and primary discrete 
losses of 10.6, 22, and 48 electron volts. Kollath ob- 
served the energy spectrum for Mo and W over the 
range from zero to 30 electron volts and found that both 
metals gave smooth curves, each having a single large 
maximum near two electron volts and exhibiting no 
apparent fine structure. The work reported here, carried 
out with the advantages of clean targets, good vacuum 
and sensitive and stable apparatus, reveals a very 
considerable amount of fine structure in the energy 
spectra of the secondary electrons from both Mo and W. 
This fine structure can be accounted for in terms of 
inelastic reflection of primary electrons and the resulting 
emission of electrons from the target by means of various 
Auger processes. 


II. APPARATUS 


The apparatus used in this work divides into two 
parts: the vacuum tube and the auxiliary circuits. The 
system is shown schematically in Fig. 1. The vacuum 
tube contains three principal components—the electron 
gun, the target under observation, and the energy 
analyzer. The electron gun employed a directly heated 
tantalum ribbon cathode, this being preferable to an 
oxide cathode because the tube had to be opened to 
change targets, and also preferable to a tungsten 
cathode because tantalum provides a higher emission 
current density. Since the gun had to operate through a 
range of voltages from 100 to 2000 volts, a positive grid 
was placed in front of the cathode to ensure adequate 
emission at the lower voltages. A simple lens system 
focused the primary electron beam, and deflecting 
plates served to center the beam on the target. The 
primary current density at a distance from the gun 
corresponding to the position of the target, was meas- 
ured to be 140 ma per square inch for a gun voltage of 


4J. J. Lander, Phys. Rev. 91, 1382 (1953). 
®R. Kollath, Ann. Physik 1, 357 (1947). 
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Fic: 1. Schematic diagram of the apparatus used showing the 
components of the experimental tube—electron gun, target, and 
analyzer, and the associated electric circuits. 


500; this value was an upper limit set by the spreading 
of the beam due to its own space charge. 

The targets used were in ribbon form measuring in 
inches 1X0.125X0.0015 and were supported between 
two 0.1-inch Mo rods. The target ribbon could be heated 
to clean its surface by passage of a current of the order 
of 20 amperes for Mo and 30 amperes for W. 

The analyzer was of the electrostatic 127-degree 
cylindrical condenser type previously used by many 
experimenters and described by Hughes and Rojansky.® 
This type of analyzer offers the advantages of simple 
construction, small size, absence of a magnetic field, and 
has the property of focusing electrons from entrance 
slit to exit slit. The voltage V, applied between the 
deflecting plates is related to the energy Vp in electron 
volts of an electron able to pass through both slits to 
the collector by 


Ve= Vo In(b/a), (1) 


where 6 and a are the radii of the outer and inner de- 
flecting plates, respectively. Consequently, a measured 
spectrum of electron energies is linear against voltage 
applied to the analyzer. The range of energies AV of a 
group of electrons with mean energy V able to pass 
through the slits of the analyzer is given by 


AV=V(AR/R»), (2) 


where AR is the width of one slit and Ro is the mean 
radius of the deflecting plates. Equation (2) expresses a 
troublesome effect present in all analyzers, electric or 
magnetic, which operate by producing a deflection of 
the electrons or ions being observed. Since both resolu- 
tion and sensitivity are proportional to AV they are 


* A. L. Hughes and V. Rojansky, Rev. 34, 284 (1929). 
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Fic. 2. Pressure in the vacuum system versus time following 
flashing the target. The interval of abnormally low pressure is used 
to determine the time required for a monolayer of contamination 
to accumulate on the target surface. This record was made for 
display purposes only; actual measurements were taken at much 
lower pressures and with much longer monolayer adsorption times. 


both proportional to V, the mean energy of the particles 
being measured. The result is that the analyzer dis- 
criminates against low-energy particles, the effect being 
most severe at energies approaching zero. The effect 
might be described as a variation of the effective slit 
width. A measured energy spectrum can be corrected 
for the effect either by dividing all measured analyzer 
currents by a number proportional to the corresponding 
energy V or by applying this same correction auto- 
matically by means of a dividing resistance network 
synchronized with the sweep voltage. However, since 
the correction needed is greatest at energies near zero, 
a simpler and, in this work entirely adequate procedure, 
consists of applying a voltage between target and ana- 
lyzer to increase the energy of electrons entering the 
analyzer by a constant fixed amount. As will be de- 
scribed later, this voltage was sometimes chosen with a 
different end in view. A certain amount of the distortion 
of the energy spectrum always remains owing both to 
some variation of the effective slit width still present, 
and to the preferential acceptance of slower electrons 
caused by the voltage applied between target and ana- 
lyzer. Although this situation makes absolute measure- 
ments uncertain, the distortion remains constant and, 
therefore, does not interfere with the observation of 
changes occurring from one spectrum to another. The 
analyzer used in this work was equipped with colli- 
mating apertures at the first slit to restrict the angle of 
entry of electrons to plus and minus three degrees; the 
deflection path through the analyzer had a radius. of 
1.88 inches; the experimentally determined resolution 
of the device was one percent. 

The circuits and auxiliary apparatus used with the 
experimental tube are shown schematically in Fig. 1. 
Power supplies and control circuits are required to 
operate the electron gun. A high current supply is used 


to heat the target while the target voltage supply 
permits keeping the target at other than ground 
potential. The voltages between cathode of the electron 
gun and target and between target and analyzer were 
measured and maintained with an accuracy of 2 parts 
in 10*. The analyzer voltage supply and control circuits 
provide the voltages for the deflecting plates through a 
pair of potentiometers driven by a synchronous motor. 
The range of electron energies observed by the analyzer 
can be of any width within the limits zero to 2000 
electron volts. The current reaching the collector flows 
through a resistor (usually about 10” ohms) developing 
a voltage which is transferred through an electrometer 
to the pen recorder where the measured energy spectra 
are displayed. After gun and analyzer voltages have 
been set as desired, the energy spectrum is recorded 
automatically. A spectrum is recorded in four minutes, 
this being governed by the resolution of the analyzer 
and the time constant of the recording apparatus. 


Ill. TARGET CLEANING PROCEDURE 


In order that observations be representative of the 
target material itself it is of prime importance that the 
target surface be cleaned and remain clean during the 
course of each measurement. The cleaning procedure 
involved two operations—first, a prolonged high tem- 
perature treatment to drive out impurities within the 
target material (about 15 hours at temperatures of 
2000°K for Mo and 2600°K for W), and secondly, a 
brief heat treatment immediately before each measure- 
ment (1 or 2 seconds at 1900°K for Mo and 2400°K 
for W). The results produced by this second brief heat 
treatment can be seen in Fig. 2 where pressure in the 
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Fic. 3. The general shape of the energy spectrum of secondary 
electrons from a tungsten target with a primary voltage of 
V,=800 and a voltage between target and analyzer of Vr=30. 
The ordinate is proportional to the number of electrons per unit 
energy interval and the abscissa is electron energy in electron 
volts. The spectrum is divided into three regions. Region 1 con- 
tains the large low-energy maximum located at two or three volts. 
Region 2 contains few electrons and is relatively flat. Region 3 
includes elastically reflected primary electrons and also some fine 
structure just below the primary energy. 
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vacuum system is plotted as ordinate and time as ab- 
scissa. When the target is heated or “flashed,” the pres- 
sure rises suddenly but begins to fall again as soon as the 
gas released from the target surface has been pumped 
away. When the target is cooled after the brief flash, the 
pressure falls below the preflash level. This is the result 
of the clean target surface adsorbing gas and acting as a 
rather fast vacuum pump. This process has been de- 
scribed by Becker and Hartman’ and by Hagstrum.® 
When the target surface has become covered with a 
monolayer of gas, the probability of more gas being ad- 
sorbed is greatly reduced, the target ceases to act as a 
pump, and the pressure returns to its preflash level. 
The time during which the pressure remains below norma] 
is a measure of the time required for the target surface to 
acquire a monolayer of contamination. This monolayer 
adsorption time is inversely proportional to the pres- 
sure, being about one second for a pressure of 1 10-® 
mm of Hg. In this work, pressures below 1X10-" mm 
of Hg could be maintained and monolayer adsorption 
times in excess of ten hours have been observed. By 
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Fic. 4. Region 1 of the energy spectrum of Fig. 3 for a Mo 
target. The normally larger low-energy maximum has been at- 
tenuated by applying a retarding voltage between target and 
analyzer and the amplification has been increased to reveal 
subsidiary maxima as marked. 


7J. A. Becker and C. D. Hartman, J. Phys. Chem. 57, 153 


(1953). 
*H. D. Hagstrum, Rev. Sci. Instr. 24, 1122 (1953). 
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Fic. 5. Region 1 of the energy spectrum for a W target. 
See caption for Fig. 4. 


this procedure, then, the target could be cleaned before 
each energy spectrum was recorded and a record of the 
pressure in the vacuum system served to show that the 
measurement had been completed before a small frac- 
tion of a monolayer of contamination formed on the 
target surface. 


IV. CONTACT POTENTIAL CORRECTIONS 


Measurements must be corrected for two contact dif- 
ferences of potential. The first exists between the cath- 
ode of the electron gun and the target and its effect 
will be to make the primary electrons strike the target 
with an energy slightly different from that indicated on 
on the external voltmeter. The second exists between 
the target and the first slit of the analyzer. This neces- 
sitates a correction to the energy scale of all measured 
spectra. All numerical results quoted subsequently have 
been corrected for both of these effects using published 
values of work functions. Contact potential differences 
did not exist inside the analyzer since it was constructed 
entirely of copper. 
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Fic. 6. Region 2 of the energy spectrum of Fig. 3 for a Mo 
target. The normally large low energy maximum has n at- 
tenuated and the amplification increased to reveal Auger electrons 
being emitted at certain fixed energies as marked. 


V. EXPERIMENTAL MEASUREMENTS 


The general shape of the energy distribution of 
secondary electrons from a tungsten target with a 
primary voltage of 800, is shown in Fig. 3. A voltage of 
30 volts was placed between target and analyzer to 
increase the energies of all electrons by that amount 
and thus partially to correct for the variation of effective 
slit width of the analyzer. The energy distribution may 
be considered to consist of three parts. Region 1 includes 
the low-velocity or “true” secondaries. Region 2 is flat 
and contains relatively few electrons. Region 3 includes 
the elastically reflected primary electrons and some 
subsidiary maxima just below the primary energy. In 
this experimental work, these three regions were 
studied individually. 

The search for fine structure in the energy distribu- 
tion began in Region 1—the low-energy end of the 
spectrum. The results are shown in Fig. 4 for a Mo target 
and in Fig. 5 for W, with primary voltages between 100 
and 2000 volts. Each curve is seen to contain small 
broad maxima characteristic of the target material and 
independent of primary voltage. In these measure- 
ments, as in those to follow, many more spectra were 
recorded than those shown in the figures and the energy 
values stated are the averages of a large number of 
observations ; furthermore, these energy values refer to 
the true energy of the electrons as they left the target 
surface, the measurements having been corrected for 
contact differences of potential and for the voltage ap- 
plied between target and analyzer. 


Similar measurements were made for that part of the 
energy distribution called Region 2 in Fig. 3. These 
measurements are displayed in Fig. 6 for Mo and in 
Fig. 7 for a W target with primary voltages between 
500 and 1000 volts. A fixed retarding voltage of 10 volts 
was used between target and analyzer to eliminate the 
low-energy secondaries. This permitted an increase in 
amplification of the currents being measured by a factor 
of approximately 1000. Figure 6 and Fig. 7 reveal the 
presence of a surprising amount of fine structure in the 
middle range of secondary energies. The details of this 
structure occur at fixed energies independent of the 
primary energy and characteristic of the target material. 
It can be seen that the fine structure tends to disappear 
for primary energies below 500 electron volts. 

Finally, observations were made in Region 3 of Fig. 3. 
As was mentioned in the introduction, the detailed 
structure found in this region has been described and 
explained by previous workers. Figure 8 shows measure- 
ments made for Mo and Fig. 9 for W targets with pri- 
mary energies from 100 to 2000 electron volts. These 
curves are superimposed so that the positions of the 
sharp peaks of elastically reflected primary electrons 
coincide. These primary peaks are drawn in for some of 
the curves. (The variation in their widths is indicative 
of the fact that the absolute resolution of the analyzer 
is dependent on energy.) The energy scales on the 
horizontal axes of Fig. 8 and Fig. 9 are arranged as 
“energy loss in electron volts” suffered by the primary 
electrons. This is in accordance with the hypothesis 
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Fic. 7. Region 2 of the energy spectrum for a W target. 
See caption for Fig. 6. 
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Fic. 8. The energy spectrum near the primary energy for a Mo 
target. Primary electrons are seen to be reflected both elastically 
without loss of energy and inelastically after suffering certain 
discrete energy losses which are independent of the primary energy 
and characteristic of the target material. 


that the subsidiary maxima appearing below the pri- 
mary energy are caused by primary electrons reflected 
from the target after having undergone discrete losses 
of energy. These discrete losses are indicated in Fig. 8 
for Mo and Fig. 9 for W. 

From the quantities of energy involved, it may be 
assumed that the discrete losses suffered by primary 
electrons are the result of interactions involving the 
outer electron shells of the target atoms. Since Mo and 
W occur in the same column of the periodic table, that 
is, their outer electron shells are assembled in a similar 
manner, it might be expected that primary electrons 
would show similar patterns of discrete losses for the 
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Fic. 9. The energy spectrum near the primary energy for a W 
target. See the caption for Fig. 8. 


two materials. The discrete loss patterns are compared 
in Fig. 10. The two spectra are much alike and lines are 
drawn in the figure to show the correspondence between 
certain of their small maxima. The energy loss of 46.4 
electron volts seen in the case of W without a corre- 
sponding loss for Mo may be the result of the fourteen 
4f electrons present in W and absent in Mo. The 
maximum at 46.4 electron volts has the proper location 
relative to the other maxima to agree with the position 
of the 4f band in W as determined from x-ray 
measurements. 


VI. INTERPRETATION 


Two features found as fine structure in these measure- 
ments must be discussed. The first is the discrete losses 
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Fic. 10. A comparison of discrete energy losses suffered by 

rimary electrons inelastically reflected from Mo and W targets. 
Vertical lines have been drawn to indicate the similarities which 
are attributable to the fact that Mo and W occur in the same 
column of the periodic table. 


of energy suffered by primary electrons and shown in 
Fig. 8 and Fig. 9; as mentioned before, these losses have 
been observed and explained by others. The second 
feature is the emission of electrons at a series of fixed 
energies independent of the primary energy and 
characteristic of the target material as shown in Figs. 
4 to 7. These two features can be explained and related 
with the aid of the energy-level diagram of Fig. 11 
which is intended to be simply schematic. Shaded areas 
represent the filled portions of energy bands; the two 
uppermost bands are shown to be overlapping; the 
work function is indicated as ¢. 

Consider a primary electron which arrives at the 
target with energy V, measured from the zero vacuum 
level, enters the lattice, and interacts with an electron 
in band D. Assume that energy is transferred from the 
primary to the D-band electron until the latter rises in 
energy to the uppermost filled level where it is free to 
behave as a conduction electron and the interaction 
ceases. We shall assume that this is the most probable 
transition. This process is shown on the left side of 
Fig. 11. The primary, having lost the energy V» because 
of its interaction with the D-band electron, leaves the 
target again and will be observed as an inelastically 
reflected primary having the energy V,—Vo. This 
process, and others involving similar interactions with 
electrons in other bands, explains the observed discrete 
losses shown in Fig. 8 and Fig. 9. Furthermore, we shall 
use the measured values of discrete losses and shall add 
to each an amount of energy equal to the work function 
¢, in conformity with the assumption made above, to 


provide the locations of some of the upper energy bands 
of the target material, or more precisely, the location of 
the maxima of electron density within the various 
filled bands. 

An explanation can now be given for the electrons 
observed to be emitted with certain fixed energies. These 
electrons will be considered to result from Auger 
processes.® The details of such processes are shown in 
the right side of Fig. 11. Two electrons take part in an 
Auger process. The first electron, originally in band C, 
drops to fill the vacancy in band D previously created by 
the action of a primary electron. In this way an amount 
of energy Ep—Eg is released. This energy, instead of 
appearing as a quantum of radiation, is given to a 
second electron, shown in Fig. 11 to have been originally 
in band A. This second electron is emitted from the 
metal thereby losing energy E,4 and appearing outside 
the metal with a final energy (Ep—Ec)-— Ea. In the 
special case in which the two electrons taking part in‘the 
Auger process were originally in the same band, say 
band B, the final energy of the emitted electron would 
be Ep- 2Ep. 

It will now be attempted to account in terms of Auger 
processes for the fixed electron energies observed in 
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Fic. 11. A simple schematic representation of the energy band 
structure of a metal target material. The shaded areas represent 
the filled portions of the bands. On the left a primary electron 
suffers a discrete loss of energy by creating a vacancy in an energy 
band. On the right the vacancy is refilled and the energy so re- 
leased causes the emission of an Auger electron. 


*E. H. S. Burhop, The Auger Effect and Other Radiationless 
Transitions (University Press, Cambridge, 1952). 
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Figs. 4 to 7. For this, the positions of the energy bands 
of Mo and W must be known. The positions of the 
higher bands are available, as already mentioned, from 
the values of discrete losses suffered by primary elec- 
trons; the positions of the required lower levels are 
available from x-ray data.’ These energy levels are 
tabulated in Table I for Mo and in Table II for W. 
By using these energy-level values, several Auger 
electron energies have been calculated and are shown 
in Table III for both Mo and W. The predicted Auger 
values given in these tables agree well with the experi- 
mentally observed energies. However, it must be em- 
phasized that without knowing proper selection rules to 
apply, many Auger transitions other than those tabu- 


TABLE I. Energy levels for Mo. 





Energy in ev Source 





From primary loss 
measurements in 
the present work 


From x-ray data 





TABLE II. Energy levels for W. 





Energy in ev Source 


19 
51 From primary loss 
63 measurements in 
93 the present work 
31 


245 
450 
590 





From x-ray data 





lated here can be proposed for which no experimental 
evidence has been observed. Consequently, it can be 
concluded that while the calculations made from the 
set of energy levels herein developed, are sufficient to 

J. C. Slater, Quanium Theory of Matter (McGraw-Hill Book 
Company, Inc., New York, 1951), p. 146. 


1 Landolt-Bornstein, Atom and Molecular Physics (Springer- 
Verlag, Berlin, 1952), Part VI. 
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TABLE ITI. Comparison of certain calculated Auger energies with 
those observed experimentally. 





Observed 


Auger transition Calculated value (ev) value (ev) 





Mo: Both electrons originally in the same band 
4p—5Ss §7—2X16= 25 26.6 
3d—4p 233—2X57=119 130 
3d—4d 233—2X29=175 178 


Mo: Electrons originally in different bands 
ane (510—233)—57 = 220 
3s—3d)—5s (510—233)—16=261 264 
(3p—3d)—4s (399—233)—81= 85 85.3 
(3p—3d)—4p (399—233)—57= 109 112 
(3p—3d)—4d (399—233)—29= 137 140 
(3p—3d)—Ss (399—233)—16=150 152 
(3p—4s)—5s (399— 81)—16=302 310 
(4s—4d)—5s ( 81— 29)—16= 36 


215 


W: Both electrons originally in same band 
5d—6sp 51—-2X19= 13 
5p—6sp 63—2X19= 25 
4d—6sp 245—2X19= 207 
4p—4f 450—2X51=348 
4p—5s 450—2X93 = 264 


W: Electrons originally in different bands 
(4s—4p)—5s i 47 
(4p—4d)—5d 450—245)—51=154 
(4p—4d)—4f (450—245)—31=174 
(4d—4f)—Sd (245— 31)—51=163 
(4d—4f)—6sp (245— 31)—19=195 
(5s—4f)—6sp ( 93— 31)-19= 43 








account for the observed Auger electrons, they do not 
explain why electrons appear only at these particular 
energies and are not found at several other energies that 
can be predicted according to the same scheme. At least 
the extent of agreement achieved here may be sufficient 
to encourage further work of this sort. 
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Single crystals of sodium chloride were subjected to irradiation at room temperature by 350-Mev protons 
with a total flux of 10" to 10'* protons per cm?*, and changes in their electrical conductivity, stored energy, 


and optical absorption were studied. The relative resistivity changes due to irradiation were measured 
during warmup at a rate of 2°C/min, showing maxima at around 150°C and 250°C and annealing out at 
about 400°C. The stored energies released during annealing were measured in the same temperature range. 
The results indicate the presence of three stages of annealing, the first lies between room temperature and 
150°C, the second between 150°C and 250°C and the third is above 250°C. The stored energy curve has 
maxima at 100°C, 200°C, and 310°C. The probable mechanisms of the various annealing processes are 
discussed. In particular specific mechanisms are proposed for the second stage of the annealing in which 
significant changes of the optical absorption bands take place. Efficiency of the production of defects was 
estimated to be the order of 10° per proton per centimeter path and this is compared briefly with the theories 


of Seitz and Smoluchowski. * 











I. INTRODUCTION 


HE electrical conductivity of alkali halide crystals, 

in particular KCl and NaCl, which were irradi- 
ated by 350 Mev protons has been first measured by 
Pearistein.' His results showed that on annealing there 
is a pronounced increase of resistivity above the values 
for normal crystals. His measurements on sodium 
chloride covered the range of proton flux from 2X10" 
to 3X10" protons per cm? and the resulting resistivity 
curves relative to the normal showed two definite peaks 
at about 150°C and 250°C. 

It is rather well established that, at not too high 
temperatures, the carriers of an electric current in 
sodium chloride are positive ion vacancies. Thus Seitz’ 
has suggested that the decrease of conductivity meas- 
ured by Pearlstein might be caused by the tying 
down of the carriers responsible for conductivity by a 
capture of electrons or of holes. On the other hand, 
Smoluchowski® has suggested that this increase of 
resistivity may be caused by the formation of neutral 
clusters of positive and negative vacancies. 

Since the measurement of electrical conductivity 
alone does not seem to provide sufficient information 
on which to base an understanding of the mechanism 
of these phenomena, it was decided to extend Pearl- 
stein’s observations by measuring other quantities. In 
particular, the purpose of this paper is to present the 
results of measurements of stored energy and of optical 
absorption together with additional conductivity data. 
While stored energy reflects the behavior of all defects, 
optical absorption is particularly suitable for the study 
of lattice defects associated with electrons and holes. 


* This work has been supported by a U. S. Atomic Energy 
Commission contract. 

1E. A. Pearlstein, Phys. Rev. 92, 881 (1953); 94, 1409 (1954); 
“Conference on Effects of Radiation on Dielectric Materials,” 
ONR Symposium Report ACR-2, 31 (1954). 

2 F. Seitz, Revs. Modern Phys. 26, 7 (1954). 

*R. Smoluchowski, “Defects in Crystalline Solids,” Report of 
the 1954 Bristol Conference, 1954, p. 252. 
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Il. EXPERIMENTAL 
A. Irradiation 


All the specimens used in this study were pieces of 
sodium chloride crystals, about 10X15X4 mm, which 
were cleaved from one big single crystal obtained from 
the Harshaw Chemical Company. They were annealed 
at 650°C for four hours in helium, the temperature 
being raised and lowered at a rate of 4°C/min. 

Most of the irradiations with 350-Mev protons were 
made inside of the vacuum chamber of the Carnegie 
Institute of Technology synchrocyclotron in the direct 
path of the circulating proton beam. Particular care 
was exercised to avoid bleaching of the crystal by light 
or by heat during irradiation. The latter was assured 
by using a reduced intensity of the proton beam and 
cooling the crystal holder with water. The temperature 
of the crystal during irradiation was estimated to be 
near room temperature. The total flux of protons was 
determined! using aluminum foils which were mounted 
next to the crystal and measuring the activity of Na™ 
produced by the reaction Al’’(p,3pn)Na™.* Since the 
range of protons of this high energy in sodium chloride 
is several inches, the observed changes are real volume 
effects. 





B. Electrical Conductivity 


The electrical conductivity was measured in vacuum 
by means of a one-tube balanced circuit,> using an 
FP-54 valve and a slightly modified circuit. The 
potential applied between the two electrodes of the 
specimen was 93 volts and the maximum resistance 
detectable with this circuit was about 1X10" ohm 
which is the resistivity of most of our specimens at 
about 50°C. The irradiated crystal was placed in a 
small furnace in a vacuum together with a dummy, i.e., 


“L. Marquez, Phys. Rev. 86, 405 (1952). 
5 W. Soller, Rev. Sci. Instr. 3, 416 (1932); L. A. Dubridge, 
Phys. Rev. 37, 392 (1931). 
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not bombarded, specimen of an equal size. The elec- 
trodes were made of silver conducting paint DuPont 
4817. 

The measurements were made while the crystals were 
heated at a constant rate of 2°C/min from room 
temperature to 400°C, and the resistivity of the irradi- 
ated crystal was directly compared with that of the 
dummy. 


a. Normal Crystal 


The absolute values of the conductivity of the 
dummy crystal varied slightly from crystal to crystal 
if they were cut from different parts of the original 
crystal. The maximum difference was about 20%. 

Since the conductivity, o is expressed approximately 
as o=ney=(A/T)-exp(—U/kT), where n is the num- 
ber of carriers, » is their mobility and A is a constant, 
one might expect that the relation between log(cT) 
and 1/T is linear if there is a unique activation energy 
for migration. Figure 1(a) shows a typical curve of 
log(oT) vs 1/T of the dummy specimen. This curve 
indicates three regions, AB, BC, and CD, each of which 
has a somewhat different slope. The temperature at B 
and C are about 250°C and 175°C, respectively. Acti- 
vation energy was estimated as 0.83 ev for AB, 1.17 ev 
for BC, and 0.93 ev for CD. Etzel and Maurer*® have 
found that the number of positive-ion vacancies does 
not change in the temperature range of 250-400°C and 
that their activation energy for migration is 0.857 ev 
which is in good agreement with 0.83 ev here obtained 
in the temperature range of 250-400°C. They have also 
determined that the energy of dissociation of a positive- 
ion vacancy from a divalent Cd ion in NaCl is about 
0.3 ev, while Lidiard’ by a careful examination of the 
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Fic. 1. (a) oT vs 1/T curve for nonirradiated NaCl crystal; 
the heey” of the number of positive-ion vacancies in a 
nonirradiated NaCl crystal with temperature. 


* H. W. Etzel and R. J. Maurer, J. Chem. Phys. 18, 1003 (1950). 
7 A. B. Lidiard, Phys. Rev. 94, 29 (1954). 
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Pirrad. / ? dummy 


Fic. 2. Relative resistivity changes vs temperature for NaCl 
irradiated by protons. The rate of temperature rise 2°C per min. 
Resistivity is expressed as the ratio of the resistivity of the 
irradiated crystal (pirraa) to that of a normal crystal (paummy). 
The numbers indicate the total flux of protons per cm*. 


same data obtained 0.35 ev. Reitz and Gammel® have 
calculated this energy to be 0.44+0.1 ev. Since a 
difference between AB and BC is found to be 0.37 ev 
in Fig. 1(a), it will be safe to assume that, in the 
temperature range of 175-250°C, positive-ion vacancies 
are ejected from the impurity ions into the crystal. 
Below 175°C, some conductivity may be contributed 
by positive-ion vacancies which were frozen in by 
cooling from higher temperatures during the annealing 
process. The activation energy in this region, 0.93 ev 
is very near to 0.98 ev which was obtained by Bean’ 
in the range of 160—250°C. From these considerations, 
the number of free positive-ion vacancies, m, in our 
normal crystal can be estimated from measured con- 
ductivity data using for mobility, 


w= 19600/T-exp(—«,/kT) cm?/volt sec 


as derived by Etzel and Maurer.® Figure 1(b) shows 
the value of calculated using e,=0.83 ev. Near room 
temperature, » is about 3X 10" per cc, and it is 1.7 10'* 
per cc above 250°C. 


b. Irradiated Crystal 


The measurements of the resistivity of each irradiated 
crystal were made about 60 hours after irradiation. 
The total flux of 350-Mev protons was in the range 
from 1.710" to 9X10" per cm’. Figure 2 shows the 
results, expressed as a ratio of the resistivity of irradi- 
ated crystal, pirraa, to that of a dummy, pdaummy, versus 
temperature. The results are in a generally good agree- 
ment with those of Pearlstein.' For the irradiation by 
1.7X10" protons per cm’, an external beam of the 
synchrocyclotron had to be used because of a difficulty 
in obtaining a sufficiently low intensity in an internal 
beam. 

The curves in Fig. 2 show two distinct peaks at 


HS R. Reitz and J. L. Gammel, J. Chem. Phys. 19, 894 (1951). 
C. Bean, thesis of University of Illinois, 1952 (unpublished). 
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about 150°C and 250°C. Except for the case of the 
irradiation by 1.710" protons per cm’, the height of 
the first peak does not seem to depend much upon the 
total flux. The temperature corresponding to the maxi- 
mum shifts from 120°C to 160°C when the flux in- 
creases. The second maximum is strongly dependent 
upon the total flux. At about 9X10"* protons per cm?, 
its height is about the same as the first peak. When the 
total flux decreases, the height decreases and at 1.7 
X10" protons per cm’, the peak almost disappears. 


C. Stored Energy 
a. Calorimeter 


Since the energy which is released from an irradiated 
crystal during warmup was expected to be small, a 
calorimeter assembly was designed using the differential 
thermocouple method, as designed and used by Over- 
hauser” at low temperature. The calorimeter itself was 
very similar to Overhauser’s, except that in our as- 
sembly, there were no windows and it was made of 
aluminum instead of copper. The heating system was 
an electric furnace which was heated at a well-controlled 
rate of temperature. 

Two specimens, both of which had equal weights and 
dimensions, i.e., 15104 mm, were heated gradually 
to about 500°C. Then, by means of a small torch flame, 
a very small part of the surface of each crystal was 
melted and a copper-constantan thermocouple inserted. 
After gradually cooling down to room temperature, 
both crystals with the thermocouples were annealed in 
helium atmosphere at 650°C in the same manner as 
described above. One of the two specimens thus pre- 
pared was irradiated with protons inside the synchro- 
cyclotron, and then together with a nonirradiated 
specimen it was suspended in the calorimeter and the 
measurement was made. 

The stored energy released per degree per specimen, 
dU/dT, was calculated using Overhauser’s formula.” 
The error in measurement itself was found to be 
negligibly small compared to the differences between 
the specimens themselves. 

The systematic error associated with heat conduction 
between the calorimeter wall and the two crystals 
through the thermocouple is estimated to be less than 
2%. Errors arising from the energy transfer between 
the two crystals through the thermocouple are about 
0.06%. An error associated with the different thermal 
contact between both specimens and the calorimeter 
wall due to heat radiation is estimated as 0.5% at 
600°K and 0.1% at 300°K. This assumes that the 
fraction of imperfection in the irradiated crystal is of 
the order 10-*. The same kind of error arising from 
the energy exchange between the irradiated and the 

dummy crystal by heat radiation during measurement 
is about 1% at 300°K and 7% at 700°K. The error 


” A. W. Overhauser, Phys. Rev. 94, 1551 (1954). 
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arising from the change of specific heat of NaCl due 
to the presence of imperfection in high concentration 
in the irradiated crystals is estimated using the theory 
of Overhauser.’ The resulting maximum error is about 
10%, assuming a magnitude of atomic fraction of the 
interstitial-vacancy pairs to be 10~*. Therefore, it will 
be safe to estimate that the systematic error of the 
stored energy measurements here reported is less than 
15%. 


b. Results 


Figure 3(a) shows the results of the stored energy 
measurements for NaCl irradiated by 350-Mev protons 
with a total flux of 9.310 per cm’. The total flux 
for Fig. 3(b) is 9.1 10'* per cm?. In each case one can 
see a distinct peak in the temperature range from 150°C 
to 250°C with a maximum at 202°C. Below 150°C, a 
broad hump appears with a maximum at about 100°C, 
while above 250°C, another small hump seems to exist, 
with a maximum at about 310°C. ; 

Figure 3(c) shows a stored energy curve for a bleached 
crystal which was irradiated by a total flux of 1.4 10'* 
protons per cm’. Since bleaching of this heavily dark- 
ened crystal by sunlight or a usual tungsten lamp at 
room temperature was extremely slow, the bleaching 
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Fic. 3. Stored energy released from NaCl crystal irradiated 
with protons during annealing at a rate of 2°C per min. (a) total 
flux of 9.310% protons per cm?; (b) total flux of 9.110" 
protons per cm?; (c) crystal bleached at 90°C for six days after 
irradiation with 1.4X 10'* protons per cm*. 
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was finally done using a tungsten lamp at about 90°C 
for six days. Even in these conditions, it was impossible 
to make the color centers bleach out completely and 
the crystal showed a slightly reddish brown residual 
color. The heat curve in Fig. 3(c) shows that the second 
large peak centered at 202°C has almost disappeared and 
its decreasing small maximum seemed to have slightly 
shifted to higher temperatures. The third hump becomes 
distinct and its maximum at 310°C is in good agreement 
with that of the nonbleached crystal. 

The integral heats released are listed in Table I in 
the range, from room temperature to 150°C, from 
150°C to 250°C and from 250°C to 400°C. The magni- 
tudes of the integral heats in the range of 150-250°C 
and 250-400°C for both measurements are in good 
agreement. In the range below 150°C, however, the 
agreement is not so good, and presumably the process 
in this region may be strongly influenced by variation 
in the room-temperature annealing. 


D. Absorption Spectra 


Absorption spectra for the irradiated crystals were 
measured at room temperature using a Beckman Model 
DU Spectrophotometer. The specimens used for this 


TABLE I. Integral heats released from 1 g of irradiated NaCl 
(in calories). 








150°C 
250°C 


1.18 
1.21 


Total proton 
flux per cm? 
9.310% 
9.1X 10% 


250°C- 
400°C Total 


0.28 2.18 
0.22 2.45 


Room temp.- 
150°C 





0.72 
1.02 








study were the same as used for electrical conductivity, 
the measurements were taken before conductivity 
measurements. Inasmuch as at high flux irradiations 
the crystals were heavily colored in their entire volume, 
measurements were restricted to low flux irradiations. 


a. Relation to the Total Flux 


Figure 4 shows optical densities of crystals 4 mm 
thick irradiated with a total flux ranging from 3.7 10" 
to 1.710" protons per cm’. Curve a in Fig. 5 shows 
the result for a crystal 0.325 mm thick irradiated with 
8.0X 10" protons per cm’. These curves show that the 
optical densities of F, M, Re, 840-my, and 925-my bands 
increase with the increase of the total flux. In the 
ultraviolet region, however, shapes of the bands grad- 
ually change with increasing total flux. The spectrum 
of a crystal irradiated with 5.310" protons per cm? 
shows the presence of three absorption bands with 
maxima at 206, 235, and 293 mu. The 235-my and 
293-my bands increase to some extent in the crystal 
irradiated with 2.210" protons per cm? with no 
detectable peak at 206 mu, presumably because of a 
superposition of the strongly increased 235-my band. 
For the crystal irradiated with 3.710" protons per 









































4 
400 500 


Fic. 4. Absorption spectra of NaCl crystals irradiated by 
protons for various values of total flux, measured at room 
temperature. 


cm?, 235-my and 293-my bands seem to disappear ; this 
is accompanied by an appearance of a simple band with 
a maximum centered at about 215 mu. The spectrum 
of the crystal irradiated with 8.010" protons per cm? 
shows a band with a maximum at 210 my as shown in 
Fig. 5, which is in good agreement with the maximum 
of the V; band.” The nature of the 206-my, 215-mu 
and 235-my bands which appear only at low intensity 
irradiation, however, are still in doubt. Presumably, 
they are in intimate relation to the growth of the V; 
band. 

In Table II, are shown the numbers, , of V3, F, and 
M centers per cc of NaCl, which were calculated using 
Smakula’s formula and assuming that the oscillator 
strength is 0.7 for the F center and unity in other cases. 
As the maximum optical densities of the F band for 
crystals irradiated with 3.710" and 2.2 10" protons 
per cm? were very much higher than the limit of our 
instrument, their magnitudes were only roughly esti- 
mated by an extrapolation of the curves. The maximum 
optical density for the F band of the crystal irradiated 
by 8.0X10" protons per cm? was estimated as twice 
the density at 422 my," which is the shorter wavelength 
corresponding to the half-maximum of the F band in 
NaCl. 

The magnitudes of m for V; centers for crystals 
irradiated with 5.310" and 2.210" protons per cm? 


TaBLe II. Concentration of color centers and efficiency for 
producing color centers by proton at room temperature. 
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(1982), W. H. Duerig and J. J. Markham, Phys. Rev. 88, 1043 
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a ——— Room Temp. 
b.——— 100°C 
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Fic. 5. Change of the ab- 
sorption spectrum of an NaCl 
crystal irradiated with a total 
flux of 8.0X 10" protons per cm? 
during annealing at several 
temperatures. Measurements 
made at room temperature. 
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were estimated from the sum of 206-my and 235-my 
bands. a in Table II is the number of color centers 
which are produced by one proton per one centimeter 
path inside the crystal. These values appear to be 
almost constant for each center and the mean values 
are estimated to be about 6.2X10*, 2.9X10*, and 
1.3X10 for V3, F, and M centers, respectively, using 
data in Table II except those for the total flux of 
1.7X 10" per cm’. 

It is interesting to note that the ratio of the number 
of F centers to V; is about 4.5 and the ratio of the 
number of F centers to M is about 21 assuming that 
the oscillator strength has a magnitude as mentioned 
previously. This leads to the conclusion that the number 
of negative ion vacancies is 2.3 times greater than that 
of positive ion vacancies. This assumes Seitz’s model 
of the V3, F, and M centers. 

The magnitudes of a for the crystal irradiated with 
1.710" protons per cm? are found to be much greater 
than those for the crystal irradiated with a higher flux. 
This higher concentration is probably caused by 
initially present vacancies, since the number of color 
centers created by irradiation is of the same order of 
magnitude as the number of vacancies initially present. 
This can be estimated from the conductivity measure- 
ment of an unirradiated crystal. 


b. Thermal Bleaching 


Studies of the change of the color centers with 
temperature raising at a rate of 2°C/min were made 
using a crystal with a thickness of 0.325 mm which was 
irradiated with a flux of 8.010" protons per cm*. The 
specimen was heated to a given temperature in a helium 
atmosphere, quenched immediately to room tempera- 
ture and then the absorption spectrum was measured 
at room temperature. 


The temperatures chosen were 100, 145, 175, 200, 
225, 250, 320, and 400°C. The results of the absorption 
spectrum measurements are shown in Fig. 5. In this 
figure, the results for 250, 320, and 400°C annealing 
are not shown, since no significant absorption in these 
three cases was measurable. 

At room temperature, the absorption curve shows 
the presence of distinct V3, F, and M bands and small 
R, and 840-my bands. At 100°C, V; and F are slightly 
decreased while R2, M, and 840 myare slightly enhanced. 
An annealing at this temperature seems to produce 
only minor changes of the concentration of color centers. 
At 145°C, V; and F are decreased, R2 has mostly 
disappeared, while the M and 840-my bands are con- 
siderably increased. At 175°C, the V3, F, and 840-my 
bands are greatly decreased and the absorption in a 
region between F and M starts to increase. The M 
band seems not to change significantly, even though 
the curve is enhanced, because of a partial superposition 
of M and of the new band on the short wavelength side. 
At 200°C, the V; and F bands continue to decrease 
considerably, while a broad band between F and M, 
which appeared at the 175°C annealing, is greatly 
enhanced with its maximum at around 560 mu. M is 
considerably decreased and the 840-my bands cannot 
be detected any more. At the 225°C annealing, the 
absorption curve is remarkably changed: The V3, F, 
and M have practically disappeared and only a broad 
band is left between F and M with a maximum at 
578 mu. Above 250°C, there are no detectable bands 
and all color centers have disappeared. 

Figure 6 shows the change of the concentration of 
color centers on annealing as estimated from the results 
shown in Fig. 5. For V3, F, and M, the ordinates 
indicate numbers of these centers per cc, while for the 
Re, 840-my and 578-my bands, the ordinates show 
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maximum optical densities which were estimated by 
subtracting densities of other bands from the measured 
curve. The 578-my band in this figure is a broad band 
which appears between F and M in the temperature 
range from 150°C and 225°C as mentioned above. 

Mollwo” has observed a colloidal sodium band in 
additively colored NaC] in a temperature range between 
250°C and 500°C. Its maximum shifted from 570 my 
to 620 mu when the colloid grew during heating from 
300°C to 500°C. At 700°C, the colloidal band vanished 
and was replaced by an F band. Scott and Smith" and 
also Scott and Bupp™ have found, with additively 
colored KCl, that, on heating, a broad band, which 
they termed R’ band, grew between F and M accom- 
panied by a decrease of the F band. Since the 578-mu 
band of the present study grows with a large decrease 
of the F band and the wavelength of its maximum 
agrees with that of the colloidal band and also it shifts 
from 560 mp to 578 mu with increasing temperature, 
this band is expected to be similar in nature to a 
colloidal band. The broadness of the 578-my band 
indicates that it may also be a close relative to the R’ 
band which is an absorption by an early stage of the 
colloidal sodium center as suggested by Seitz.’ It 
appears thus plausible to assume that this band is 
some kind of a coagulate of F centers or of sodium 
atoms. 

When the 578-my center dissociates, no F center 
seems to appear contrary to the dissociation of colloidal 
centers in additively colored crystals. This can be 
understood in the following way: In the case of addi- 
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Fic. 6. Changes of concentrations of color centers in NaCl 
crystal irradiated with 8.0X 10" protons per cm* during annealing 
at a rate of 2°C per min. Dotted lines indicate rough estimates. 


22 E. Mollwo, Nachr. Akad. Wiss. Géttingen, Math.-physik. KI. 
1932, 254 (1932). 

13 A. B. Scott and W. A. Smith, Phys. Rev. 83, 982 (1951). 

“4 A. B. Scott and L. P. Bupp, Phys. Rev. 79, 341 (1950). 
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tively colored crystals, the F centers are hard to bleach 
because of a lack of trapping centers for electron, and 
therefore, the F centers may reappear after the dis- 
sociation of the colloidal centers. In the case of the 
crystal irradiated by protons, electrons are produced 
leaving holes behind as trapping centers while the 
irradiation proceeds. Therefore, when the 578-my center 
dissociates, F centers will not be formed. 


Ill, DISCUSSION 


In view of the results of the present measurements, 
one can divide an annealing process of sodium chloride 
crystals irradiated with 350-Mev protons, into three 
stages: The first stage occurs in the temperature range 
between room temperature and about 150°C, where the 
electrical conductivity decreases considerably, the curve 
for the evolution of heat has its first hump and the 
number of color centers changes only by a relatively 
small amount. The second stage is in the range of 
150°C-250°C, where the resistivity, particularly at 
high-flux irradiation, goes through a minimum, the 
heat curve has a large peak, and the concentration and 
nature of the various color centers are changed strongly, 
ending in the total disappearance of the color centers 
at the upper end of this range. In the third stage, i.e., 
above 250°C, the conductivity returns monotonically 
to its normal value, the heat curve shows a small hump, 
and the crystal does not show any presence of color 
centers. 


a. The First Stage 


We will discuss now the processes which presumably 
occur during the first stage. On annealing from room 
temperature to 100°C, the decrease of the number of V; 
and F centers in the crystal irradiated with a total flux 
of 8.0X 10" protons per cm? is about 1X 10"* and 3 10'* 
per cc, respectively, while the increase of M centers is 
about 1X 10'* per cc. If we now apply Seitz’s model? of 
these centers, then about a half of the positive ion 
vacancies from V3 center dissociation and most of the 
negative ion vacancies from the F centers seem to be 
converted to M centers. If the rest of the positive ion 
vacancies remains in free form in the crystal, then the 
electrical conductivity should increase with rising 
temperature in contrast to the observed rapid decrease. 
It must be, therefore, concluded that the positive-ion 
vacancies which do not contribute to the formation of 
M centers are absorbed in other centers. In the range 
of 100°C to 145°C, the amounts of change of V3, F, 
and M centers are —3X10'®, —2.6X10!7, and +4 
X10'*, respectively, which indicates that at slightly 
higher temperatures most of the positive-ion vacancies 
from the V; centers are presumably converted to the 
M centers. 

The 840-mu and the R, bands undergo relatively 
drastic changes and these may be significant for the 
concentration of free vacancies. In fact, the rapid 
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increase of resistivity in the first stage of annealing 
may be mostly due to the formation of clusters of 
several positive- and negative-ion vacancies. These 
clusters may trap electrons (or holes) and produce color 
centers such as the 840-my centers, or they may have 
absorption bands nearer to the a and 8 bands of free 
vacancies. 

Interesting conclusions can be drawn from the stored- 
energy curve. If we assume that a few ev of heat is 
evolved during the formation of a coagulation center 
on dissociation of V; and F centers, the total energy 
evolved would be expected to be less than 0.1 cal per 
gram of the crystal irradiated with 9X10" protons per 
cm?, in this first stage. This is about one tenth of the 
measured value. It seems, therefore, safe to conclude 
that a substantial part of the heat evolved in this stage 
of annealing is associated with interstitial-vacancy 
recombination and the formation of vacancy clusters 
rather than with any changes of the concentration of 
V3, F, or M centers. 


b. The Second Stage 


Between 150°C and 200°C in the second stage of the 
annealing process, large decreases of V3, F, M, Ro, and 
840-mu bands are accompanied by the appearance of 
the 578-mu band, or some sort of coagulation of the F 
centers. This shows that the positive ion vacancies 
which originate in the dissociation of coagulation 


centers do not form new color centers but some of them 
may remain in the crystal in free state. Most of the F 
centers seem to be converted directly to 578-my centers 
with little chance to form vacancy pairs or other 
coagulates. If this interpretation is correct, one would 
expect an increase in electrical conductivity. This is 
confirmed by experiment. 

Between 200°C and 250°C, the V3, F, and M bands 
continue to decrease without forming any other color 
centers, while the 578-my band starts to dissociate at 
200°C. This means that positive-ion vacancies which 
have been present and also new ones may form neutral 
clusters with negative-ion vacancies which are created 
by the dissociation of the 578-my and F centers, since 
a number of negative-ion vacancies created in this 
manner may be considerably higher than its saturation 
value in this temperature range, particularly for the 
crystal irradiated with high proton flux. Thus, the 
number of positive-ion vacancies will be decreased 
with a resulting increase of resistivity. Measurements 
show indeed an increase of resistivity in this tempera- 
ture range. 

If we accept this process for the second stage, then 
we can interpret the decrease of the height of the 250°C 
maximum in the resistivity curve with decreasing flux 
of irradiation. Scott and Smith" have demonstrated the 
presence of an equilibrium concentration of F centers 
and colloids in an additively colored KCl. One can 
assume thus that a similar equilibrium condition exists 
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between F centers and the 587-my centers. When the 
concentration of F centers is much higher than its 
equilibrium, the 587-my center will be formed at a 
certain temperature at which the migration of F centers 
becomes effective. When the concentration of F centers 
is much smaller than this value, the 578-my centers 
will not be formed in sufficient amount to change the 
electrical conductivity. Therefore, the influence of the 
578-my centers upon the electrical conductivity and 
thus the 250°C peak in the resistivity curve are 
expected to decrease when the total flux of irradiation 
is decreased. 

In this second stage of annealing the most dominant 
change is the disappearance of F centers, since the 
number of F centers is much larger than the number of 
any other centers. Electrons, which are initially in the 
F centers, will be finally trapped by holes which at this 
stage form mostly neutral chlorine atoms. Therefore, 
the energy released by disappearance of F centers 
should be accounted for by the difference of energy 
levels of an electron in an F center and in a trapping 
center. The thermal dissociation energy of the F center 
has estimated to be 1.89 ev.!® The thermal dissociation 
energy of an electron from the chlorine ion in NaCl was 
approximated roughly as 6.4 ev by assuming that the 
thermal dissociation energy is about two thirds of 9.5 
ev,'*7 that is, the optical excitation energy of an 
electron from the chlorine ion to the conduction band 
in NaCl. These values lead to 4.5 ev for the energy 
difference between the two states. If we assume that 
the magnitude of a still has a value of 3X10* for F 
centers in heavily colored crystals irradiated with 9.2 
X10'* protons per cm?, then one can obtain the amount 
of energy released by the disappearance of F centers as 
2.2 cal per gram of NaCl irradiated by 9.210" protons 
per cm’. This energy will be spent in radiation and in 
excitation of lattice vibrations. The latter is measurable 
by calorimetric means and should be smaller than 2.2 
cal. The magnitude of a will be very likely smaller than 
the value 3X10* which was used in this calculation, 
since the concentration of F centers will reach a satura- 
tion value at high-flux irradiation. Thus the energy 
released by the dissociation of F centers will also be 
smaller than 2.2 cal and, therefore, the value 1.2 cal in 
Table I may be quite reasonable for this process. 

The energy associated with the paring of vacancies 
which are formed by the dissociation of color centers is 
estimated to be less than 0.15 cal per gram of NaCl 
irradiated by 9.210" protons per cm?, using 0.9 ev 
as an energy for this process. This is a minor contri- 
bution to the evolution of heat compared to that due 
to the dissociation of F centers. Therefore, the peak in 
the heat curve in the second stage can be interpreted 
as due mostly to the bleaching out of F-centers. This 

®N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, London, 1940), p. 143. 


16 Reference 15, p. 97. 
17J. N. Ferguson, Phys. Rev. 66, 220 (1944). 
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picture is also supported by the fact that a crystal 
optically bleached at around 90°C does not show in its 
heat curve any large peak near 200°C. 


c. The Third Stage 


The absence of color centers in this stage, 250-400°C, 
indicates that the recovery of resistivity and the small 
amount of heat evolved are not related to the behavior 
of color centers. If we accept a simple picture that the 
conductivity is increased as a result of a production of 
positive-ion vacancies by a dissociation of clusters, 
then, one might expect an absorption of heat during 
this process. The experimental results, however, indicate 
an evolution.of heat. Therefore, this process is probably 
more complicated and, presumably, a number of rather 
unstable aggregates is changed to more stable ones or 
they are absorbed at dislocations, with an attendant 
evolution of heat and formation of free positive-ion 
vacancies. 


d. Efficiency of Irradiation 


It is interesting to inquire into the efficiency of the 
production of defects during irradiation. 

Since the number of isolated vacancies initially 
existing in a normal crystal, as estimated from electrical 
conductivity measurement, is very much smaller than 
the number of color centers produced by irradiation 
with a high flux, it will be safe to assume that most of 
the vacancies associated with color centers are produced 
by irradiation. We can estimate thus that about 3.2 
X10* negative-ion vacancies and about 1.3X10* posi- 
tive-ion vacancies are created by one proton per one 
centimeter path, in the form of V3, F, and M centers, 
during room-temperature irradiation. 

In order to compare this result with theory, let us 
first consider only the elastic collisions. A theory due 
to Seitz'* allows an estimate of the number of ions 
which are displaced from their lattice positions into 
interstitial positions by elastic collisions. The value is 
about 5 for both kinds of ions for one 350-Mev proton 
per one centimeter path through a NaCl crystal. This 
may be an underestimate, since as pointed out recently 
by Smoluchowski, Pearlstein, and Ingham” in connec- 
tion with their study of irradiation effects in tungsten 
for a high-energy proton irradiation, it is important to 
consider also the effect of the secondary particles which 
are created in inelastic collisions between protons and 
the component atoms of crystal. Assuming that a cross 
section for inelastic collisions is expressed as xro?A!, 
where 7p is 1.2 10-" cm, the number of protons which 
are captured per centimeter path in NaCl can be 
estimated to be about 0.02. If four to five secondary 
nucleons with an energy of 20 Mev are emitted in this 


18 F, Seitz, Discussions Faraday Soc. No. 5, 271 (1949). 
( 9 ee Pearlstein, and Ingham, Phys. Rev. 98, 1530 
1955). 
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disintegration and if they are completely stopped inside 
of the crystal, a rough calculation shows that 4 to 6 
displacements of each kind of ions are produced per 
incoming proton per centimeter path. 

Both these calculations are evidently off by several 
orders of magnitude and it appears that one has to 
take into account also electronic excitation. Using a 
mean excitation energy of the electron of Na and Cl, 
Seitz’s theory'® indicates that the number of ionizations 
is at least about 4X10‘ for both ions per proton per 
centimeter path. This includes the effect of the second- 
ary nucleons.” Therefore, there is a good possibility” 
of producing positively charged chlorine ions, and then, 
subsequently, the right order of magnitude of negative- 
ion vacancies and interstitial chlorine atoms by a 
mechanism first suggested by Varley” for F-center 
formation in x-rayed crystals. Furthermore, the va- 
cancies produced in this manner are negative-ion 
vacancies and thus their total number in the crystal 
will be expected to be much greater than that of 
positive-ion vacancies. This is just the condition neces- 
sary to account for the rapid increase of resistivity in 
the first stage as discussed in the foregoing. 

The fact that hard gamma radiation! produces quite 
similar effects to those produced by proton irradiation 
lends further support to the point of view that electronic 
excitations and not elastic collisions are here of primary 
importance. 

It should be pointed out that there is also the possi- 
bility of formation of vacancies by collisions of electrons, 
holes, and excitons, and dislocation jogs and vacancy 
clusters, since the former may exist in very high 
concentrations during the irradiation. No quantitative 
estimates of the efficiency of these two processes have 
been made nor has any evidence for the presence of 
interstitials been obtained. 
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It is shown that in a demagnetized crystal in which closure domains do not form, the domain pattern on 
a surface perpendicular to the easy-magnetization axis varies with the thickness of the crystal. For thin 
crystals the domain configuration should consist of plane-parallel walls. As the thickness of the crystal is 
increased, the plane walls become undular to form a rickrack-type pattern, the amplitude of the waves 
increasing with increasing thickness. At greater thicknesses the domain pattern becomes more complicated, 
a characteristic feature being many small domains of reverse magnetization penetrating as spikes from the 
surface into the interior. A typical pattern for a demagnetized sample could consist of a regular pattern 
of reverse-domain spikes within large domains demarked by plane-parallel walls extending all the way 
through the crystal. These theoretical predictions are compared with domain patterns recently observed 
in BiMn alloys and in barium ferrite. Recently reported domain patterns in polycrystalline SiFe alloys are 
interpreted as representing the latter thick-crystal configuration. The significance of the patterns found in 
SiFe alloys for the theory of flux reversal is also discussed. 





I. INTRODUCTION 


OBERTS and Bean! have used plane-polarized 
light in reflection to observe magnetic-domain 
patterns in ferromagnetic BiMn alloy. This alloy has 
the hexagonal (NiAs) crystal structure, a single axis 
of easy magnetization along the c-axis, and a large 
anisotropy constant (K ~ 10’ ergs/cm*). The anisotropy 
is sufficiently large to inhibit closure-demain formation ; 
there exist in the crystal only 180° domain walls which 
are nearly parallel to the c-axis. Consequently there is a 
large surface density of free magnetic poles on any 
surface of the crystal making a large angle with the c- 
axis. The energy associated with these magnetic poles 
and with the 180° domain walls will alone determine 
the domain patterns observed on the surface. 

Roberts' observed that the domain patterns on 
polished surfaces perpendicular to the c-axis depended 
upon the thickness of the crystal. In thin crystals the 
patterns consisted essentially of plane-parallel walls. 
In thicker crystals the patterns became undular, the 
amplitude of the rickrack waves increasing with crystal 
thickness. In the thickest crystals they found consider- 
ably more complicated patterns such as those reported 
earlier by Williams, Foster, and Wood* on (0001) 
surfaces of hexagonal cobalt. After an external field had 
been applied perpendicular to a surface on which 'rick- 
rack patterns were observed, the remanent rickrack 
patterns were broken up into separate domain regions, 
some of which were rings with six sides. This led 
Roberts and Bean to suggest that perhaps the six- 
sided rings reflect the hexagonal symmetry of the lattice. 

In Sec. II there is a qualitative discussion, in Sec. III 


* The research in this document was supported jointly by the 
Army, Navy, and Air Force under contract with the Massa- 
chusetts Institute of Technology. 

1B. W. Roberts and C. P. Bean, Phys. Rev. 96, 1494 (1954); 
B. W, Roberts, Conference on Magnetism and Magnetic Materials, 
Pittsburgh, Pennsylvania [pae 14-16, 1955), Am. Inst. Elec. 
Eng. (October, 1955), p. 192. 

*C. Guillaud, J. phys. radium 12, 492 (1951). 

3 Williams, Foster, and Wood, Phys. Rev. 82, 119 (1951). 


a quantitative calculation, of the energy associated with 
the surface magnetic poles in a ferromagnetic material 
with various magnetic-domain configurations. There is 
also a discussion of the character of the domains to 
be expected within the bulk of the material as the 
thickness of the crystal varies. From this discussion it 
is shown that the rickrack and six-sided ring patterns 
can be understood from a consideration of the energies 
associated with the surface poles and the domain walls; 
it is not necessary to assume that they are associated 
with the hexagonal symmetry of BiMn alloy. 

In Sec. IV there is a discussion of the domain patterns 
recently observed by Paxton and Nilan‘ in thin ribbons 
of SiFe alloy. The patterns of interest were observed in 
grains in which there was no closure-domain formation. 
Although Paxton and Nilan suggested that their obser- 
vations were incompatible with a theory of reverse- 
domain nucleation at grain boundaries’ and the con- 
sequent flux-reversal mechanism in metallic-tape cores,® 
it is shown that the observed domain patterns can be 
readily interpreted in terms of the physical concepts on 
which the grain-boundary nucleation and flux-reversal 
mechanisms were based. 


II. QUALITATIVE DISCUSSION 


It has previously been pointed out by various 
workers’ how the energy associated with the demag- 
netizing fields in a ferromagnetic sample magnetized 
perpendicular to two parallel surfaces of the material 
may be greatly reduced by the creation of parallel 180° 
domain walls; such a wall configuration causes parallel 
strips of alternately south and north poles to appear on 
the surfaces. If closure domains do not form, the 
optimum separation for these walls can be readily cal- 
culated by balancing the surface-pole energy gain due 


*W. S. Paxton and T. G. Nilan, J. Appl. Phys. 26, 994 (1955). 
5 J. B. Goodenough, Phys. Rev. 95, O17 (1954). 
° N. Menyuk and J. B. Goodenough, J. Appl. Phys. 26, 8 (1955). 
7 See the review article by C. Kittel; Revs. Modern Phys. 21, 
541 (1949). 
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to reducing the separation of these walls with the 
domain-wall energy loss due to increasing the total area 
of domain wall present. However, there are other 
possible domain-wall configurations which, in the 
absence of closure-domain formation, may give even 
lower total-energy states. 

The reduction in surface-pole energy by the creation 
of alternate rows of north and south poles is due to the 
formation of smaller flux-closure paths for the demag- 
netizing fields associated with the free magnetic poles. 
This reduction in surface-pole energy would be even 
greater if the flux-closure paths were reduced in all 
directions of the planar surface instead of in just one. 
Since any reduction in flux-closure path length can 
only occur at the expense of more domain-wall area, the 
problem is to imagine that configuration which gives an 
optimum balance between the two energies. 

There are two possible configurations for the demag- 
netized state which would give small surface-pole 
energies, the checkerboard array of Fig. 1(a) and the 
circular array of Fig. 1(b). The wall area associated 
with Fig. 1(a) is considerably reduced without an 
appreciable increase in the surface-pole energy if the 
corners are rounded as in Fig. 1(c) (see Sec. III); but 
this is immediately seen to closely approximate the 
rickrack pattern observed by Roberts and Bean.! 

The configurations of Fig. 1(d) are seen to be a 
combination of the rickrack and circular patterns; such 
configurations were found by Roberts and Bean on some 
areas of a (0001) surface of BiMn alloy after it had 
been subject to a perpendicular magnetic field of 15 000 
oersteds. 

The problem, then, is to calculate quantitatively the 
optimum rickrack configuration and compare its energy 
with the configuration of plane parallel walls. If the 
optimum rickrack configuration is roughly that ob- 
served by Roberts and Bean and is of lower total energy 
than a plane-wall configuration, the rickrack patterns 
do not illustrate any new principle. 


Ill, MATHEMATICAL DEVELOPMENT 


The principal mathematical problem is to develop an 
expression for the energy associated with an arbitrary 
distribution of magnetic poles on a plane surface of 
magnetic material. The treatment to be used here is 
essentially that outlined by Kittel.’ 

It is assumed that the surface magnetic-pole density 
w*==w*(x,y) is periodic in a fundamental area of sides 
2rL, and 2rL, so that it can be expressed by a double 
Fourier series as 


w(259) = EL Colinton, 
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where = x/L., n=y/L, and 
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(a) CHECKERBOARD PATTERN 

















(c) MODIFIED CHECKERBOARD PATTERN (d) MODIFIED CIRCULAR PATTERN 


Fic. 1. Domain configurations with low 
demagnetizing-field energy. 


If the plane surface is the surface of a material with 
spontaneous magnetization 7, which is oriented along 
the z-axis perpendicular to the plane, the magnetic 
energy per unit area is 


0 
on= -+f H- Lz, 
ond 


where L is the length of the specimen along the z-axis. 
The demagnetizing field H due to magnetic poles is 
perpendicular to the plane so that H=kH, and 


H,=—09/d2, V%o=0. 


Since B= H+-4zI, must be continuous across the plane, 
there is the boundary condition 


dg 
H2=-—— 


dz z=0 


= F 2rw* (x,y) 


In order to obtain a function which satisfies this 
boundary condition, let 


1 
Pmn hee ae H,) ane?™™. 
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Substitution of dn, into the Laplacian gives 


m\? n\?)3 
Po {(7)+(7) | 
L Ey 
Therefore, 


H,= — 0¢6/02= F2rw* (x,y)e’om, 
and 
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Fic. 2. Surface-pole configuration used in calculations of energy 
associated with rickrack domain patterns. 


where J, is taken as &*(x,y) to insure that H, and /, 
always point in opposite directions. It follows that 


Om=ACoeL+ea DY CanCem—nP mn (1—emPmt), (1) 
quieting 
m =n =0) 
In the demagnetized state the areas of north and 
south poles are equal so that Coo=0. Further, in most 


cases of interest e~?™"<1 so that 


On=™ >, In A oA AS £ (2) 


(excluding 
m=n=0 
Using Eq. (2), Kittel’ calculated the energy per unit 
area of a checkerboard array corresponding to Fig. 1(a) 
to be 
om =0.53w"D\ , 


where D“® is the side of each minor square. Similarly 
he calculated the energy per unit area of the con- 
figuration corresponding to Fig. 1(b) to be 


om) =0.3740"2D 0), 
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Fic. 3. Surface-pole configurations for 
(a) B=(1—a)/2, (b) a=0. 


where the fundamental area is a square of side D® in 
which there is imbedded a circle of opposite polarity of 
radius D“»)/(2)4. He showed that the energy per unit 
area associated with planar strips of alternating polarity 
and width D’ is 

om=0.8525w*D’. 


The total energy per unit top surface of a bar magnet 
of length L is therefore 


Owl./D’+1.70"D’, 


where oy is the domain-wall energy per unit area of wall. 
This total energy is a minimum with respect to the 
domain width D’ if o,L/w*D’=1.7. 

The change in bar-magnet energy per unit top-surface 
area from the parallel-strip configuration to the con- 
figuration of Fig. 1(a) or Fig. 1(b), respectively, can 
therefore be written as 


Ao) =D’ {3.4—1.06(D/D’)—3.4(D’/D™)), 
Ao?) =o**D/ {3.4—0.75(D/D) 
~1.7(2n)(D!/D)}. 
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Fic. 4. Ao/w**D’ and f(a,8) vs a for 
B= (1—a)/2, Lz=Ly. 


The optimum values for D“* and D®” are 1.8D’ and 
2.4D’, respectively; and the corresponding energy 
changes are Ao“*) = —0.4w**D’ and Ao“ = —0.2w”D’. 
It is not, therefore, immediately obvious that the con- 
figuration of parallel strips of alternate polarity can be 
replaced by a more stable one. It should be noted, 
however, that the walls are assumed to remain per- 
pendicular to the surface. The relaxation of this condi- 
tion is discussed later. It is of interest to determine first 
whether the energy change Ao can be positive for any 
configuration of surface poles if the walls remain every- 
where perpendicular to the surface and pass through 
the crystal. 

To calculate the energy associated with the modified 
checkerboard pattern of Fig. 1(c), the configuration of 
Fig. 2 is used. This configuration has an integrable 
solution and contains two parameters, a and 8, which 
can be varied within the limits 0<a<1 and 0<6 
<(1—a)/2. If B=(1—a)/2, the configuration is the 
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trapezoidal pattern of Fig. 3(a) and varies from the 
checkerboard pattern for a=0, 8=} to a zigzag pattern 
for a=1, 8=0. Similarly if a=0, the configuration is 
the snipped-corner checkerboard pattern of Fig. 3(b) 
which varies from the checkerboard pattern for B=} 
to the zigzag pattern for 8=0. The details of the calcu- 
lation of f(a,8)=on/w*D from Eq. (2) and of the 
change in energy per unit top-surface area Ao are given 
in Appendix I. 

It was first assumed that L,= L,. In Fig. 4 are plotted 
the calculated curves for f(a, (1—a)/2) and Ac/w**D’ 
as a function of the parameter a, and in Figs. 5 and 6(a) 
the calculated curves for Ac/w**D’ and f(0,8), f(3,8) vs 
the parameter £. For no value of a and 8 is Ao>0. Since 
the optimum value for 8 appears to be B= (1—a)/4, 
the calculated values of Ao/w**D’ and f(a, (1—a)/4) 
vs a are plotted in Fig. 6(b). From this plot it is apparent 
that the optimum shape, under the assumptions of 
Fig. 2, is a configuration with a=}, 8=4; but even this 
optimum configuration has Ac<0O so that it is a less 
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Fic. 5. Ao/w™D’ and f(a,8) vs 8 for 
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stable configuration than that of alternating parallel 
strips of positive and negative magnetic poles. 

In Appendix II the restriction L,=L, is removed 
and an additional parameter y=L,/L, is introduced. 
Since the optimum shape for y= 1 was seen to occur for 
a=4, the surface-pole energy per unit area f(a,8,y)w**D 
was calculated as a function of y for the configuration 
a=}, B=(1—a)/2=}. From Fig. 7 where f(},y) vs 
is plotted it is seen that although the surface-pole 
energy decreases with increasing , the change in total 
energy per unit area from the plane-parallel configura- 
tion is negative, Ao <0, for all values of y. It is apparent 
that so long as the domain walls remain perpendicular 
to the surface of the material, the lowest energy con- 
figuration consists of a set of plane, parallel walls. 

Although the assumption that the walls remain 
everywhere perpendicular to the surface gives the 
minimum domain-wall area in the case of plane, parallel 
walls, it does not provide for the minimum wall area 
when the walls are waved as in the rickrack patterns. 
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Fic. 6. f(a,8) and Ao/w**D’ vs (a) 8 for a=4, and (b) a@ for 
B=(1—a)/4, Le=Ly. 


If the amplitude of the waves decreases regularly with 
depth of penetration into the material as illustrated in 
Fig. 8, there is a considerable decrease in the total wall 
area. In order that such a taper of amplitude exist, 
however, the 180° domain walls can no longer be 
parallel to the magnetization, and magnetic poles are 
associated with the domain walls. The decrease in 
energy due to the reduction in wall area causes the 
appearance of energy associated with the domain-wall 
poles; this energy per unit top-surface area is defined 
as og. The appearance of this energy defines an optimum 
rate of change of wave amplitude with penetration 
depth. 

In Appendix II the special case is considered in which 
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Fic. 7. f(},y) vs y; [Ao(4,y)+oa]/w™D’ vs y, for walls every- 
where perpendicular to the surface (eg=0) and for walls which 
taper to plane walls at the crystal half-width (¢4+0). 
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Fic. 8. Schematic domain walls with taper. 


the amplitude of the waves decreases regularly to zero 
at the half-thickness L/2, then increases regularly to 
full amplitude at the opposite face. The energy per unit 
top-surface area (Ao+c4) is plotted in Fig. 7 for the 
domain configuration a= 4, 8= (1—a)/2=}4; this energy 
is seen to be positive for all values of y. Since cq is 
proportional to some positive power of D/L where 
D/L=(D/D’)(D’/L) « L-, the term og can be reduced 
to ¢4<oa+Ao by increasing the crystal thickness L. 
It is at once apparent that Ao>0 for a crystal thickness 
in the neighborhood of (D/A), where (D/2X) is the 
distance required for the surface-wave amplitude to 
decrease to zero at the optimum rate of wave-amplitude 
reduction with penetration depth. 

It can be concluded that in crystals which are too 
thin to permit a significant change in wave amplitude 
within their interior, the configuration of plane, parallel 
walls is the most stable. For a thicker crystal wavy 
walls are more stable than plane walls, the amplitude 
of the waves increasing with thickness. However, the 
amplitude will not increase indefinitely : Fig. 7 indicates 
that the maximum amplitude probably occurs for 7 <3. 
Also the domain width is greater than that calculated 
for the plane-wall case since, by Appendix II, D/D’>1. 
This fact was observed by Roberts.! 

Qualitatively it can be seen that for very thick 
crystals the configuration of Fig. 9 will form in prefer- 
ence to a rickrack pattern of very large amplitude. In 
this configuration the surface-pole energy is similar to 
that for a configuration of large amplitude, but the 
domain-wall energy is considerably reduced by the 
formation of rows of domains of reverse magnetization 
which penetrate as spikes only partially through the 
crystal, these rows being separated by plane-parallel 
walls which extend entirely through the crystal. Sixtus*® 


has found patterns of this latter type on a polished: 


surface of barium ferrite parallel to the hexagonal axis. 
He also reports the rickrack patterns for a surface 
perpendicular to the c-axis in this material. 
If reverse-domain formation is more stable than a 
rickrack pattern, there are many complex configurations 
*K. J. Sixtus, Conference on Magnetism and Magnetic Ma- 


terials, Pittsburgh, eg ad 14-16, 1955), Am. Inst. 
Elec. Eng. (October, 1955), p. 


which can occur depending upon the magnetic history 
of the specimen. The ring patterns observed by Roberts 
and Bean when the BiMn specimen was subject to a 
large field along the c-axis are typical for a partially 
magnetized sample. Since the energy associated with 
the surface magnetic poles is large, the domains which 
are oriented parallel to the applied field grow as a 
result of a variation in the rate of taper of the rickrack 
walls, the cost of increased domain-wall pole energy 
being somewhat compensated by decreasing wall area. 
The changes in surface configuration will not appre- 
ciably increase the large energy associated with the 
surface magnetic poles until extremely large fields are 
applied. Consequently the surface configuration is seen 
to break up irreversibly into smaller units than the rick- 
rack pattern, units such as the rings shown in Fig. 1(d), 
which penetrate as relatively blunt spikes into the 
material ; the change in surface-pole energy with change 
in surface configuration is small. 

From these considerations the interesting rickrack 
and ring patterns observed by Roberts and Bean are 
found to be due to normal energy considerations; there 
is no need to attribute them to the hexagonal symmetry 
of the lattice except insofar as this gives a unique easy 
axis of magnetization with large anisotropy so that 
closure domains do not form. 


IV. PATTERNS IN SiFe ALLOY 


The absence of closure domains at the surface of a 
magnetic material need not be associated with crystals 
which have but a single axis of easy magnetization and 
a high crystalline anisotropy, such as BiMn alloy. If 
the surface of a cubic crystal cuts the three axes of 
easy magnetization, for instance, there is no easy-mag- 
netization direction parallel to the surface, and surface 
poles exist. Although closure domains may reduce the 
energy associated with these surface poles, it is easy to 
imagine a situation where this is not the case. 








Fic. 9. Thick crystals in demagnetized state: large-amplitude 
rickrack pattern gives way to rows of spikes separated by plane 
walls. 
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Consider a strip of commercially grain-oriented 3}% 
silicon steel approximately 0.01 in. thick, such as that 
used by Paxton and Nilan‘ in recently reported domain- 
pattern studies. In their work they introduced three 
angular parameters to define the orientation of a given 
grain with respect to the rolling plane and rolling direc- 
tion customarily used for reference in sheet steel. The 
[100] direction is taken as that one of the (100) direc- 
tions which makes the smallest angle with the rolling 
plane; this smallest angle is ¢. The angle the projection 
of the [100] direction on the rolling surface makes with 
the rolling direction is 6, and a measures the degree of 
rotation of the [010] and [001] directions about the 
[100] direction, a position in which they make equal 
angles with the rolling plane being the reference position 
a=Q. Since the (100) directions are the easy axes of 
magnetization, the energy due to crystalline and demag- 
netization anisotropy is minimized when the mag- 
netization is roughly parallel to the [100] direction; 
closure-domain formation does not reduce the energy. 
This particular example is chosen as the experiments 
reported there appear to illustrate the pattern proposed 
in Fig. 9. They also confirm the concepts on which an 
earlier theory of flux reversal was based.*-® 

The patterns of particular interest for this discussion 
are those Paxton and Nilan classified as “lozenges,” a 
pattern which was observed for 4°<¢ <7°. The lozenge 
figures resemble small spikes which are either open or 
closed at the base and point in the [100] direction. 
These figures are periodically spaced in rows with a 
regular spacing between the rows. In the demagnetized 
state the lozenges are all of uniform size. 

Whereas Paxton and Nilan judged that the lozenge 
figures are a flux-closure pattern, this conclusion can be 
ruled out immediately from energy considerations; 
closure-domain formation would only increase the 
magnetic-pole strength at the surface. The lozenge 
patterns must enclose surface regions of opposite 
polarity. Further, the lozenge shape is what would be 
anticipated for domains of reverse magnetization; 
proposed domains of reverse magnetization are illus- 
trated in Fig. 10. Finally, the periodicity of the lozenges 
in the respective rows suggests that these reverse 
domains have been created to reduce the energy asso- 
ciated with the surface magnetic poles; the assumption 
of periodicity in the Fourier analysis of Sec. III is 
apparently quite generally valid. 

The most interesting feature of the lozenge pattern, 
however, is its reaction to an external field applied 
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Fic. 10. Model for reverse-domain spike responsible for a lozenge. 
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Fic. 11. Complete magnetic-domain model for lozenge patterns. 


roughly parallel to the [100] direction. In such a field 
the lozenges of alternate rows grow, the others decrease. 
When the field is reversed, the set of larger lozenges 
decreases, of smaller lozenges increases. Such a behavior 
can be understood if it is postulated that invisible, 
parallel plane walls exist between the rows.’ The postu- 
lated domain pattern is shown in Fig. 11; it corresponds 
to the thick-crystal configuration of Fig. 9. However, 
there are three questions which must be answered: 
(1) Why are only the lozenge patterns observed by 
colloidal-magnetite techniques? (2) Is the spacing 
between lozenge rows compatible with the optimum 
spacing D’ for a configuration of plane walls parallel to 
the magnetization vector? (3) Why does a strip of 
silicon iron only 0.01 in. thick have a configuration 
corresponding to the predictions for a thick crystal? 
The answer to the first question is readily apparent. 
The colloidal magnetite is attracted to the region of 
the surface intercepted by a wall if the atomic moments 
within the wall make large angles with the surface. 
Since the atomic moments within a 180° wall are always 
within the plane of the wall, only that portion of 
domain wall intersecting the surface at a large angle 
will contain atomic moments which are so directed that 
they attract the colloidal magnetite more strongly than 
the surface atomic moments within the domains them- 
selves. The plane walls of Fig. 11 intersect the surface 
at a small angle; ¢<7°. The atomic moments within 
these walls make even smaller angles with the surface 
than do those within the domains; there can be no 
attraction of colloidal magnetite to the intersection of 
the wall with the surface. Similarly the base of each 
lozenge pattern consists of a wall making a small angle 
with the surface: this accounts for the fact that many 
of the lozenge figures have open bases. The fact that 
some are closed can be the result of fringe fields from 
the side walls of the lozenges which make large angles 
with the surface (see Fig. 10). These closures do not 
necessarily reflect the configuration of the base wall. 
To calculate the optimum spacing for a configuration 
of plane-parallel walls of the type shown in Fig. 11, let 
the angle the walls and the magnetic moments within 
the domains make with the surface be ¢’<¢. The 
demagnetizing fields rotate the magnetic moments out 
of the easy-magnetization direction [100] to make 
¢’<@ where ¢—¢’=H4l,/2K, Ha, I,, and K being 


® The possibility that invisible parallel walls exist was sug- 
gested to us by W. S. Paxton and T. G. Nilan during an informal 
discussion of their work. 
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respectively the demagnetizing field, the saturation 
moment, and the crystalline anisotropy constant.’ Then 
the total energy per unit top surface area of a system 
of plane-parallel walls like that of Fig. 11 (omitting the 
lozenges) is 


o=owh/(D’ sing’)+ fnw*D’, 


where on= fnw**D’ is the magnetic energy per unit area 
associated with the parallel strips of magnetic poles of 
surface magnetic-pole density w*=/, sing’. If the tape 
thickness A were large and ¢’ were 90°, then f,=0.8525. 
In order to take advantage of this knowledge, assume 
hypothetical surfaces perpendicular to the plane walls 
and separated by a distance L=h/sing’. For these 
surfaces w*=J, and f,=0.8525 so that as in Sec. III 
the optimum value for wall separation is (o,L/1.7J,?)!. 
From this it follows that for 3}% silicon iron with 
h=0.01 in., o.~1 erg/cm’, ¢’=4°, B,=19.7X 10° gauss, 


1 wh 
aoe 
I, sing’ \1.7 sing’ 





; 
) =10-* cm. 


Since the observed spacing between rows of lozenges 
in the demagnetized sample was about 10 cm, the 
proposed invisible walls are energetically feasible. The 
wider observed spacing is easily accounted for by the 
existence of the reverse-domain spikes in addition to 
the plane walls. If the observed spacing had been 
smaller, however, the invisible walls would not have 
been energetically feasible. 

The answer to the third question is simply that it is 
not the crystal thickness, but the effective crystal 
thickness L=h/sing’~3.6 mm which determines the 
surface domain configuration. If the ratio of minor to 
major dimension of the reverse-domain spike is about 
1/30, the length of the reverse domains represented by 
the lozenges is about 0.5 mm, or L/7. The rickrack 
pattern is most stable if this length is about L/2; the 
effective thickness L=h/sing’ does correspond, there- 
fore, to the thick-crystal case so that a domain con- 
figuration corresponding to Fig. 9, or Fig. 11, is to be 
expected. 

Once the configuration of Fig. 11 is accepted, the 
interesting behavior of the lozenge patterns becomes 
obvious. The invisible parallel walls of the configuration 
are the mobile walls in the presence of soft magnetic 
fields. In the presence of an external field roughly 
parallel to the [100] direction, those large domains 
which are oriented parallel to the field grow, those 
oriented antiparallel shrink because of the motion of 
the invisible parallel walls. Since the lozenge patterns 
are due to reverse domains which are enclosed within 
these larger domains, these grow or shrink with the 
host domain. It should be noted that these reverse 
domains grow or shrink against the forces from the 
externally applied field; the energy associated with the 
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surface magnetic poles is apparently larger than that 
associated with the external field. 

Finally, these experimental results give interesting 
confirmation to the concepts set forth in an earlier 
paper.® First, the magnitude of the domains of reverse 
magnetization varies in a regular way with the size of 
the parent domain within which it is created. This was 
the basic assumption required for the term in the 
coercive force which varies inversely with the mean 
grain diameter. 

Second, the domains of reverse magnetization are 
created in a periodic manner, an assumption which was 
used for the calculation of the energy associated with 
planes of magnetic poles. There is a correction to be 
made in Sec. III part B of that paper, however. If 
cylindrical domains of reverse magnetization are created 
at a planar surface with base radius r in elementary, 
periodic areas D*, the energy associated with the 
surface magnetic poles is, according to Eq. (1), 


Om= TC oo°L+ (harmonic terms) 
=o (2r*/D*)—1 + (harmonic terms), 


where op= 2w*L/3 if the planar surface is the boundary 
of a grain of diameter L. The factor } appears after 
account is taken of the finite dimensions of a grain- 
boundary surface. In the earlier paper the expression 
was given as 


Om= | (2472/D*)—1|-+ (harmonic terms). 


It follows, therefore, that the field required to move 
the wall irreversibly against the surface magnetic poles 
is 


rw* 2ar* 
Hy (w*) = x2(—-1), 
6!, D 


which reduces to the value given previously for the 
contribution to the coercive force due to grain-boundary 
magnetic poles when r~ D/2. Since r= D/2 is the value 
of r at which periodically distributed reverse domains 
meet one another, 2(w**)/(6/,) remains the only reason- 
able value to take for this contribution to the coercivity 
and all the conclusions of the earlier paper remain valid. 

In the third place it was assumed that in soft mag- 
netic materials the domains of reverse magnetization 
which grow to reverse the flux in the core are created 
within the bulk of the material, the poles at the surface 
of the material being so large that the reverse domains 
at the surface are restricted to small changes only. The 
lozenge patterns indicate this to be the case, the reverse 
domains growing against the applied field for values of 
¢@ as low as 4°. The mobile walls in the flux-reversal 
process at low fields are the invisible plane-parallel 
walls. 

It should be remarked, however, that in the ultrathin 
tapes there is a large surface-to-volume ratio, and there 
may be a sufficient orientation of the moments due to 
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the magnitude of shape anisotropy compared to the with the surface would be mobile; perhaps in this case 
crystalline anisotropy to make ¢’<4°. In such a tape __ the surface may be considered the significant source of 
the walls created at the intersection of a grain boundary mobile walls for flux reversal. 





APPENDIX I 


To calculate the energy associated with surface poles with the periodic configuration shown in Fig. 2, Eq. (2) 
is used ; the coefficient Co is zero since the configuration represents a demagnetized state. The Fourier coefficients 
are given by 


Qw* Br r Qe . (1+8) xr w+t—pr Le ptt+Al a (1—8) r+t+hr 
Cad ff + f+ [+ f +f ff +f x 
4mlJy Yo (-B)rd 9 (1-8) pr Str 
Is 7+A2 ly w+Ag (2-8) T+Ay 
i Ne +f I tomas 
w(1+8)~ Ae Ls “ A3 


L,=}n[1—208/(1—a)], Ai=(1/a)[E—34(1—a) J, 
L2=}n[1+206/(1—a)], A2=—t+(2+8)z, 
L3=}n[3—208/(1—a)], Ave (1/a) [¢—-44(3+<a) ], 
=}n[3+206/(1—a)], Aa=—é+(2+86)z. 
It follows that for even n, Cn,=0 while for odd n, 


* 


4w npr 
Con=— = 14+-(—1) eR - a) sin( — )}. 
rn? 1 


pee 


4iw*t( 3-—a 1/l—a 1+a nmr {1 B 
-—| sin(non) +-(—) sin| noe (—") |+"*( => — )cos(n) ; 
mn? |4(1—a) 4\1+a 1—a 2\2 1-a 


({ 2c? npr 1/1-—a 2nBr npr nr {ita 
| | sin(—") +|-(—*) sn( +=] cos|"(—) |} for n/a odd integer 
P 6 — 1—a? a 2\1i+a 1--a 1—a a 2 
n/a,n—U—n/a,n 


rn? 2a npr 1/1-—a 2nBr nr mx {ita\ 
me) iG) (=) lt) JI 
1—a? a 2\1+a 1—a 1—a a 2 2 


for n/a even integer, 


(am-+-n) 6 ( n)B pha if m odd 
a us am— T el ae ont ae a as 

sn ——— | sn| m(m?—n?) 

4(1—a)e~ iim 2 {ug oo + 








—icos(mBr) 
(am-+n) (m-+-n) (am—n) (m—n) a if m even | | 
m—n? 


If L,=L,, then Pmn= (2/D) (m?+-n?)', and Eq. (2) gives 


64 «© 1 npr 2 
f(as)=— ———| >> {—[1+(—1 1-2) sin(—) | 
wD wl 1 (2n5 Lom 


n odd 


1 3-a 1—a 1+a m/l 8B 2 
oo sin (mB) -+- (= ~) sin|noe(—) b=(--—) cos(no) | 
v2n'L4(1—a) 1+a 1—a 2\2 1—a 


o aé 1{ 2d? npr 1/1—a 2nBr npr nr {ita ’ 
+ & atia(S) +E) “(lo ) 
as 4(1+a7)! n§\1—a? a 2\1+ea 1—a 1—a a 2 


n/a =odd int. 





(Equation continued on next page.) 





JOHN B. GOODENOUGH 


~ maratna(—)+; (52) = n(=)-= — Jot. (>)-3} 


n/a =even int. 





oo (Nn f amar nBar 
+ >> {oem sin (mBmr)+ (—1)°"*™ | (1—a) (am?+-n?) sin(- ) cos() 
1 1 Im @ 


—a 1—a 


—mn(1—a*) pia sin(") )|t J (oemt—n'ym 2 — 42)? (m?+n?)! 


l—a 
nar ( mt) 
ot —— 
n(—) 1—a 


—mn(1—a*) cos(“") sin( =") / m?—n*)?(m?—n*)? (ne-+n (1.1) 


—a 


n,m odd 
mn, n/a 


It is interesting to first examine the two special cases f(0,8) and f(a, }(1—a)), which follow directly from Eq. (I.1) 
as 


[i+(—1)@e sin(m6r) P , Linen) FG — 8) (nx/2) cos(nfm) } 


2n5 v2n5 





(0,8) =— x 
a 


oul 
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[(—1)(™+™+)?? sin (mBx)+cos(mBr) F 
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fe, 4—a))=—) De at & x : —— = 2)4 ~ — i 2)4 
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1 16(1+a%)t 23) 


n/a =int. 
n odd 


The curves for f(a,8) of Figs. 4 and 5 are calculated from Eqs. (I.3) and (I.2), respectively. The curves for 
Aa/w*D’ follow from the relation: 


Ao/w™D! = 3.4—2 f(a,8)(D/D’) —1.7s(a,8)(D’/D), (1.4) 


where s(a,8) is the length of domain-wall intercept with the surface in the area D*. The curves of Fig. 6 are cal- 
culated from Eqs. (I.1) and (I.4). 


APPENDIX II 
If the restriction L,= L, is removed and a variable parameter y= L,/L, is introduced, then D=yrL,==L, and 
Pan=t(y'm’+n’*)'/D. In the case B= (1—a)/2, Eq. (1.3) is modified to 
. « [1+cos(amm) |n? 
flaw) —— x + 1 1 2m? (am? —n*)*(y*m?+-n?)! 
odd n -~ 4 
men/a 





[1+ cos(amm) |a? = rat 
2(a%m?—n®)?(42m?--n?)t Es 16(y2+a2)t 3} 


n/a =int. 
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If the walls are everywhere perpendicular to the surface, the area of wall per unit top-surface area is Ls(a,y)/D*, 
where 
s(ayy) =[1—a+ (e?+*)!]D/y (II.2) 
and the change in energy per unit top-surface area on going from a parallel-wall to a trapezoidal configuration is 
Ao, where 
Ao/w**D’ = 3.4—2f(a,y)D/D’—1.7[1—at+ (a? +7’)"]D’/D. 

Since the optimum value of D/D’ is {1.7[1—a+ (a?++?)#]/2f(a,y)}}, this change in energy is 

Ao (a,7)/w*D’ = 3.4—2{3.4[1 —at+ (a2?+-")#] f(ayy)}!. (11.3) 
In Fig. 7 are plotted f($,y) and Ao($,7)/w*D’ as calculated from Eqs. (II.1) and (II.3). 


If the domain walls are not perpendicular to the surface, but taper toward a plane wall within the interior of 
the material as shown in Fig. 8, then instead of Ls(a,y) it is necessary to calculate 


LI? D pDin 
of s(o)ds—— f (1—a+[a?+-y?(1—2dz/D)* }id2z+ L/2—D/ (2X) 
0 Y “o 


DsD AL 1 a y+ (a?+y?)! 
FENG —)elerr oe”) 
y \2Xr D 2 y a 


where D/2d is the depth beneath the surface at which the wall becomes planar if a uniform taper to that depth 
is assumed. In the special case D/2A= L/2, 


LI2 D 
af s(z)dz=—Lp(a,y), 
0 Y 


1 a + o?+ 2\4 
p(a,y) =1 -ot | (ott n(——")| 
2 ¥ : 


where 


a 


In this case Eq. (11.3) must be modified to 
Aa (a,y)/w**D’ = 3.4—2{3.4p(a,y) f(a,y)}4$—oa/w™D’, 


where gz is the energy per unit top-surface area due to the magnetic poles at the domain walls which result from 
the angle the tapered walls make with the magnetization within the domains. In order to have Ao>0, it is necessary 
to have 
0 <oa/w"D’ <3.4—2{3.4p(a,y) f(a,y)}}. (11.4) 
In Fig. 7 there is also plotted 
(Ao+o4)/wD’ =3.4—2{3.49(3,7) f(4,7)}*. 
as a function of y. 
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The width of the ferromagnetic resonance has been measured at 10 000 Mc/sec in polycrystalline mixed 
ferrites of the composition CogNi:aFe20,, with a between 0 and 0.04. The minimum line width is found for 
a=0.025 at 20°C. This, as well as the variation of line width with temperature, can be understood on the 
basis of known single crystal properties and the following assumptions: (a) line width is a linear function of 
|K|; (b) crystal anisotropy is an additive atomic property. 





EVERAL papers’ have been published recently on 

the crystal anisotropy of cobalt ferrite and of 
mixed ferrites containing cobalt. The points of interest 
here are the following: (1) cobalt ferrite has an ex- 
ceptionally large crystal anisotropy and, uniquely 
among known ferrites, a preference for magnetization 
along the [100] directions (K,;>0); (2) Co** ions tend 
to occupy octahedral sites as do Ni* ions; (3) for 
either nickel or cobalt ferrite the anisotropy above room 
temperature is quite well described by a K, term alone, 
the magnitude decreasing smoothly to zero at§7.; 
(4) the Curie temperatures of the two ferrites are 
nearly equal and high (about 600°C). Under these 
conditions, one expects that a ferrite of the type 
Co,Ni;.Fe:0, will have a crystal anisotropy constant 
K, equal to the weighted algebraic sum of the values of 
the individual ferrites. In particular, a composition 


can be picked with K,=0 corresponding to a certain ao. 
For a<ap, K,<0; for a>ao, K,;>0. Moreover, since 
|dK,/K,dT| is greater for cobalt ferrite than it is for 
nickel ferrite, one expects the following qualitative 
behavior of K, of the mixed ferrite as a function of 
temperature: (a) aap: | K,| decreases for all tempera- 
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Fic. 1. Line width versus amount of cobalt substituted. The 
two sets of points correspond to specimens prepared under slightly 
different conditions. 


1 Bickford, Pappis, and Stull, Phys. Rev. 99, 1210 (1955). 

2 Bozorth, Tilden, and Williams, Phys. Rev. 99, 1788 (1955). 

7H. Shenker, Ph.D. thesis, University of Maryland, 1955 
(unpublished). 


tures above 20°C; (b) aSao: |Ki| increases to a 
maximum, then decreases to zero; (c) a>ap: |K;| 
decreases to zero, increases again to a maximum, and 
finally decreases to zero. 

We have attempted to observe evidence of such 
behavior by measurement of ferromagnetic resonance 
line widths at 10000 Mc/sec in polycrystalline 
materials. We assume that line width is a linear function 
of |K,|. Though this evidence is clearly indirect and 
can under some circumstances be obscured by such 
influences as porosity of the ceramic (which produces 
a large broadening), it does offer the apparent advantage 
of allowing one to work with materials of prescribed 
composition. 

The results of room temperature measurements on 
two sets of specimens are given in Fig. 1. While only 
fair reproducibility is obtained from set to set, it 
seems apparent that there is a minimum in the region of 
a=0.025. Line widths in this region are usually below 
200 oersteds and occasional widths have been as low 
as 150. When one considers that polycrystalline nickel 
ferrite is found to have a line width of about 400 
oersteds and that single crystals have been reported to 
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Fic. 2. Line width versus temperature for three 
different compositions. 
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have lines about 75 oersteds wide,‘ it is apparent that 
a sizable decrease in K, has been obtained. An estimate 
of K, seems impossible because of our inability to take 
into account the effect of ceramic imperfections (pores, 
etc.) and of deviations from uniform distribution of 
cobalt in the specimen. From the papers of Bozorth? 
and Healy‘ we may take +2X10® and —5X10', 
respectively, as the anisotropy constants of cobalt and 
nickel ferrites. These values, obtained for the most 
nearly stoichiometric crystals, do, of course, lead to a 
prediction of zero anisotropy for a=0.025 if K, is 
considered a purely additive atomic property. 

In Fig. 2, we show some typical results of measure- 
ments of line width as a function of temperature in the 
region 20°C to 350°C. The curves with aap and 
aSao quite obviously behave as expected. The latter 


*D. W. Healy, Jr., Phys. Rev. 86, 1009 (1952). 
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case is particularly gratifying in that it is in general 
very difficult to conclude that line width changes in 
polycrystalline materials are not due simply to such 
causes as changes in grain size. Since such contributions 
to line width will always decrease with M,, an increase 
in width with temperature seems very strong proof that 
we are dealing with a case in which anisotropy is 
largely determining the width. The curves corre- 
sponding to a>ap show the initial precipitous decrease 
predicted but do not go to very low values. This may 
be due to nonuniform cobalt distribution. If this is the 
case, other ceramic procedures may help, and the 
narrowness of the line at this first minimum for a>ao 
can be used as a “quality control” of the process. 
This work is in progress. 

We want to express our appreciation to Dr. S. L. 
Blum and Mr. J. Zneimer who supervised the prepara- 
tion of the specimens discussed in this paper. 
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The work functions of twelve lead surfaces have been determined by measurement of their contact dif- 
ferences of potential with respect to barium reference surfaces of known work function. The lead surfaces 
were prepared by subjecting Hilger’s spectroscopic lead to intensive outgassing followed by fractional dis- 
tillation, redistillation, and deposition on glass targets. The barium surfaces were prepared by a similar 
standardized technique which yields surfaces constant and reproducible to 0.01 ev. Measurement was by 
the electron beam method, and the time lapse between deposition and measurement of a fresh surface was 
five seconds. 

The contact difference of potential for Ba—Pb is found to be 1.48+0.01 v. The work function of lead, 
referred to a Ba work function of 2.52 ev, is then 4.00+0.02 ev. No drift of work function exceeding 0.01 ev 
was found on aging. Since the minimal time required for deposition of a monolayer of gas is large with respect 
to the metal deposition-measurement interval, it is concluded (1) that the film of gaseous contaminants 
adsorbed by a lead surface during equilibration is insufficiently dense to affect the work function, and (2) that 
the observed work function is probably characteristic of clean lead. 


E report here further results from a program of TUBE DESIGN. OUTGASSING PROCEDURES 

work function studies in which the contact 
difference of potential between the “unknown” metal 
and a reference metal of known function, barium, is 
measured in a barium gettered vacuum. Lead was 
selected for study because existing data for this metal 
were obtained under experimental conditions which are 
no longer regarded as adequate. The present measure- 
ments furnish evidence, not available heretofore, for 
the conclusion that lead surfaces which are initially 
clean undergo no detectable change of work function on 
prolonged exposure to the residual gas present in a 
sealed-off, barium-gettered tube. 


The tubes, in which all the steps involved in the prep- 
aration and measurement of the lead and barium films 
were carried out, were similar to those employed for 
copper! except for the design of the lead vaporizers. 
Since molten lead alloys with metals of the tungsten 
group on prolonged contact, the first lead vaporizers 
(Fig. 1) were 45-60° silica cones set in close fitting 
conical heaters of 25-mil tungsten wire. The use of 
twin cones provides insurance against the loss of a tube 
from failure of a single heating element and increases 
the total lead charge to 4-5 grams. The lead was Hilger’s 
spectroscopic standard material containing 0.0001% 
* This research was supported in whole or in part by the U. S. bismuth as the only impurity which honond be. esti ted. 


Air Force under a contract monitored by the Office of Scientific 
Research, Air Research and Development Command. 





1P. A. Anderson, Phys. Rev. 76, 388 (1949), 
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Fic. 1. Lead vaporizers. 
The “first vaporizers,” A, 
are silica cones with hold- 
down ears and 25-mil tung- 
sten wire heaters. The 
second vaporizer, R, is a 
3X4 cm grid of 1-mil tung- 
sten foil. 7=glass target of 
measuring tube. For detail 
of R and tube, see refer- 
ence 1. 














Before the barium and lead charges were introduced, 
the tube was baked on the pumps at 450° for 24 hours 
and all of its metal components were subjected to 
repetitive induction or Joule heating to their tolerable 
temperature limits. After loading and before sealoff, 
the following operations were performed in order: (1) 
The tube was baked at 260°C for 40 hours. (2) The 
unmelted barium was held for 8 hours at a temperature 
just below that at which vaporization was detectable; it 
was then put through three fusion-solidification cycles. 
(3) The lead charges were melted and solidified nine 
times. During this treatment the black suboxide 
initially present as a visible film on the surface of the 
molten lead was decomposed and the surface remained 
mirror-like thereafter. (4) The tube was given a final 
bake of 40 hours at 260°. (5) The lead and barium were 
put through three more fusion-solidification cycles. 
The tube was then sealed from the pumps and repetitive 
fusions of the lead and barium continued until the gun- 
emission test? showed no evolution of gas when the 
metals were melted. Two fusions were sufficient for this 


purpose. 
MEASURING PROCEDURES 


The scheme for depositing a thin film of lead on the 
target involved slow distillation from the silica ovens to 
the second vaporizer followed by high-temperature 
flashing of the second vaporizer and nearly instantane- 
ous deposition on the target. The quantity of lead dis- 
tilled to the second vaporizer in each film deposition 
sequence was adjusted by noting the opacity of the 
film formed on a clean section of the glass target; a 
“thin film” was one which produced a marked darkening 
of the glass but not an opaque coating. Before any 
measurements were taken, the thin-film depositions 
were repeated until a thick, opaque coating of low 
electrical resistance had been built up on the target. The 
first series of measurements, comprising observations 
on six different lead surfaces, was designed to establish 
the reproducibility of surfaces which had not come to 
equilibrium with the residual gas in the tube. As each 
film was laid down, its potential setting was determined 


? Pp. A. Anderson, Phys. Rev. 75, 1207 (1949). 
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as rapidly as possible. The time lapse between deposition 
and measurement was approximately five seconds. The 
readings were found to be reproducible to +0.01 volt. 
Measurements on the next series of six lead surfaces 
were designed to determine the effects of aging. The 
initial readings were again taken 5 seconds after de- 
position but the measurements were then continued at 
two-minute intervals for 30 minutes. Two of the films 
were measured 12 hours after deposition. In no case was 
a drift in work function greater than 0.01 ev observed. 
The homogeneity of the lead surfaces was determined 
by tipping the tube in such a manner that the electron 
beam scanned the surfaces along their diameters. Except 
for the expected anomalies near the lead-glass bound- 
aries at the edges of the films, no work function dif- 
ferences exceeding 0.01 ev were detected in these tests. 
The barium films were deposited over the lead by the 
standardized fractional-multiple distillation technique 
employed in all of our work. Eight barium surfaces were 
measured; all were reproducible and constant to 
+0.01 volt. 


RESULTS 


All measurements on the 12 lead and 8 barium sur- 
faces gave contact differences of potential within the 
limits 1.47-1.49 volts, with lead electronegative to 
barium. If the work function of barium, well established 
by the photoelectric measurements of Jamison and 
Cashman,’ is taken as 2.52 ev, our measurements give 
lead a work function of 4.00+0.01 ev. Since the work 
function of barium is uncertain to one or two hundredths 
of an electron volt, 4.00+-0.02 ev is to be taken as the 
work function assigned to lead by our measurements. 

It has been shown previously‘ that if the time interval 
between the deposition and initial measurement of a 
metal surface is small relative to the minimal time 
required for deposition of a complete monolayer of gas 
on the surface, and if no drift of work function is ob- 
served as the surface comes to equilibrium with the 
residual gas of the tube, the following conclusions are 
possible: (1) The mean sojourn times of the gas mole- 
cules which are adsorbed on the metal surface are 
probably so small that at equilibrium only a small 
fraction of the surface is covered by gaseous contami- 
nants. (2) If a significant fraction of the equilibrated 
surface is in fact covered by gas, the work function 
must be insensitive to the contaminants. (3) If either 
(1) or (2) is valid, the observed work function can be 
accepted as characteristic of the clean metal. The 
present measurements indicate that these conclusions 
apply to lead. Like zinc, cadmium, and silver, lead is to 
be classed as a “stable metal” with respect to the work 
function characteristic. The ductility of lead, further- 
more, precludes the existence of the mechanical strains 
which probably account for some of the work function 
variations observed in films of the rigid-lattice metals. 


3N. C. Jamison and R. J. Cashman, Phys. Rev. 50, 624 (1936). 
‘Pp. A. Anderson, Phys. Rev. 57, 122 (1940). 
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Visible light is emitted from reverse-biased silicon p-n junctions 
at highly localized regions where avalanche breakdown is taking 
place. The emission occurs in both grown and diffused junctions. 
By using junctions diffused to a depth of only 2 microns below the 
crystal surface, it was established that the light sources are 
randomly spaced over the whole area of the junction as well as 
around the periphery where the junction intercepts the surface. 
The light sources are too small to be resolved under a high-power 
microscope. Their sites are reproducible with current cycling and 
their intensity and color are relatively insensitive to the field 
distribution, to the junction width, and to temperature. The num- 
ber of light spots increases with the current rather than individual 
spots growing brighter. It is concluded that all the breakdown 


current is carried through the junction by these localized light- 
emitting spots. 

The spectral distribution of the light is continuous with a long 
tail extending to photon energies greater than 3.3 ev. It is con 
cluded that recombination between free electrons and free holes 
within the junction region is responsible for the light at the 
shorter wavelengths, the carrier energies in excess of the energy 
gap being supplied by the field. At longer wavelengths there 
appears to be a considerable contribution to the emission from 
intraband transitions. 

A tentative figure for the emission efficiency over the visible 
spectrum is one photon for every 108 electrons crossing the junc- 
tion. The recombination cross section required is reasonable, being 
about 10-* cm?. 





INTRODUCTION 


T has been reported by Newman, Dash, Hall, and 
Burch! that the passage of a reverse bias breakdown 
current across a silicon p-n junction is accompanied by 
the emission of visible light. The above authors ob- 
served yellowish-white light emerging from the edge of 
a junction, the junction being formed in the silicon 
crystal during its growth. The spectrum of the light and 


the variation of its intensity with current were meas- 
ured. It was suggested that the light could arise from 
radiative transitions of the high energy carriers pro- 
duced at breakdown at the junction though their experi- 
ments were unable to decide whether the light originated 
throughout the junction region or whether it was an 
effect associated with the surface of the crystal. 

It is the purpose of this paper to demonstrate that the 
light arises from those places in the junction where 
breakdown occurs, irrespective of surface effects, and 
to suggest a detailed mechanism for its production. 


OBSERVATION OF LIGHT EMISSION 
FROM GROWN JUNCTIONS 


All of the basic experimental facts referred to above! 
have been verified by us. Single-crystal silicon cut into 
long bars of square cross section were used with the 
n-p junctions bisecting the bars. Carrying breakdown 
currents of up to 0.5 amp, almost all crystals gave out 
some light easily visible in a dimly lit room. The 
breakdown voltages of the crystals varied from 12 to 
156 volts with more or less the same behavior in all 
cases; in particular, the light always appeared yellowish 
or orange-white in color. At low currents, the light 
appeared at isolated spots but at higher currents ap- 
peared almost continuous along the junction edge. A 
typical case is shown in Fig. 1. (This photograph was a 
double exposure: a time exposure was made of the light 


1 Newman, Dash, Hall, and Burch, Phys. Rev. 98, 1536(A) 
(1955) and R. Newman, Phys. Rev. 100, 700 (1955). 


emission alone followed by a brief exposure with back- 
ground light to reveal the crystal outline.) 

It was clearly desirable to perform a definitive experi- 
ment to determine whether a surface effect alone was 
responsible for the emission, or whether it occurred at 
the junction throughout the volume of the crystal. The 
logical step was to use a geometry such that the entire 
junction lay very close to the surface, i.e., using a junc- 
tion configuration similar to that of a “solar battery.” 
If light is actually emitted over the whole junction 
area, it would then have some chance of reaching the 
surface without suffering too much attenuation. 


LIGHT EMISSION FROM DIFFUSED JUNCTIONS 


From grown single crystals of high conductivity 
(~10? mho/cm), both n- and p-type, were cut slices 
0.03 inch in thickness and about # inch in diameter. The 
slices were then polished on one face. For the first 
experiments a rough polish only was given, but it was 
found that to get a sufficiently uniform diffusion into 
the crystal it was essential that the polish should be of 
optical quality. Immediately before diffusing in the 


Fic. 1. A photograph of the light emission from a grown 
junction along the line in which the junction intercepts the 
surface. 
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Fic. 2. A photograph of the light emission pattern from a junc- 
tion diffused to a depth of about 2 microns below the crystal 
surface, as seen in the direction normal to the surface. 


additional impurities, the slices were given a light etch 
to remove the layers damaged in polishing. To convert 
the crystal surface to n-type or p-type, phosphorus or 
boron, respectively, was diffused into the crystal to a 
controlled depth at an elevated temperature. 

After the above doping treatments, the slices were 
coated with wax and diced into squares about }X} 
inch. The edges were then given a moderate etch and 
finally the wax was cleaned off the units. 

Owing to the high conductivity of the crystals used 
for these experiments, satisfactory electrical contacts 
could be made simply by clamping the crystal between 
a metal plate and a spring fork-shaped electrode. 
Reverse currents of up to 0.5 amp were passed through 
the crystal. A check was made of the rectifier character- 
istics of the units. It was found that, in general, those 
slices which had not been optically polished showed 
“soft” characteristics and varied quite considerably 
from unit to unit cut from the same slice. Much more 
uniform results were obtained when a good polish was 
given and this also resulted in extremely sharp break- 
down characteristics. For most of the units used in 
these investigations the breakdown occurred between 8 
and 15 volts. 

Optical observations on one series of units, each of 
which consisted of an m-type layer about two microns 
deep in a p-type body were as follows: Breakdown 
currents of about 100 ma brought out a few white spots 
around the edges but the most striking feature was a 
diffuse dull red glow extending over most of the polished 
face. Scattered in this glow were many local bright spots, 
though still red in color. Under high magnification, 
the red glow itself could be resolved into large numbers 
of very small spots, though the area of an individual 
spot could not be resolved. Figure 2 is a photograph of 
the light emitted by such a junction carrying a current 
of 250 ma. This picture was taken looking down on the 
upper n-type surface of the unit which appears diamond- 
shaped except for two corners which are masked by the 


electrodes. The vague continuous light along the edges 
is from scattered background light while all the spots 
are from light emitted by the crystal. It will be seen 
that the density of spots is roughly uniform over the 
whole surface. It was estimated that the number of 
spots was about 1000. The particularly intense spots 
that can be distinguished along the edges of the crystal 
are in fact the white-light-emitting spots. It should be 
emphasized here that no white spots were ever found 
over the polished surface of the crystal—only around 
the edges where the junction intersected the surface. 
It will also be noticed in the photograph that there is a 
strong line of red spots cutting across the surface. This 
phenomenon was observed quite frequently and in 
many cases could be correlated exactly with a visible 
surface marking such as a fine scratch caused during the 
polishing process. This will be commented on later. 
Another feature of the pattern of the light spots is that 
it was exactly reproducible, i.e., the spots always ap- 
peared in the same position and time sequence as the 
current was increased from zero to its maximum value. 
No flickering was observed. 

The interpretation of Fig. 2 is that the emission arises 
from those sites where breakdown is occurring. The 
whitish spots along the edge occur just where the junc- 
tion meets the surface and the light sources are so close 
to the surface that the light is virtually unattenuated 
before detection. However, the light from the more 
central breakdown spots of the junction must penetrate 
several microns of silicon before detection. Since the 
absorption coefficient increases rapidly with decreasing 
wavelength, the effect of absorption is to shift the 
spectrum towards the red; consequently all the spots in 
the central region are red in coior. 

This interpretation was further strengthened by the 
following experiment. Part of the polished face of a 
sample like that shown in Fig. 2 was ground and 
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Fic. 3. A photograph of the light emission from a junction 
similar to that of Fig. 2 except that part of the surface has been 
ground off at an > of one degree to the remainder. The sharp 


white line marking the boundary of the light spots indicates where 
the junction intercepts the sloping face. 
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polished at an angle of about one degree to the original 
surface. The junction thus intercepted this sloping 
face in a straight line. When a breakdown current was 
passed through the junction this line stood out as shown 
in Fig. 3. Under low magnification this line appeared 
almost continuous. On one side of the line there were no 
light spots, while on the other side there was a diffuse 
array of light spots. The color of the emission along the 
line was blue-white and yellow-white. Proceeding away 
from the line the colors of the spots went through 
yellow and orange to red. Thus a very clear qualitative 
correlation was established between the color of the 
emission and the thickness of silicon through which 
the light had to pass, in agreement with the interpreta- 
tion given above. Results consistent with this inter- 
pretation were also obtained when samples with thicker 
diffused layers were used; for layers about twice as 
thick as that of the crystal of Fig. 2, the only detectable 
light arose from the edges. 

All of the observations and measurements on diffused 
layer junctions presented in this and succeeding sections 
refer specifically to a thin n-type layer diffused into a 
p-type body. Measurements have also been made on 
p-type layers diffused into an n-type body. No signifi- 
cant difference has been observed between the two 
configurations. 


SPECTRAL DISTRIBUTION OF THE EMITTED LIGHT 


The emitted light intensity is sufficiently low that 
special efforts must be made to obtain reasonably 
accurate spectral distributions. After traversing a 
Gaertner Type 193 spectrometer, the light impinged on 
a photomultiplier; either a low-noise type 5819 photo- 
multiplier with an S4 response, or a developmental 
tube, type C7160, with an S1 response. To reduce 
cathode emission, the photomultiplier was cooled to 
liquid nitrogen temperature. Output pulses arising from 
individual quanta were amplified and counted on a 
scaling circuit. An adequate heat sink was provided to 
insure a constant crystal temperature. 

The counting rate as a function of wavelength, that 
is, the emission spectrum, was measured for three dif- 
ferent junction sources, using the photomultiplier with 
the S4 response. The yellowish-white light from a grown 
junction was measured, using a crystal that emitted 
more or less uniformly along the line in which the 
junction intercepted the four faces of the crystal as, in 
Fig. 1. 

Next, the diffused junction of Fig. 3 was used as the 
source. A current sufficient to produce the bright white 
line where the junction intercepted the surface was 
passed through the crystal and the spectrum of this 
emission was obtained. 

Finally, a crystal from the same batch as the previous 
one was selected for its uniform pattern of red light 
spots as observed through the surface layer and its 
emission spectrum was measured. 
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Fic. 4. Spectra of emitted light as measured, i.e., uncorrected 
for the spectral response of the spectrometer and photomultiplier. 
The curves are normalized at their peaks. 


All three spectra are shown as measured in Fig. 4. 
They are not corrected for the wavelength variation in 
the multiplier response, the dispersion of the spec- 
trometer, or its optical efficiency. To make comparisons 
easy, the spectra were normalized at their peaks. First, 
it will be noted that the spectra for the grown junction 
edge and the diffused junction edge are very similar; 
the slight differences in magnitude that are shown are 
not regarded as significant. It is also apparent from Fig. 
4 that, as expected from the visual color differences, the 
light from the surface of the diffused junction is 
relatively deficient in the shorter wavelengths. 

The absorption coefficient of silicon as a function of 
wavelength has been measured by Dash and Newman.’ 
By making use of these data it was possible to fit the 
spectrum of light from the diffused junction edge to 
that measured after penetration of the diffused layer. 
We shall make the assumption, later to be justified, that 
the light observed at the diffused junction edge has 
suffered negligible absorption throughout the visible 
spectrum and therefore approximates very closely to the 
true emission intensity. Let this intensity at a given 
wavelength be Jy and let J represent the intensity of the 
emission through the diffused layer at the same wave- 


2 W. C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955). 
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ABSORPTION CONSTANT x10 
Fic. 5. A plot demonstrating the correlation between the spectra 
from the diffused junction edge and through surface layers of the 


crystal. From the slope of this line the depth of the junction below 
the surface was 1.8 microns. 


length. Then 
I= AI exp(—ad), 


where a is the absorption constant for the chosen 
wavelength, d is the depth of the junction below the 
crystal surface, and A is a constant. Thus, a plot of 
log(Io/I) against a, as determined at various wave- 
lengths, should be a straight line whose gradient is d. 
Such a plot is shown in Fig. 5 and it will be noted that 
it is very satisfactorily straight save for two points 
which were taken from the inaccurate measurements at 
the red end of the spectrum. From the slope of the line, 
the depth d was found to be 1.8 microns. 

The depth of the junction could be measured directly 
using an interferometric method that has been de- 
veloped by Bond and Smits.’ By this method d was 
found to be 2.0+0.2 microns, in good agreement with 
the value found by fitting the spectra. This leads to the 
important conclusion that the light from the diffused 
junction edge must have arisen from a source which is 
within 0.2 micron of the surface. Since the absorption in 
the visible is very small for such a thickness of silicon, 
this shows that we are here measuring the unmodified 
spectrum of the light as emitted in the junction. How- 
ever, this is very close to the spectrum of the light from 
the edge of the grown junction; consequently, the light 
from the latter must have arisen from a depth of not 
more than 0.4 micron from the surface. A probable 


2 We are indebted to W. L. Bond and F. M. Smits for the use of 
their apparatus. 
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reason for this somewhat unexpected behavior will be 
considered in a later section. 

To determine the true spectral distribution of the 
emitted light, it was necessary to calibrate the spec- 
trometer-multiplier system. This was done using a 
tungsten filament lamp of known filament temperature 
as a source of black-body radiation. The correction 
to be applied to the counting rate measurements varied 
slowly with wavelength for both photomultipliers ex- 
cept at the long wavelength end of their response 
characteristics. The corrected spectrum for the emission 
from the edge of the diffused junction is shown in Fig. 6, 
the data from the two photomultipliers being matched 
over the range of photon energies, 2.2 to 2.5 ev. For 
photon energies greater than 2.3 ev, the steady decrease 
in intensity with wavelength is in general agreement 
with the data presented by Newman et al. for a grown 
junction edge. At the limit of detectability the photon 
energy was about 3.3 ev, but it is impossible to extra- 
polate the curve to an upper limit for the photon energy. 
In other words, the spectrum exhibits a long, low tail 
extending to wavelengths shorter than 3900 A. 

Throughout the energy range covered by the meas- 
urements, the emission intensity varies smoothly. No 
structure can be unambiguously resolved. At the low- 
energy end of the spectrum the intensity is still increas- 
ing. The fact that this increase was real and not due to 
errors in the calibrating procedure was confirmed by 
measuring the spectrum of radiation obtained first, 
when a breakdown current was passed, and secondly, 
simply by reversing the leads to the crystal, when car- 
riers were injected into the junction in the forward 
direction so as to produce recombination radiation.‘ 
The spectrum of the light obtained when the current 
was in the forward direction is also plotted in Fig. 6 
where it is apparent that there is a rapid cutoff in the 
emission intensity at the low-energy side of the peak 
since photons of energy less than the gap width cannot 
be emitted in interband transition. No such intensity 
cutoff occurs in the spectrum for the breakdown current 
and from this fact it is concluded that photons of energy 
substantially less than the gap width are being emitted 
in the breakdown mechanism. 


EFFICIENCY OF THE LIGHT EMISSION 
IN THE VISIBLE 


The crystal of Fig. 2 was mounted facing the photo- 
multiplier with the S4 response. A current sufficient to 
produce the uniform red glow but not enough to pro- 
duce more than a few white peripheral spots was passed 
through the junction. The emitted photons gave rise to 
a spread of pulse heights from the photomultiplier. The 
distribution of pulse heights was determined using a 
pulse height discriminator and the counting rate was 
extrapolated to its value at a zero bias on the dis- 
criminator. This extrapolation gave the total number of 


4J. R. Haynes and H. B. Briggs, Phys. Rev. 86, 647 (1952). 





PHOTON EMISSION FROM AVALANCHE 


ro) 33 3 - 
a b a S 


PHOTONS PER UNIT ENERGY IN ARBITRARY UNITS (CORRECTED FOR SYSTEM RESPONSE) 
ro} 
cx) 


16 47 18 1.9 


2.0 2.1 


BREAKDOWN 


4 CURRENT IN FORWARD DIRECTION 


CURRENT IN REVERSE DIRECTION 
© USING PHOTOMULTIPLIER WITH S{ RESPONSE 
OQ USING PHOTOMULTIPLIER WITH S4 RESPONSE 


22 23 2.4 25 2.6 2.7 28 29 3.0 3.1 3.2 


PHOTON ENERGY IN ELECTRON VOLTS 


Fic. 6. The emission spectra for both forward and breakdown currents corrected for the spectral response 
of the spectrometer-photomultiplier system. 


photons being detected by the photomultiplier. Know- 
ing the solid angle for photon collection by the photo- 
multiplier, an estimate was made of the total number of 
photons being emitted at the junction. Corrections were 
made for the refraction of the light and reflection losses 
at the crystal surface, for the variation in the spectral 
response of the photomultiplier, its efficiency, and for 
attenuation of the light in traversing the two microns 
of silicon. It was estimated that roughly 710~° 
photons were emitted in the visible part of the spectrum 
for every electron (or hole) traversing the junction. 
However, this figure should be regarded as highly 
tentative in the absence of a direct calibration of the 
detecting system. 


EFFECT OF TEMPERATURE ON LIGHT EMISSION 


The temperature studies have been somewhat quali- 
tative but are nevertheless significant. First, the 
emission from both grown junctions and diffused junc- 
tions has been studied at approximately the temperature 
of liquid nitrogen. There is no observable change in the 
pattern of the light spots or their color from that ob- 
served at room temperature for the same breakdown 
current. Secondly, a diffused junction, such as that in 
Fig. 2, was operated at a small constant breakdown 
current which was sufficient to excite a considerable 


number of “red spots” but insufficient to heat the crys- 
tal appreciably. The crystal was then uniformly heated 
by an external heat source to approximately 300°C. No 
change in the pattern or color of the spots was observed. 
The intensity decreased monotonically until extinction 
when the junction became intrinsic. Finally, the 
spectrum was measured at two different temperatures, 
30°C and 175°C, using the photomultiplier with the 
S4 response, the results being shown in Fig. 7. The two 
spectra are normalized at their maxima so as to demon- 
strate more clearly the negligible variation of the visible 
spectral distribution with temperature. 


EFFECT OF CURRENT ON LIGHT EMISSION 


Observations of the light spots from diffused junctions 
at low currents, yield a straightforward picture. As the 
breakdown current is first increased, a few spots appear, 
either centrally located red spots or peripheral white 
spots depending on the junction. As the current in- 
creases, the number of spots increases. Following its 
appearance, a given spot does not increase much in 
intensity. The sequence is entirely reproducible and is 
not time dependent, i.e., it is a function only of the 
current. There is no observable change in the spectrum 
of the light. 

Increasing the current still further, however, fre- 
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Fic. 7. Uncorrected emission spectra at two different 
temperatures, normalized at their peak values. 


quently develops a more complex situation. The red 
spots near the crystal center may fade out while the 
number of white spots around the edges of the crystal 
increases. Finally the only light from the crystal may be 
the white emission from the junction edge which now 
looks almost continuous. If an air jet is now directed at 
the crystal to provide more cooling, the edge emission 
reduces and the red spots reappear. Similarly, if a high- 
level current step function is passed through a crystal 
which is initially at room temperature, the entire 
sequence is followed, the continuous white edge emission 
requiring several seconds to appear. 

It seems evident that the high-current behavior is 
intimately associated with a temperature rise in the 
crystal. However, the behavior is different from that 
observed under the more controlled conditions con- 
sidered in the previous section. It is believed that when 
the junction is heated by its own breakdown current, 
the heating is not uniform. The ionization rate decreases 
with increasing temperature’ and the breakdown volt- 
age goes up. If the temperature increases more in the 


*K. G. McKay, Phys. Rev. 94, 877 (1954). 


interior of the crystal than around the edges, then the 
observed behavior should follow. 

These experiments have a profound bearing on the 
interpretation of the current dependence of light 
emitted from the edge of grown junctions such as shown 
in Fig. 1. In measurements similar to those earlier 
reported,’ we had also observed an increase in light 
from a grown junction as the current increased. How- 
ever, when placed on a transient basis, it was evident 
that the light was time-dependent in the same manner 
as the edge emission from diffused junctions. 

In deciding upon the detailed mechanism responsible 
for the light emission, it is desirable to fix the functional 
relationship between breakdown current and emission 
density. However, this cannot be determined unless the 
current change occurs without any change in the pattern 
of the light emission. Therefore measurements on the 
edge of grown junctions can never be so used since the 
whole of the junction is not accessible for observation. 
In fact, even with a diffused junction, it is seen that a 
current change is nearly always accompanied with at 
least a change in the number of emission spots and thus 
the relation between emission and current in a given 
spot has not yet been ascertained. 

This often observed shift of the breakdown regions 
to the surface at high currents, resolves one problem 
posed by the grown junctions. Let us assume that about 
100 wa flows through each breakdown region or micro- 
plasma,® and that with 100-ma crystal current the 
resultant 100 microplasmas are randomly (or uniformly) 
distributed throughout the junction. Since we can see 
light emission only from those spots that lie, say, 
within 5 microns of the surface, we should then be able 
to see on one side of a typical junction such as that of 
Fig. 1, about three spots. Actually we observe a nearly 
continuous line of microplasmas. We believe that this 
is independent evidence for a concentration near the 
surface of breakdown regions at high currents which is 
consistent with the spectral measurements of the 
previous section. 


DETAILED MECHANISM 


The above experiments determine that the observed 
light arises from within or extremely close to the junc- 
tion itself. As previously understood, the breakdown at 
a p-n junction occurs at many highly localized spots 
rather than uniformly over the whole junction, with 
each of these spots carrying a current of from 50 to 
100 wa. From the spot count of Fig. 2, the current per 
light spot was of the order of 100 to 200 wa and this 
reasonable agreement with the above figure .makes it 
almost certain that in these junctions the light arises 
only from those spots where breakdown is occurring. 

The studies of the light emission provide essential 
clues to the detailed mechanisms of its production. 
These mechanisms must account for the observed 
spectrum (and especially the emission of quanta of 
energy > 3.3 ev, and < 1.05 ev), the virtual insensitivity 
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of the emitted light to temperature variations, to 
junction width and to field distributions, the efficiency 
of the light emission and the size of the emitting spots. 

The hypothesis that all the emission is due to local 
lattice heating does not stand up to critical inspection. 
As was pointed out in reference 1, considerations of 
thermal flow seem to eliminate this as a possibility. The 
color temperature of the light source appears to be 
~3000°K and as the boundary between light and dark 
regions is less than a few microns, the temperature 
gradient would be of the order of 10%-107°K/cm. 
Furthermore, at temperatures of a few hundred degrees 
centigrade the crystal would become intrinsic making 
it impossible to maintain the normal breakdown 
potential whereas in fact, the latter was maintained. 

Of various possible mechanisms, the one that best 
fits the above conditions at the high-energy end of the 
spectrum is direct recombination between essentially 
free holes and electrons in the breakdown microplasma 
itself. The mechanism of avalanche breakdown requires 
that some electrons and holes be accelerated up to 
energies sufficient to “ionize.” Wolff* has concluded 
that the threshold for electron-hole pair production in 
silicon is about 2.3 ev and within the approximations 
used, is equal for electrons and holes. Thus, considering 
the light that arises from the radiative recombination 
of energetic electrons with holes in equilibrium with the 
lattice, the spectrum should equal the electron distribu- 
tion function multiplied by the transition function. 
Similarly, for recombination between energetic holes 
and electrons in equilibrium with the lattice, the emitted 
spectrum is the product of the hole distribution function 
and the transition function. For both these processes, 
the maximum photon energy will be the sum of the 
“pair-production” energy and the energy gap since there 
is a negligible probability for the existence of carriers of 
energy in excess of 2.3 ev from the bottom of the energy 
band. Thus, the maximum photon energy will be 
2.3+1.1=3.4 ev, in agreement with observation. 

It is also possible for recombination to occur between 
energetic electrons and energetic holes. Such inter- 
actions could produce, in theory, photons up to a 
maximum energy of (2X 2.3)+1.1=5.7 ev; the proba- 
bility of the occurrence of the highest energy photons 
should be vanishingly small. 

To predict the shape of the spectrum to be expected 
on the basis of the above mechanisms would require a 
detailed knowledge of the transition probability func- 
tions and the distribution functions for both free elec- 
trons and holes. Since none of these functions are known 
at present we can say only that the observed spectrum is 
quite consistent with the above picture. 

At the low-energy end of the spectrum, the above 
mechanism would require a rapid drop in the intensity 
at energies close to the energy gap since the minimum 
possible photon energy for interband recombination is 


*P. A. Wolff, Phys. Rev. 95, 1415 (1954). 
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the energy gap itself. Such a decrease in intensity can- 
not be discerned in the spectrum. In fact, the intensity 
increases continuously right through the gap energy of 
about 1.1 ev. To account for this it seems most likely 
that radiative intraband transitions by energetic elec- 
trons and holes are occurring. For such a process, one 
would expect a maximum photon energy of about 
2.3 ev while there would be no measurable lower limit. 
At this stage it is not possible to predict the exact 
spectrum resulting from the superposition of the two 
mechanisms though one would expect, at least, an 
inflection point at some energy slightly higher than the 
energy gap. Our experiments failed to show the effect 
conclusively owing to the low intensity of the emitted 
light. It is intended to make more accurate measure- 
ments than were possible with the equipment used in 
the above experiments in the hope of resolving some 
structure in the spectrum. 

The processes as described are essentially independent 
of temperature and also of junction width and field 
distribution. This is because avalanche breakdown is 
believed to be essentially unstable and the final state of 
the microplasma is primarily dependent on the proper- 
ties of the silicon itself rather than on the distribution 
and concentration of impurities, donors, and acceptors. 

To estimate the recombination cross section o, 
(integrated over the visible region of 2.0 ev to 3.4 ev), 
we have that 

Or= Rova/plr,, 


where R is the number of visible photons emitted per 
electron transit across the junction, p is the electron 
(or hole) density in the microplasma, / is the length of 
the microplasma, v4/v, is the ratio of drift velocity to 
random velocity of an electron in the microplasma. 
Although the details will not be presented here,’:* some 
simple assumptions lead to values of p10'8/cm3, 
l~500 A, and v4/0,~0.25. Hence, with R~7X10-° 
photons per electron transit, we obtain o,~4x10-" 
cm’. As befits a rather improbable process, this is a 
satisfactorily small cross section. The fact that the 
spots are of less than 1 micron in diameter is consistent 
with the assumption that a microplasma is a few 
hundred angstroms in diameter. 


CONCLUSIONS 


The identification of the emitted light with radiative 
recombination between free holes and free electrons, 
and intraband transitions of energetic carriers in the 
breakdown region, is not only consistent with the 
known facts about the light, but also leads to further 
insight into the breakdown process. Pictures such as 
Fig. 2 provide striking evidence that breakdown occurs 
at many separate places. Once started, the microplasma 
(as the breakdown region has been called) does not 


7See D. J. Rose and K. G. McKay, Phys. Rev. 99, 1648(A) 
(1955). 
* D. J. Rose (to be published). 





376 


spread laterally through the junction but remains 
localized and a further current increase is accom- 
modated by the incidence of more microplasmas. The 
occasional tendency for breakdown to occur preferen- 
tially along scratches (Fig. 2) suggests an effect of lattice 
damage on junction width; however, this has not been 
definitely established. 

The light emission studies afford direct proof that 
under certain conditions of high current, the breakdown 
current in both grown and diffused junctions is confined 
to an extremely shallow surface layer. 

It should be observed that the efficiency of energy 
transport by photon emission is here so low that photon 
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emission does not play any appreciable role in the 
breakdown mechanism itself. 
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The intersection of any dislocation avalanche with a stationary dislocation having a Burgers vector 
component normal to the slip plane is shown to produce a close-packed partial plane of vacancies or in- 
terstitials in the slip plane, intrinsic or extrinsic faults for {111} slip planes. These faults have high energy 
in non-close-packed planes, consistent with observed slip plane preference. The mechanism gives improved 
understanding of recent x-ray results. Metallographic slip observations are consistent with the hypothesis 
that the etch indications are occurring at faults produced by the present mechanism. Fracture is postulated 
as resulting from the growth of “head-on” faults until transition occurs to the Griffith mechanism. Fault 
correction by partial slip produces additional dislocations, some potentially active as Frank-Read sources 
in the other slip planes. For copper, intrinsic or extrinsic faults are estimated to have energies of 40 ergs cm? 


and maximum widths of 400 A. 


DISLOCATION intersecting a stationary dis- 

location with a Burgers vector component normal 
to the slip plane receives a jog equal to that component. 
(For brevity, since such stationary dislocations produce 
a spiral ramp in the lattice, they will be called spiral- 
ramp dislocations in what follows.) In further motion, 
the jog trails vacancies (or interstitials, implied as an 
alternative when vacancies are discussed in what 
follows), spaced at intervals of csc8 atomic spacings, 
where @ is the angle between the trail and the Burgers 
vector of the moving dislocation.'” 

Fisher* has noted that when many identical screw 
dislocations consecutively intersect a perpendicular 
stationary crew dislocation, the trails of vacancies 
produced, each close-packed in this case, form a com- 
plete layer of vacancies, which, he proposes, with 
suitable normal tensile stress may act as a crack and 
propagate by the Griffith criterion.‘ 

1W. T. Read, Jr., Dislocations in Crystals (McGraw-Hill Book 
Company, Inc., New York, 1953), p. 87. 

2 F. Seitz, L’Etat Solide, edited by R. Stoops (76-78, Couden- 
berg, Bruxelles, 1952), p. 377. 


8]. C. Fisher, Acta Metallurgica 3, 109 (1955). 
‘A. A. Griffith, Trans. Roy. Soc. (London) A221, 163 (1921). 


The Fisher suggestion may be generalized to include 
all dislocation intersections in which the stationary 
dislocation has a Burgers vector component normal to 
the slip plane. Each passing dislocation of Burgers 
vector 5 displaces the crystal on one side of the slip 
plane by a distance 6 sin8 normal to the trail of its jog. 
This is also the distance between consecutive trails. The 
slip plane area per vacancy, proportional to the product 
of vacancy spacing, csc8 atomic spacings, and trail 
width, d sing, is a constant, independent of the trail 
angle 8. Regardless of the trail direction, when any 
series of identical moving dislocations consecutively 
intersects a stationary spiral-ramp dislocation, a com- 
plete, close-packed vacancy layer is produced. 

Each vacancy trail may be treated as the extensions 
of the two sides of the moving dislocation back to the 
intersection point, one line above the other by the dis- 
tance of the stationary-dislocation Burgers vector 
component normal to the slip plane, or may be con- 
sidered as the line of parting, during slip, of the spiral- 
ramp crystal plane which characterizes the stationary 
dislocation. Taking the second view, Fig. 1 shows how 
repeated slip intersecting a spiral-ramp dislocation 





INTERSECTION FAULTING MECHANISM 





Fic. 1. Vacancy layer (in- 
trinsic fault) produced by 
slip of the upper plane past 
the lower at the i intersection 
of a dislocation which steps 
the slip plane into a spiral 
ramp. 





J wn PLANE 


produces a vacancy layer, which then collapses to form 
an intrinsic stacking fault ABCACA BC. Figure 2 shows 
how an extrinsic stacking fault could be formed, starting 
as a “head-on” fault ABCABBCA and adjusting one 
layer to become ABCABACA. Figures 3 and 4 show 
the same faults, when the trail direction happens to be 
[101], and Fig. 5 shows the adjusted extrinsic fault. 

The choice of intrinsic or extrinsic faulting is seen 
to depend upon the Burgers vectors of the moving and 
stationary dislocations, and upon the direction of 
motion of the moving dislocations. For random dis- 
locations, equal numbers would be formed. The width 
of a given fault would be nd sin§, where n is the number 
of passing dislocations of Burgers vector 6; this width 
is zero for edge dislocations with 8=0, and nb for screw 
dislocations with B= 7/2. 

Figure 6 shows how the growing deformation faults 
can overlap in the slip plane when neighboring disloca- 
tions are cut. Figure 7 shows the same overlap, looking 
at the edges of the slip planes. Figure 8 shows another 
overlap. 





EXPLANATION OF PREFERENCE FOR SLIP 
ON {111} PLANES 


If slip were to occur on {100} or {110} planes, a 
faulting mechanism similar to that described above for 
{111} planes would operate as shown in Figs. 9 and 10. 
Since these planes are stacked with a repeating cycle 
of only two, ABABAB, with no alternative position 
(as is available, for example, with close-packed planes 
in hexagonal close packing), the fault would have to 
be a high-energy “head-on” fault ABBAB every time 
a spiral-ramp dislocation was cut, regardless of the 
trail angle or the Burgers vectors. Even though internal 
slip might remove the fault at the expense of forming 
higher-energy bounding dislocations after the fault 
grew sufficiently large, the energy absorption during the 
beginning of slip would be appreciably larger than for 
{111} slip. Hence, for most conditions slip would occur 





1] 


Fic. 2. Interstitial layer 
(extrinsic fault) produced 
by slip cutting a spiral- 
ramp dislocation. 
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on {111} planes before (at lower stress than) it occurred 
on {100} or {110} planes. 


X-RAY EVIDENCE 


One would expect that if an extensive deformation 
faulting of the sort proposed here does indeed occur, 
then it should be possible to detect it by x-ray diffrac- 
tion techniques. Paterson> found that an intrinsic 
stacking fault ABCBCABC would move the (111) 
reflection toward large angle and the (200) reflection 
toward small angle, so that the separation of these 
two peaks decreases as a result of intrinsic stacking 
faults. Apparently, the extrinsic stacking fault has not 
been analyzed. 
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5M. S. Paterson, J. Appl. Phys. 23, 805 (1952). 
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of Fig. 4 adjusts to a lower energy position. 





It can be seen that the extrinsic stacking fault of this 
paper, whether ABCCABC, or adjusted to the lower 
energy form ABCBABC by motion of the extra C 
plane alone to a B position, is equivalent everywhere 
excepting right at the fault to a slip to the next lower 
lattice plane position of all planes above the fault, 
with no displacement normal to the fault. The in- 
trinsic fault ABCBCABC is equivalent to a slip to the 
next upper lattice plane position of all planes above the 
fault, with no displacement normal to the fault. Thus 
Paterson’s results for the intrinsic fault can be applied 
directly to the extrinsic fault by changing the sign of 
each line shift. 

Since in the present theory equal extrinsic and in- 
trinsic faults occur, one would expect no net line shift 
by deformation, but only line broadening. This has 
been observed.® Insight into an earlier observation’ 
that showed numerous negative stacking faults in cold- 
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Fic. 6. Overlap of 
intrinsic faults to 
produce a growing 
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plane of the figure. 
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* F. R. L. Schoening and J. N. Van Niekerk, Acta Metallurgica 
3, 10 (1955). 

7B. E. Warren and E. P. Warekois, J. Appl. Phys. 24, 951 
(1953). 
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worked alpha brass has been provided by later work® 
which showed that the line shift is reduced as the zinc 
content of the alpha brass is reduced, until at 10% 
zinc very little line shift remains. In alpha copper- 
silicon alloys, it has been found? similarly that line shifts 
due to negative stacking faults become apparent only 
at higher silicon percentages near the hexagonal phase. 
Thus, where line shifting has been observed, it can be 
attributed to another effect. The metal has been an 
alloy for which the lattice energy for hexagonal close 
packing is close to that for face-centered cubic structure, 
so that independent Shockley half-dislocations (which 
have a negative fault on one side) become possible 
energywise, or at least the width of Shockley-Shockley 
pairs becomes quite large. Wherever a single Shockley 
half-dislocation passes, a negative fault plane is created. 


METALLOGRAPHIC OBSERVATIONS 


Sensitive etching techniques might reveal the faults 
produced by the mechanism of this paper. Since these 
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Fic. 7. Overlap of intrinsic faults, as in Fig. 5. The plane 
of the figure is normal to the slip plane. 


faults form where slip cuts stationary dislocations, 
they would be found in worked metal in regions of 
higher dislocation density, as near grain and twin 
boundaries, and at points of intersection of two or 
more active slip systems. 

Samuels and Hatherly"” have reported slip-line ob- 
servations in 70:30 brass using optical surface examina- 
tion and metallographic methods. The most sensitive 
etching methods presently available (indications at 
<0.05% compression) revealed appreciably fewer slip 
indications than seen on the as deformed surface. The 
lines of etch indications were developed first near twin 
and grain boundaries, although the surface slip lines 
at even the lowest strains usually extended across the 
entire grain or a considerable proportion of the grain. 
Secondly, when indications were developed at low 


a. E. Warren and E. P. Warekois, Acta Metallurgica 3, 473 


1955 
Ao S. Barrett, J. Metals 188, 123 (1950). 
 L, E. Samuels and M. Hatherly, J. Inst. Metals 84, 84 (1955). 
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strains on two or more slip systems, the etch indications 
formed preferentially at the points of intersection of the 
systems. 

The hypothesis that these etch indications occur at 
the faults of this paper is attractive. The earlier 
hypothesis of Jacquet" that these indications develop 
at sites of piled-up dislocations adjacent to the bound- 
aries has been criticized in the Samuels and Hatherly 
paper.’ They noted that their surface observations 
did not show the variation in shear strain over an 
appreciable portion of the slip line which is necessary 
if the Jacquet mechanism is to explain the etch indi- 
cations, and that the Jacquet hypothesis does not 
explain preferential indication formation at points of 
intersection of two or more active slip systems. 


FRACTURE 


Fracture will occur after severe local deformation 
has raised the stress level sufficiently to permit either 
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Frc. 8. Another possible overlap, again viewed 
edgewise to the slip plane. 


the resumption of slip on a previously slipped plane, or 
the initiation of slip on a plane not normally a slip 
plane, such as a {100} plane, when there is also, at 
least locally, an adequate normal tensile stress on this 
plane. Under these conditions, by the process shown in 
Fig. 7, high-energy “head-on” faults can grow to sizes 
much larger than would otherwise be stable against 
corrective slip of a type similar to that shown in Figs. 
11 and 12. When a fault of this sort, alone or in com- 
bination with similar neighboring faults, has grown 
large enough, there will be a gradual transition to the 
Griffith crack mechanism.‘ 


FAULT CORRECTION BY SLIP AND PRODUCTION 
OF FRANK-READ SOURCES 


When a deformation fault grows to sufficient area, 
slip may occur over the fault to remove it, changing 
the bounding dislocations appropriately. Figure 11 
shows a negative fault as described before. Figure 12 


1 P, A. Jacquet, Compt rend. 237, 1248 (1953). 
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Fic. 9. A nega- 
tive “head-on” 
fault produced by 
slip on the (010) 
plane cutting a 
dislocation. 
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shows the result when the bounding 3[121] partial 
dislocation (connecting the ends of the dislocation 
which was cut by the initial slip) of Fig. 11 sweeps 
along the fault. The fault is removed and its bounding 
negative Frank dislocations become whole dislocations. 

Since these new whole dislocations have Burgers 
vectors which do not lie in their common plane, they 
cannot glide together and annihilate each other. 
Neither the original stationary dislocation sections nor 
these newly created legs of the ‘‘L’’-shaped dislocations 
have directions and Burgers vectors defining any {111} 
plane, so they cannot act as Frank-Read sources. The 
new lengths of dislocation would have to be cut by any 
slip on two of the remaining {111} planes, so would 
harden the lattice by acting as obstacles to slip on 
those new planes. 

The directions of the original stationary dislocations, 
which are cut by slip, are important as well as their 
Burgers vectors. If the direction and Burgers vector 
together define a {111} plane which also contains the 
active slip direction of the slip which is cutting the dis- 
location, then neither jogging nor faulting occurs. Glide 
can remove any jog. 
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Fic. 10. A negative “head-on” fault produced by slip on 
the (110) plane cutting a dislocation. 
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Fic. 11. A negative fault 
produced by slip on the 
(111) plane cutting a dis- 
location. 
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Had the stationary dislocation of Figs. 11 and 12 
run in the [110] direction, instead of [121] as drawn, 
the orientations would be such the faulting mechanism 
and fault correction would still have occurred as drawn. 
However, the original dislocation halves in the final 
“L” dislocations could glide in the (111) plane, so 
could act as Frank-Read sources. (It is probable that 
these lengths would be anchored elsewhere by some 
mechanism, perhaps the same as in Fig. 12 but on a 
lower or higher parallel (111) plane.) 

Had the stationary dislocation of Figs. 11 and 12 
run in the [011] direction, the no-jog rule would have 
applied, so there would have been no fault and no effect. 

Various dislocation reactions involving the faulting 
mechanism of this paper can be devised to produce 
lengths of whole dislocation which can glide in some 
{111} plane, yet are anchored at one or both ends. In 
general, these Frank-Read sources are active in {111} 
planes other than the originally active slip plane. 


EQUILIBRIUM FAULT WIDTH 


Assume the energy per unit length, or line tension, 
of a dislocation to be” 


T=3G0". 


For the estimation of fault energies, consider only first 
and second neighbor effects, so that energy is associated 
only with single planes which “see” their adjacent 
planes on either side in the same positions, as in 
hexagonal close packing, rather than in normal face- 


2 E. Orowan, Dislocations in Metals, edited by M. Cohen, 
(American Institute of Mining and Metallurgical Engineers, 
New York, 1954), Chap. 3, p. 88. 
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Fic. 12. The result after 
slip over the fault alone of 
Fig. 11.has corrected the 


centered cubic alternate positions. A coherent twin 
boundary ABCBA has one such plane, both the 
intrinsic fault ABCBCA and extrinsic fault ABCBA BC 
have two, so the interfacial free energy of these faults 
each would be about twice that of a coherent twin 
boundary. If one takes Fullman’s value® of 21 ergs cm~ 
for that boundary energy for copper, these faults 
would have an energy of about 40 ergs cm~* for copper. 

The bounding dislocation on the end in Fig. 11 (the 
jog in the stationary dislocation) will be drawn in by 
the tendency to reduce the fault area, taking a circular 
shape of radius R such that the line tension normal 
force on the dislocation '/R per unit length just equals 
the fault energy normal force per unit length y, or 
R=TI/y. When the fault width W grows to twice the 
radius R, this dislocation moves down the fault, cor- 
recting it to the situation of Fig. 12, and giving a 
maximum equilibrium fault width: 


W = 2R= 21 /y=Gb"/y. 


For an intrinsic or extrinsic fault in copper, with 
G=7.5X 10" dynes cm~, 6= 1.47 10-8 cm, and y= 40 
ergs cm~*, the equilibrium fault width W is 400A 

It should be noted that the fault width, as found 
earlier, is given by 


W = (total slip distance) sin§, 


where £ is the angle between the trail direction and the 
slip direction, so for an avalanche of total slip greater 
than the equilibrium fault width, those faults with 
small 8 would survive, while those of large 8 would be 
corrected. 


R. L. Fullman, J. Appl. Phys. 22, 448 (1951). 
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Relative humidity is known to influence the surface potential of germanium. For all but the very driest 
of ambients, the germanium surface is covered by a film of water. A calculation is presented, based upon 
the dielectric properties of such a film of water, which yields a term in the energy level of surface ions. 
It is shown that the dependence of this term upon water film thickness can quantitatively account for 
Kingston’s observations of surface potential as a function of humidity. 





I. INTRODUCTION 


VER since the work of Brattain and Bardeen! on 
the effects of various ambient gases upon the 
surface potential of semiconductors, most investigators 
have observed effects ascribable to the presence of 
water vapor. In a recent paper, Kingston? has reported 
unambiguous observations of a relation between 
humidity and surface potential. His measurements 
were made on the p-type base region of an n-p-n 
germanium transistor structure. The conductivity of 
of the n-type channel was observed as a function of the 
ambient gas (nitrogen or oxygen at carefully controlled 
humidities), and a negative bias voltage applied to the 
base region. From his analysis at high bias voltages, 
Kingston was able to deduce values for the energy 
difference, eg,, between the quasi-Fermi level for 
electrons at the surface and the Fermi level for intrinsic 
material. (Positive gy, indicates an n-type surface.) 
Kingston’s values for ¢, as a function of humidity in a 
nitrogen ambient are shown in Fig. 1. Though the bulk 
of the change in surface potential occurs below a relative 
humidity of 40%, there is a significant increase of 9, 
at higher humidities. Law’s’ data on the adsorption of 
water vapor on germanium and GeO, indicate that at 
these higher humidities the depth of the adsorbed film 
of water may vary from 2 to perhaps 5 to 10 mono- 
moleculer layers. It therefore seems reasonable to 
expect that at least part of the variation of gy, with 
humidity might be due to the purely physical properties 
of a film of high dielectric constant on the semicon- 
ductor surface. The solid curve in Fig. 1 is the result 
of a calculation based upon a simple model of the 
dielectric film. It has been adjusted to fit the experi- 
mental data solely by the addition of a constant term 
in g, which satisfies the requirement that the calcula- 
tion coincide with the datum point at 88% relative 
humidity. 
In what follows, the model upon which this calcu- 
lation is based, and its applicability to Kingston’s 
experiment will be discussed. 


1W. H. Brattain and J. Bardeen, Bell System Tech. J. 32, 1 
(1953). 

2 R. H. Kingston, Phys. Rev. 98, 1766 (1955). 

3 J. T. Law, J. Phys. Chem. 59, 67 (1955). 


II. NATURE OF THE SURFACE STATES 


The existence of positively charged surface states 
may be inferred directly from the presence of the n-type 
channel across the p-type base region of Kingston’s 
transistor. It will be necessary to assume that these 
surface states are provided by the presence of donor- 
type atoms located on the external surface. The 
number of these atoms which exist as positive ions will 
then be determined by the energy difference between 
their donor level and the surface Fermi level. This 
picture of the nature of the surface states is essentially 
that at which Kingston arrived after a consideration 
of the relatively long time constants associated with a 
change of surface state charge in response to a change 
of bias voltage. He also concluded from measurements 
of channel capacity that the charge residing in ‘‘fast” 
recombination states was negligibly small compared 
with the charge ascribable to the presence of these 
surface ions. (The present picture goes beyond Kings- 
ton’s description of the surface states only in the re- 
quirement that the ions be located on the external 
surface rather than possibly within the oxide layer). 

The way in which these surface states ‘“‘clamp” the 
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Fic. 1. Kingston’s measurements of the surface potential of 
p-type germanium vs relative humidity, compared with a calcula- 
tion based upon the water adsorption isotherm for clean 
germanium. 
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Fic. 2. Energy band configuration at the surface 
of the p-type germanium. 


surface potential is best illustrated by the use of the 
usual one-dimensional energy diagram of Fig. 2. Here 
E; is the electrostatic potential corresponding to the 
Fermi energy for intrinsic material and y, and g, are 
the deviations in volts of the quasi-Fermi levels from 
the intrinsic value for electrons at the surface and 
holes in the interior, respectively. The electronic level 
associated with the surface states is shown at a position 
¢ volts below E;. The applied bias is denoted by Va. 

In the steady-state condition, the positive charge 
per unit area in the surface states is given by 


Oss= eNo exp[ — (e/kT) (y.t+$)], 


where N> is the total surface concentration of atoms 
plus ions. It has been assumed that the ions are singly 
charged and that (¢,+¢) is always greater than a few 
kT/e. This surface-state charge is balanced by an 
equal and opposite space charge per unit surface area. 
In Kingston’s experiment, the space charge is made up 
almost entirely of the charges on ionized acceptors, the 
conduction electrons in the channel contributing only 
a few percent of the total. Therefore the charge per unit 
surface area in the space-charge layer, from a solution 
of Poisson’s equation, is given with sufficient ac- 
curacy by 


Ose= [ 2xeoeN a( Vat Get >) }}, 


where J, is the concentration of acceptors in the bulk. 
The condition of zero electric field outside the semi- 
conductor requires that Osc= (ss. 

In Kingston’s experiment, V,=1.1X10" cm™. For 
an effective bias of (Vat+¢.+¢,)=2 v, the number of 
acceptors contributing to the space-charge is then 
2X 10" per cm? of surface area. The depth of the space- 
charge layer is Qs¢/eN.=2X10~ cm. The correspond- 
ing separation between positive surface ions is 1.4 
X10-* cm, which is small enough in comparison with 
the depth of the space-charge layer so that the as- 
sumption of a uniformly charged surface is a satis- 
factory boundary condition for the solution of Poisson’s 
equation. 


The “‘clamping” of the surface potential, gs, by the 
surface states follows from the requirement that 
QOss=(Qse and the very great dependence of Qs, upon ¢, 
compared with the almost negligible dependence of 
Qse upon ¢g,. (We have shown how clamping may occur 
with a single discrete state. A more complex distribution 
of states in energy may also give rise to clamping, and 
if the energies of this distribution of states all depend 
upon water-film thickness in the same way, the analysis 
which follows is equally applicable.) The dependence 
of y, upon the ambient may be due either to changes 
in No or in ¢. In particular, if No is assumed to be 
constant, any change in ¢ will result in an equal and 
opposite adjustment of ¢,. This is precisely the state 
of affairs which we shall presume in the explanation of 
the dependence of yg, upon relative humidity in a 
nitrogen ambient. 


Ill. EFFECT OF ADSORBED WATER 


Let us suppose, for the purposes of this section, that 
some partial pressure of water vapor is always present 
in the gas phase. Then Law’s’ work would indicate 
that, at least on germanium, an oriented, tightly-bound, 
monomolecular film of water is always present on the 
semiconductor surface. Usually, depending upon hu- 
midity, there will be additional monolayers of water, 
and this additional water will be considered polarizable, 
since the molecules are not strongly oriented by the 
semiconductor surface. 

We shall consider the surface donor ions to be 
located within this water film, though attached to the 
semiconductor surface by short-range forces. The 
energy level of the surface states may then be expressed 
as {=(fotf,), where ef; is the energy due to the 
electrostatic potential at the donor ion arising from 
the polarization charges which the ion induces at the 
semiconductor-water and water-air interfaces. This 
term will certainly depend upon the thickness of the 
water film, and we believe that it can satisfactorily 
account for the dependence of yg, upon humidity in 
Kingston’s experiment. 

It should be noted that the term ¢, in the surface- 
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Fic. 3. The geometry used in the dielectric sandwich calculation. 
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state energy level is only present because of the discrete 
nature of the ionic charges which provide the surface 
charge density. If one were to consider the surface 
charge as being smeared out to a uniform charge density, 
as one does for the solution of Poisson’s equation in the 
space-charge layer, one would find all of the lines of 
force going into the semiconductor and ending at the 
appropriate depths in the space-charge layer. However, 
there is actually a small fringing field outside the semi- 
conductor around each surface ion. The water film, 
with its associated high dielectric constant, serves to 
reduce the stored electrostatic energy in this fringing 
field and hence to decrease ¢. 


IV. CALCULATION OF THE CHANGE OF SURFACE 
POTENTIAL WITH HUMIDITY 


For a situation in which only the humidity is varied, 
the change in [; accompanying a change in the thickness 
of the water film should produce an equal and opposite 
change in gy, since No may be expected to remain un- 
changed. We may treat this problem as though it in- 
volved only a single ion because the separation be- 
tween the ions on the surface is, on the average, much 
larger than the thickness of the water film at which 
the interaction becomes appreciable and the water 
film thicknesses involved in the experiments. (There is 
no inconsistency involved in treating the surface ions, 
whose mean separation is 140 A, as a uniform surface 
charge from the point of view of the space-charge layer, 
which has a depth of 2X10 A; and as point charges 
from the point of view of the water film, whose thick- 
ness varies from 3 A to 30 A.) The problem is further 
simplified by assuming that the water film is a dielectric 
plate with x= 80 sandwiched between the semi-infinite 
dielectric media representing the semiconductor on one 
side and the gas phase on the other. This situation is 
illustrated in Fig. 3. The ionic charge is assumed to be 
located at a distance a from the semiconductor surface, 
where a is of the order of an ionic radius. The solution 
of the electrostatic problem represented in Fig. 3 is 
outlined in the appendix. The results of the calcula- 
tions of interaction energy as a function of the thickness 
of the dielectric slab for variaus choices of the dielectric 
constants are shown in Fig. 4. The zero of energy in each 
case is for an infinitely thick slab. The units of ordinate 
assume that the ions are singly charged. For doubly 
charged ions they must be multiplied by four. 

Curves I and II in Fig. 4 show that the effect is in- 
sensitive to the exact choice of semiconductor dielectric 
constant. Surprisingly enough, it is also relatively in- 
sensitive to the choice of dielectric constant for the 
dielectric slab, as shown by curves II, III, and IV. 
This observation, however, does not imply that ¢ 
should be the same for films of different polar liquids, 
as {9 may be expected to differ for different polar 
liquids. What it does imply is that the solution of the 
electrostatic problem, in which water was assumed to 
have its bulk dielectric constant down to very thin 
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Fic. 4. The contribution to the electrostatic potential at the 
surface ion from the dielectric sandwich calculation for various 
choices of the dielectric constants. 


films, is probably not as much in error at the thin 
film limit as one might have supposed. 

In order to match Kingston’s? data on the change 
of yg, with humidity one simply computes the inter- 
action energy as a function of humidity using one of 
Law’s’ isotherms for the adsorption of water vapor 
and a thickness of 3 A per monolayer. The surface 
potential yg, is then given by a constant minus the 
interaction energy. The constant is determined by 
matching the calculation to the experiment at a high 
relative humidity (in this case 88%) where this simple 
model is assumed to be on its best behavior. The solid 
line in Fig. 1 gives the results of the calculation for a 
germanium dielectric constant of 16, a water dielectric 
constant of 80, an ionic radius of 1.5 A, and the adsorp- 
tion isotherm for water on clean germanium. For 
humidities greater than 30%, the fit is gratifying, and 
strongly supports the assumption that the positive ions 
are singly charged. In the neighborhood of 100% 
humidity, the theory predicts an upward curvature 
because the water layer is assumed to approach infinite 
thickness. Kingston’s 100% humidity point indicates 
part of this curvature. However, one would not expect 
complete agreement in this limit since the experimental 
water layer probably never reaches the requisite thick- 
ness, and the model is no longer so well suited to the 
calculation when the film thickness becomes com- 
parable with the distance between ions. 

The agreement with Kingston’s point at a relative 
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Fic. 5. Kingston’s measurements of the surface potential of 
p-type germanium vs relative humidity, compared with a calcula- 
tion upon a water isotherm which is a mean between those 
observed on clean germanium and on GeOs. 


humidity of 15% is really remarkable considering the 
crudity of the assumption that the water maintains its 
bulk dielectric constant down to very thin films, and 
especially when one remembers that the first monolayer 
of water is strongly oriented by the semiconductor 
surface. One would expect that the computed ¢, 
would drop off decidedly more slowly than the experi- 
mental values as the humidity approaches zero. Part 
of the reason for the agreement, no doubt, lies in the 
insensitivity of the calculations to the choice of film 
dielectric constant. It also seems likely that the first 
molecules of the second monolayer will tend to settle 
preferentially in the neighborhood of the ions, so that 
the effective film thickness may be close to two mono- 
layers whenever the adsorption data suggest that the 
coverage is just a little bit in excess of one monolayer.‘ 

There is still one criticism that can be applied to the 
calculated curve in Fig. 1. That is the use of adsorption 
data for clean germanium. Kingston states that his 
germanium surface was oxidized by repeated cycling 
between wet oxygen and wet nitrogen ambients. Law’s 
adsorption isotherm for water on GeO, suggests strongly 
that an oxidized germanium surface adsorbs less water 
at all humidities than does a clean germanium surface. 
To see what effect this might have on the fit to Kings- 
ton’s experiment, the curve in Fig. 5 was calculated 
using an adsorption isotherm which was an extrapolated 
mean between Law’s Ge and GeO, isotherms. The 


* It was originally thought that the water film might be “heaped 
up” over the ions. However, C. Herring called attention to the 
fact that the surface tension forces tending to keep the water-air 
interface a plane, parallel to the semiconductor surface, are much 
greater than the electrostatic forces tending to heap the water 
around the ions. (For a sphere of radius 10 A containing a charge 
e, the ratio of the forces is 160 to 1 and varies as r~*.) 
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dielectric constant of the semiconductor was chosen as 
10 rather than 16 in this case in order to represent the 
GeO, layer on the surface. As one can see, the fit is 
still pretty good, though it seems to misbehave a little 
near 40% humidity. 

One closing remark should be made about this model. 
It has been assumed that the ion is actually attached 
to the surface of the semiconductor, so that the charge 
is always a distance a from the water-semiconductor 
interface. For this to be the case, the ions must be 
subject to attractive short-range forces. Otherwise, 
the ions would be found “floating” in the water film at 
a distance from the surface corresponding to an energy 
minimum. A calculation on this basis, however, should 
show essentially the same effects as are derived from the 
present model. 

Vv. CONCLUSION 


A calculation using a simple model involving only 
the dielectric properties of the adsorbed water film 
seems to be capable of explaining observed changes of 
germanium surface potential with humidity. The change 
of surface potential with humidity may provide evidence 
as to the sign and magnitude of the charge of surface- 
state ions. However, since the preceding analysis has 
concerned itself with only one of the many factors 
controlling semiconductor surface potential, it is to be 
expected that many experiments will require more 
inclusive models for their explanation. 


APPENDIX 


A calculation is desired of the energy of interaction 
between a point charge embedded in a dielectric slab 
and the polarization charge it induces on the boundaries 
separating the slab from regions of different dielectric 
constant. The slab is shown in Fig. 3 as region (2) with 
dielectric constant €,. To the left of a boundary plane, 
perpendicular to the z-axis at z= —a, is the semi-infinite 
region (1) with dielectric constant €,, and to the right 
of a similar boundary plane at z= +0 is the semi-infinite 
region (3) with dielectric constant ¢;. A charge, q, is 
located at the origin. [Region (1) represents the semi- 
conductor, region (2) the adsorbed water film, and 
region (3) the atmosphere. The charge, g, represents a 
chemisorbed ion with a as its effective radius. ] 

The appropriate solutions in cylindrical coordinates 
(p,¢,2) of LaPlace’s equation in the three regions are as 
follows®: 


V == i: To (bye ayer], (1) 


vn] J To(kp)e-#ltidk+ 9 Jo(kp)W (k)e-**dk 


4tres 


+ f f Julbn)@ (Hea, (2) 


5 See W. R. Smythe, Static and Dynamic Electricity (McGraw- 
Hill Book Company, New York, 1950), second edition, Chap. 5. 
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V3;=— Jo(Rp)Q(k wat] (3) 
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In Eq. (2), the first term is the potential due to a point 
charge at the origin, and the other two terms give the 
potential due to the induced polarization charges on the 
boundaries. The functions ®, V, 0, and Q are determined 
by the boundary conditions which may be expressed 
as follows: 


Vi = V2 and €10 V,/ds= €20 V2/02, 
V2= V3 and €0V2/dz= €,0V 3/02. 


At s=—a, 


4 

at z=+46, (4) 
In order to satisfy the boundary conditions for all 
values of p, the integrands themselves must satisfy the 
boundary conditions. Thus, we have four algebraic 
equations in ®, ¥, © and Q. The solutions for V and @ are 


ae “that Be 2k (a+b) 
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and 


Be-?k b+ aBe-2k (a+b) 


1 — aBe~2k (a+ b) 


6) (6) 





where 
a= (€2.—€1)/(€o+€1) and B= (€2—€3)/(e2+€3). (7) 


For a singly charged ion, the desired energy of inter- 
action referred to a zero of energy for b> is then 


e a“ a 
hye f wear, (8) 
4rreoa 0 2 


a 


f ” (W40)dk. 


= lim 
2 b+ 


The integral in (8) has been evaluated as a function of 
b/a for four choices of the dielectric constants by 
R. W. Hamming and Miss M. M. Segrich of the Mathe- 
matics Research Department of the Bell Laboratories. 
The curves of the interaction energy vs b/a are shown 
in Fig. 4. 
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Differential Inelastic Scattering of Relativistic Charged Particles 


U. FANo 
National Bureau of Standards, Washington, D. C. 


(Received January 5, 1956) 


The angular distribution of inelastic scattering, given by the Mgller-Bethe formulas, is presented explicitly 
and analyzed in terms of longitudinal and transverse interactions which are incoherent because of different 
parity. Its connection with the Cerenkov radiation and its conceivable experimental observation are in- 


dicated. 


HE differential cross section for inelastic scattering 
of relativistic charged particles by atoms has been 
calculated by Bethe and Mgller.' It was understood that 
the retardation in the interaction between the incident 
particle and the atomic electrons is effective primarily 
for small-angle scattering (i.e., for large impact param- 
eters) but the attention was directed to the total cross 
section and to the energy loss, except for some com- 
ments in B, page 506. The peculiar angular distribution 
does not appear to have been pointed out. The recent 
activity in the measurement of differential inelastic 
cross sections” suggests that this distribution be given 
explicitly, the more so because it is represented by a 
family of universal curves, Eq. (6) and Fig. 2. 


1H. A. Bethe, Z. Physik 76, 293 (1932); C. Mgller, Ann. 
Physik, 14, 531 (1932), referred to as M; also H. A. Bethe, 
Handbuch der Physik (Verlag Julius Springer,®Berlin, 1933), Vol. 
24, Part I, p. 495, ff. and 506, referred toas B. 

2See, e.g., Marton, Leder, and Mendlowitz, in Advances in 
Electronics and Electron Physics edited by L. L. Marton (Academic 
Press, Inc., New York, 1955), Vol. 7, p. 183. 


The retardation effect induces transitions with dipole 
moment transverse to the momentum transferred in the 
scattering. These transitions contribute to scattering 
separately from the longitudinal dipole transitions 
which occur at ‘nonrelativistic velocities and whose 
probability is given correctly even by nonrelativistic 
theory. To show this relationship it may be worthwhile 
to outline the calculation of the cross section in the 
“gauge” where the Coulomb interaction is static and 
the retardation is represented by the transmission of 
virtual photons.’ 

Consider the excitation of the mth state of an atom, 
with excitation energy fw,, by a particle with charge 
ze, mass M, kinetic energy 7, incident momentum hk 
and velocity v= §c. The state m may be a differential 
element of the continuum. Call fq the momentum 
transferred in the collision corresponding to a deflection 
6, as shown in Fig. 1. We assume throughout 6<1, 


3 See the Moller interaction calculation by H. A. Bethe and 
E. Fermi, Z. Physik 77, 296 (1932). 
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Fic. 1. Diagram of momen- 
tum transfer: k09>=w,/2. 
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qk and w,<kv, so that 
1 d(hk) Wn 
k—|k—q| =0o~- —ho,=—. (1) 
h dT v 


The differential cross section can be written in the 
form 


do ( “) 4k?| (k—q| e~ **'**| k) (m| e*4|0) 
a2 Nac) # ¢ 
(, Kalas Aen "4 k) (n|@- Ae‘*'*|0) 








2q 





1 1 : 
x( + ) . (2) 
q—(wn/¢) 9+(wn/c) 


Here aj, r;, a, and r indicate, respectively, the Dirac 
velocity operator and the position of the incident 
particle and of the atomic electron which is excited. 
[To treat correctly the collision with a many-electron 
atom, one replaces exp(iq-r) with >>; exp(iq-r,;) and 
« exp(iq-r) with > ja; exp(iq-r;).] The unit polariza- 
tion vector of the virtual photon is A. It will be under- 
stood that an average, or sum, is taken over the mag- 
netic quantum numbers before and after the collision. 
The matrix elements pertaining to the incident particle 
then become 1 and 6-A, respectively. The factor 4/6? 
arises from the phase space element of the scattered 
particle and from the 1/» dependence of cross sections, 
and it reduces to 4M?/h’c? in the nonrelativistic formula. 
The first term in the squared modulus expression is, to 
within a factor, the familiar matrix element of the 
Coulomb interaction. The second term represents the 
transition probability amplitude resulting from the 
transmission of a virtual photon. It contains the velocity 
matrix elements of the two particles, associated with 
emission or absorption of a photon, the factor 1/q 
arising from the corresponding matrix elements of the 
field oscillators and two resonance terms of second-order 
perturbation theory corresponding, respectively, to 
emission by the incident particle and by the atom. The 
sum of these terms is 2¢/[.¢’— (wx?/c*) J. 

The transitions of the atom represented by the two 


terms in the squared modulus have different selection 
rules because the operator exp(iq-r) is even with respect 
to reflection on a plane parallel to q, whereas a@-A is 
odd in view of A-q=0. Light emitted in return transi- 
tions to the ground state differs in angular distribution 
and polarization for the two mechanisms of excitation. 
Thus, with reference to excitations of matter, the 
representations of electromagnetic interactions in 
different gauges are no longer equivalent; the gauge 
utilized here corresponds to an observable classification 
of interactions. Accordingly, in the anlytical process 
of squaring and of summing and averaging over orienta- 
tion states, the two terms in (2) do not interfere but 
give separate contributions to the cross section. (The 
present calculation differs from those of references 3 and 
1 in failing to combine the longitudinal and transverse 
interactions before squaring.) 

We introduce now the dipole approximation, valid 
when the wave number g is much smaller than the 
reciprocal orbit size of the atomic electron; that is, we 
expand the atomic matrix elements to lowest order in q. 
For the photon interaction process, g=0 gives a con- 
tribution; the matrix element of a= (1/c)dr/dt may be 
expressed as i(w,/c)(m|r|0). Each mechanism con- 
tributes thus in proportion to the squared dipole 
moment | (#|r|0)|?, which, after summing and averag- 
ing, is the same for all directions and will be indicated 
as X,”. 

With these"simplifications (2) ‘reduces to 


da @y*4krx,2 /wn B-Axn, \? 
(TCAs) 
dQ hc} PL? c g—(w,2/c*) 

The sum of (8-A)? over the polarization directions 


yields simply the squared projection of § on a plane 
perpendicular to q. Figure 1 and Eq. (1) show then that 


Wn 


BH? . 
(=) =P, P= kh (r+0"), (4) 
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and hence! 


do ey? 4 2,3 
—-#(—) hse 
dQ hc} B 67 





x| 60? ns Br B80! 
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(LEY Ma4). 


Prise 
{(8,x)= 1+ (6) 
i+el  (1—6°+a%)? 

4 Equation (5) can be obtained from B(50.1) by casting |nn(q)|* 
in the form k*x,?[0c?(1—6?)?+6 ] equivalent to B(52.26) and the 
denominator in the same form k‘[6.?(1—6*)+F as in (5). The 
first term in the bracket of (5) can then be ated out. The 
same procedure serves to derive (5) from M(: a 








SCATTERING OF RELATIVISTIC CHARGED 


The function f is plotted in Fig. 2, where the curves 
are labeled with the parameter r= (1—§?)*—1 which 
represents the kinetic energy of the incident particle 
in units of its rest energy. 

Notice that the contribution of transverse excitation 
is confined to the range <0 and peaks sharply, for 
high energies, at @~@9(1—?)~4. The drop of the trans- 
verse contribution for @<@)(1—*)! stems from the 
fact that 8-A vanishes at 0=0.° The angle 0 is of the 
order of the ratio of the excitation energy to the kinetic 
energy of the incident particle, according to (1). There- 
fore, the peak is confined to angles difficult to observe; 
the most favorable situation is possibly the excitation 
of K electrons in heavy elements by electrons of a few 
Mev, for which ~~1°. 

Integration of the angular distribution up to an angle 
© > yields 


8 da e\?x,2f © 1 
[ <20d0—10(=) =f in—+in -#} (7) 
0 dQ he B 0," 1-6" 


The first term—the only one which depends on 6 
and, therefore, on w,—represents the contribution of 
longitudinal excitations and settles at a constant value 
as 8 approaches 1. The remaining terms represent the 
“relativistic rise” of the cross section, and are also 
familiar except that the two logarithmic terms in (7) 
are usually combined. Notice that the integrated con- 
tribution of transverse excitation to the bracket terms 
rises like 8* for small 8. 

Equations (2) to (5) trace the relativistic rise to 
decreasing values of the resonance denominator 
q—(w,/c), and show that the “virtual” photon emis- 
sion becomes almost permitted by energy-momentum 
considerations since the photon energy iigc=hk (0°+6")'c 
approaches the excitation energy fw,=hkOov for v~c 
and @~0. Indeed (5) and (7) diverge at B=1 and 6~0. 
In fact, the perturbation treatment which underlies (2) 
is bound to break down as the resonance denominator 
vanishes. In this limit, the excited state of matter with 
energy hw, becomes tightly, rather than weakly, 
coupled with the excited state of the field oscillator with 


5 The limiting value at 6~0, where f=1, given by B(52.28) is 
p phn only for @«09(1—?)#, which is more restrictive than 
the condition 6«@ indicated in B (52.27). 
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Fic. 2. Differential scattering cross section 
as a function of scattering angle: 
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one photon of energy figc. The tightly coupled states 
“repel” each other in the energy spectrum, no resonance 
denominator vanishes and no singularities occur. This 
effect is quantitatively more important when there are 
many atoms interacting simultaneously with the elec- 
tromagnetic field and is known as the density effect, 
which stops the relativistic rise of the stopping power. 
The transition which is then induced by the incident 
particle leads to a state in which the excitation is dis- 
tributed between field and matter. The energy of this 
state is somewhat lower than fw, and is not readily 
dissipated but propagates, and is known as Cerenkov 
radiation. These states of tight coupling will be dis- 
cussed in another paper which will deal specifically with 
the excitation of condensed matter, where longitudinal 
and transverse excitations differ to the extent of having 
substantially different absorption spectra. 
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Momentum Transfer Cross Section and Fractional Energy Loss in the Collisions 
of Slow Electrons with Nitrogen Molecules* 


J. M. ANDERSON AND L. GOLDSTEIN 
Department of Electrical Engineering, University of Illinois, Urbana, Illinois 
(Received December 16, 1955) 


The momentum transfer collision cross sections, gm, of nitrogen molecules for slow electrons and the mean 
fractional electron energy loss, A, in these collisions have been determined by the method of microwave 
interaction in gaseous discharge plasmas. The mean energy of the electron was varied from 0.04 to 0.46 ev. 
The cross section, gm, was found to be ~17X 10~"* cm? at 0.04 ev. It decreases to ~8X 107!* cm? at 0.46 ev. 
The mean fractional energy loss of the electron, \, in the energy range investigated, was found to be ~5.5 in 
units of 2m/M. These results lend strong support to the theory of rotational excitation of Nz by 


slow electrons. 





ICROWAVE interaction!” in a decaying plasma 

in Nz has been used to determine the collision 

cross section for slow electrons, (0.04-0.5 ev), and the 
mean fractional energy loss of these electrons in col- 
lision with nitrogen molecules. The plasma is established 
by a 2-microsecond dc voltage pulse, and the gas pres- 
sure varied in a range of 0.4-1.5 mm of Hg. Measure- 
ments involving the propagation of guided microwaves 
in the plasma medium were made at such times (> 50 
microseconds after removal of the ionizing pulse) at 
which it was presumed the decaying plasma had be- 
come isothermal at a temperature ~300°K. At this 
temperature the momentum transfer collision fre- 
quency, ¥,, was found to be 6.6X108/sec mm Hg. In 
this determination the influence of the positive ion 
scattering of the electrons and the spatial distribution 
of electron density have been taken into account. The 
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Fic. 1. Probability of collision for momentum transfer, Pm, as a 
function of electron energy. 


* Work supported by Air Force Cambridge Research Center. 
The results here reported form a portion of the thesis submitted 
by one of us (J.M.A.) in partial fulfillment of requirements for the 
Ph.D. in the Department of Electrical Engineering, University 
of Illinois. 

' Goldstein, Anderson, and Clark, Phys. Rev. 90, 151 (1953). 

2 J. M. Anderson and L. Goldstein, Phys. Rev. 100, 1037 (1955). 


variation of the mean electron energy in the plasma 
was obtained by propagating through it various ap- 
propriate levels of square-pulsed “disturbing” wave at 
8600 Mc/sec. The associated variation of the electron 
collision frequency was determined by a continuous 
lower level probing “wanted” wave at 9400 Mc/sec. 
The fractional energy loss, \, was determined by 
measurement of the relaxation time constant associated 
with the transmission of the wanted wave in the wake 
of the disturbing wave pulse. 

The probability of collision for momentum transfer, 
Pm, as a function of electron energy, and consequently 
the associated cross section, is obtained from the 
variation of v», and expressed in a series expansion in 
terms of electron velocity (cm/sec) as shown on Fig. 1. 
This expression is valid from 0.04 to 0.5 ev, but would 
not be expected to be in considerable error from 0.02 
to 1.0 ev. For purposes of comparison, other determina- 
tions of the collision probability as a function of electron 
energy are also reproduced.** It will be noted that for 
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§R. W. Crompton and D. J. Sutton, Proc. Roy. Soc. (London) 
A215, 467 (1952). 

*C. Ramsauer and R. Kollath, Ann. Physik 4, 91 (1930). 

°C. E. Normand, Phys. Rev. 35, 1217 (1930). 

* Briiche, Ann. Physik 82, Ser. 4, 912 (1927). 

7 Phelps, Fundingsland, and Brown, Phys. Rev. 84, 559 (1951). 
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MOMENTUM TRANSFER CROSS SECTION 


room temperature (~0.04 ev) electrons, P,,260 cm?/ 
cm’ and is decreasing with increasing electron energy. 
This variation of P,, with electron energy is in qualita- 
tive agreement with results of Fundingsland et al.® 
The experimentally determined fractional energy loss, 
A, is plotted as the dotted open circles of Fig. 2; the 
circles are joined by the dashed line. Other experimental 
determinations of ) are also plotted on Fig. 2. It is seen 
that A is greater than that corresponding to purely 


® Sir John Townsend, Electrons in Gases (Hutchinson Scientific 
and Technical Publications, 1947), p. 72. 

® Fundingsland, Faire, and Penico, Rocket Exploration of the 
Upper Atmosphere (Interscience Publishers, Inc., New York, 
1954), p. 339. 
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elastic collisions. This is, however, understandable in 
the light of the theory recently proposed by Gerjuoy 
and Stein’ on excitation of rotational levels of Ne in 
collision with slow electrons. If P,, found in these 
experiments is used in the calculation of \ in the above 
theory, then we obtain the solid curve of Fig. 2, which 
is in good agreement with all experimental determina- 
tions of X. 

During the experiments the gas pressure was moni- 
tored. No measurable pressure change occurred; this 
result would most probably exclude the presence of any 
appreciable amount of atomic nitrogen. 


10 FE. Gerjuoy and S. Stein, Phys. Rev. 97, 1671 (1955). 
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Recoil Particles from Po” and Their Ionization in Argon and Helium* 


WitiiAM P. JEssE AND JOHN SADAUSKIS 
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(Received December 22, 1955) 


The average energy W, to make an ion pair for the recoil particles ejected by the disintegration of Po?! 
has been measured in argon and helium by a modification of a very old method. The ratio of this value for 
the recoil particles to the corresponding W, value for the Po alpha particles was found to be 4.1 and 4.5 
in helium and argon, respectively. The ratio for argon is in good agreement with an earlier determination 
by Madsen for an argon-air mixture. The maximum radial distance traversed by the recoil particles was 
found to be 7.7X 10™* cm and 52X 107? cm in argon and helium, respectively, under standard conditions. 


OR the past fifty years the ionization produced 
by recoil particles from radioactive disintegrations 
has been an interesting subject of investigation. Since 
the discovery of fission such investigations have addi- 
tional interest, since the ionization phenomena ac- 
companying the stopping of a fission fragment must be 
very similar to those accompanying the stopping of a 
recoil atom. The investigation of the recoil atom, more- 
over, has a marked experimental advantage in that one 
is dealing with a monoenergetic source with a precisely 
calculable initial energy. 

A determination has been made by Madsen! of the 
average energy to produce an ion pair in argon by the 
recoil atoms from Po, ThC, and ThC’ in a coincidence 
counter system. He found that W,, the average energy 
to produce an ion pair by the recoil atom, was 4.4, 3.8, 
and 3.4 times the average W for the corresponding 
alpha particle from Po, ThC, and ThC’. 

Unfortunately for work of this importance, the 
counter filling used was 95% argon and 5% air. Since 
the effect of impurities on the ionization in the noble 
gases may be quite large,’ there is some question 
whether these results are valid in pure argon. 

Soon after the appearance of this paper an experiment 

*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1B. S. Madsen, Kgl. Danske Videnskab. Selskab, Mat.-fys. 


Medd. 23, No. 8 (1945). 
2 W. P. Jesse and J. Sadauskis, Phys. Rev. 88, 417 (1952). 


was devised by the present authors to repeat the work 
in pure argon. An adaptation of a very old method? 
was used. 

A polonium source on a flat collecting electrode was 
placed at the geometrical center of a hemispherical 
ionization chamber of 4.5-cm radius. The source was 
electrodeposited as an invisible film on a polished 
platinum plate. A masking metal foil over the platinum 
plate allowed alpha particles to emerge only through a 
circular aperture of 0.5-cm diameter. The number of 
alpha particles emerging from the limited area was 
about 20 per second. This value was accurately deter- 
mined by auxiliary measurements in a methane flow 
proportional counter. 

The filling gas pressure in the ion chamber was varied, 
and the ionization current through the chamber 
measured as a function of the gas pressure (Fig. 1). 
This measurement was made by a drift method with a 
vibrating-reed electrometer and Brown recorder. The 
pressure was determined by a McLeod gauge, especially 
designed to measure pressures in the region from 0.01 
to 2 cm of mercury. The argon and helium used were of 
high purity from breakerseal flasks, but were not contin- 
uously circulated over a purification system as has since 
been found desirable. 


3H. Geiger and J. M. Nuttall, Phil. Mag. 22, 613 (1911). 
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Fic. 1. Ionization current through the chamber as a function 
of gas pressure. 


The current-pressure relation in Fig. 1 is represented 
for each of the gases by a very good straight line, which 
suddenly breaks downward as the origin is approached. 
Along the straight line the ionization measured consists 
of two parts. The first of these is a constant increment 
due to the ionization of the recoil particles, which are 
completely absorbed in the chamber. The second is the 
ionization produced in the rarified gas by the alpha 
particles in the initial stages of their path. Since the 
Bragg curve in this region is an almost horizontal line, 
the variation of ionization with pressure should be a 
very good straight line, as was found experimentally. 
If this straight line is extrapolated, it should give an 
ordinate intercept representing the total ionization 
current of the recoil particles. The pressure value where 
the experimental curve breaks downward from the 
straight line represents the point where the recoil 
particles begin to hit the chamber wall with a resulting 
decrease in ionization. 

After the argon data in Fig. 1 were obtained, the 
chamber was filled with argon to a pressure of the order 
of 1 atmosphere and the current corresponding to the 
maximum ionization by the polonium alpha particles 
plus the recoil particle increment was measured. If the 
value of this last small increment, the intercept current 
in Fig. 1, is subtracted, we have the current J,, the 
ionization current from the alpha particles at their 
maximum range. J, is obviously proportional to E./Wa, 
where E, is the energy of the Po alpha particle, and 
W,, is the average energy to make an ion pair for the 
Po alpha particle. Similarly, for the recoil particles, /, 
is proportional to E,/W,. J, is the intercept value and 
E, and W, have meanings corresponding to those 
above. If we assume the number of recoil particles to 
be the same as the number of alpha particles emerging 
from the plate per second, then on dividing the fore- 
going proportionalities, 


W,/W.=(E,/ Ea) X (la/I;). 


E,/E, is given by the mass ratio of the particles and 
has here the value 0.0190. Hence the ratio W,/W, may 


AND J. 
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be determined directly from the observed current ratios. 
For argon (Table I), W,./W. was found to be 4.5—in 
very good agreement with the 4.4 ratio of Madsen for 
his argon-air mixture. The W,/W, ratio for helium 
shown in Table I was obtained by a slight variant of the 
method described above for argon. 

In Fig. 1 the pressure corresponding to the break in 
each curve is the pressure at which the recoil particles 
begin to strike the chamber walls; i.e., they have 
traversed a radial distance of 4.5 cm. This radial dis- 
tance, reduced to conditions of standard temperature 
and pressure, is shown in column 3 of Table I. It should 
be noted that this distance corresponds to a particle 
range, as it is usually defined, only if one assumes that 
the recoil particles travel in straight lines. 

The very high absorption in matter of the recoil 
particles presents probably the greatest difficulty en- 
countered in their measurement as they emerge from 
solid samples. In his experiments Madsen made a num- 


TABLE I. Results from measurements for recoil particles 
from Po. 








Radial distance traversed 
by particle in gas at 


Gas W,/Wa 15°C and 760 mm 


Argon 4.5 
Helium 4.1 





7.7X10 cm 
52107? cm 








ber of tests, all of which seem to indicate a negligible 
self absorption in the samples used. The publication of 
our results, however, has been delayed for a number 
of years in the hope of carrying out still further tests to 
reassure ourselves on this very critical point. Since 
circumstances have arisen, however, which render it 
improbable that further work on this problem can be 
carried out in the foreseeable future, we are now pre- 
senting these results in a somewhat incomplete form, 
perhaps chiefly to illustrate a new application of a very 
old experimental method. 

While the results of Madsen and the present results 
seem to show an increased value for recoil atoms over 
that for alpha particles, it should be pointed out that 
they are not necessarily in conflict with the authors’ 
own measurements‘ of W for alpha particles in very 
pure argon. In the latter work, for alpha-particle energies 
between 1 and 9 Mev, no variation of the W value could 
be detected which exceeded the error of experiment. 

An alpha particle of the same velocity as the recoil 
particle from a polonium disintegration would have an 
energy of less than 2 kev. Since Madsen found a 
markedly decreasing value of W, with increasing recoil 
energy even within the limited range of energies 
investigated, it seems possible that in alpha-particle 
ionization in argon the increased W value extends over 
such a limited range of energies as to prove insignificant 
in measurements with alpha particles having energies 
of 1 Mev or more. 


‘ Jesse, Forstat, and Sadauskis, Phys. Rev. 77, 782 (1950). 
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Differential Cross Section for Proton-Helium Scattering near 17.5 Mev* 
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The differential cross section for the elastic scattering of 17.45+0.2-Mev protons by helium has been 
measured at 33 angles between the center-of-mass angles 6.4 to 168 degrees. An external beam of protons 
from the Princeton cyclotron was scattered by helium gas in the interior of the Princeton 60-inch precision 
scattering chamber, scattered particles being detected in a potassium iodide scintillation counter. Values 


found for the cross section are considered to have an over-all accuracy of 2% 


® except at the smallest angles 


where the error was larger due to experimental difficulties. The resulting data have been analyzed in terms 
of phase shifts of the S, P, D, and F waves with the following results: S, —100.7°; Py, 81.2°; Pj, 36.4°; 
Dsi2, 157.8°; Dy, 10.9°; and F, 1.2°. These values provide a least-squares fit to the experimental curve. 





I. INTRODUCTION 


XPERIMENTS on the elastic scattering of protons 
by helium have been performed at different 
energies during the past several years. The effort that 
has gone into this study has been rewarded by the in- 
formation it has given concerning the level structure of 
Li' and the nature of spin orbit interaction. While there 
were some earlier proton-helium scattering experi- 
ments,'~ those on which the latest analyses are based 
are the ones by Freier, Lampi, Sleator, and Williams® 
between 0.95 Mev and 3.58 Mev, by Kreger, Jentschke, 
and Kruger‘ at 5.78 Mev, and by Putnam’ at 9.48 Mev. 
Analyses of these results in terms of nuclear phase shifts 
were performed for the work of Freier ef al. by Critch- 
field and Dodder® and for that of Kreger ef al. and of 
Putnam by Dodder and Gammel.’ The phase shifts 
have been interpreted in terms of energy levels of the 
compound nucleus Li‘ according to the Wigner-Eisenbud 
formalism by Adair’ and by Dodder and Gammel,’ 
and more recently they have been treated in terms of a 
potential interaction between the proton and the alpha 
particle core by Sack, Biedenharn, and Breit." The only 
experiment at energies greater than those mentioned is 
that by Cork” at 31.6 Mev; however, there has been no 
published analysis of those data. 
The experiment described in this paper seeks to ex- 
tend the information gained from the lower energy 


* This work was supported by the U. S. Atomic Energy Com- 
mission and the Higgins Scientific Trust Fund. The paper is based 
in part on a thesis presented to the faculty of Princeton University 
in partial fulfillment of the requirements for the degree of Doctor 
of Philosophy. 
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work by using incident protons of energy near 17.5 Mev. 
The differential cross section was measured with an 
over-all absolute accuracy of approximately 2% between 
center-of-mass angles 6° and 168°, and the results have 
been analyzed in terms of the nuclear phase shifts. 


II. DESCRIPTION OF EXPERIMENT 


Measurement of the cross section was carried out by 
fairly standard techniques using helium gas as the 
target and detecting the scattered protons in a potas- 
sium iodide scintillation counter. The 17.5-Mev in- 
cident protons were accelerated by the Princeton fre- 
quency modulated cyclotron and were focused on the 
entrance slit of a scattering chamber 60 inches in diam- 
eter placed about 20 feet away in which the measure- 
ment was performed. This chamber is shown schemati- 
cally (plan view) in Fig. 1, with the experimental setup 
for gas scattering. It was constructed at this laboratory 
by Yntema and White for the precision measurement 
of angular distributions and has been described in detail 
by them. Its vacuum can has a 60-inch interior diameter 
and contains a circular table 57.27 inches in diameter 
equipped with radial arms to which detection apparatus 
may be attached. Lines on the edge of the table gradu- 
ate its circumference in degrees, and by observing the 
graduations through a window in the vacuum can with 
a fixed microscope, the angular position of the counter 
arm may be known to within 2 minutes of arc as the 
table is rotated about its axis. 


BEAM COLLECTOR 


|MICROSCOPE 


Fic. 1. 60-inch scattering chamber. 


8 J. L. Yntema and M. G. White, Phys. Rev. 95, 1226 (1954). 
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Protons enter the chamber through a system of col- 
limating slits. As shown in the figure, slits A and B, 
circular apertures 3.17 mm in diameter and 30 inches 
apart, define the proton beam while holes C and D of 
larger diameter serve as antiscattering baffles. A 2-mg/ 
cm? mica foil placed between B and D isolated the vac- 
uum of the cyclotron and beam tube from the target gas 
which filled the scattering chamber. The alignment of 
the scattering chamber was such that the axis of these 
collimators intersected and was perpendicular to the 
axis of rotation of the chamber’s table. 

A scintillation counter, consisting of a potassium 
iodide crystal fixed to the face of an RCA type C7151 
photomultiplier tube, was set up on an arm of the scat- 
tering table to detect the scattering events. Pulses from 
the counter were amplified in a 501 amplifier and re- 
corded with an Atomic Instruments scaler and register. 
An integral discriminator in the scaler was biased to 
eliminate low-lying background pulses due to gamma 
rays. 

A rectangular slit with vertical sides, placed on the 
counter arm approximately 6 inches in front of the 
counter’s aperture, defined the scattering region seen 
by the counter. With the table set at its zero graduation 
mark, the axis of these two slits was made to coincide 
with that of slits A and B; then the angle of rotation 
of the table from this position was the laboratory 
scattering angle. The space between the rectangular 
slit and the counter opening was enclosed with a brass 
cylinder to prevent protons scattered from other 
regions of the chamber than that defined by the slits 
from entering the counter; this tube carried a third slit 
of sufficient size not to interfere with the defining action 
of the other two as an antiscattering baffle. 

The dimensions and spacings of the counter opening 
and the rectangular slit fix the values of the thickness 
of the gas target and the solid angle subtended by the 
counter opening from the region of scattering. The 
product of these two values averaged over the scattering 
path may be given approximately as 


(Ad/RI) csc, 


where A is the area of the counter opening, d is the 
width of the rectangular slit, / is the distance between 
these two slits, R is the distance of the counter from the 
axis of rotation of the table, and @ is the scattering angle. 
The accuracy of the approximation depends on the 
dimensions used. For the work described here, it was 
good within 0.2% between the angles of 25° and 155°, 
and outside of this region corrections to the formula 
were applied. At angles less than 12°, where the change 
of cross section with angle is rapid, it was necessary to 
correct the data also for the curvature of the measured 
cross section on account of the finite angular resolution 
of the slits. The corrections were greatest at the smallest 
scattering angle (5°), where they amounted to about 
12%, and dropped off rapidly with increasing angle; by 
10° they were less than 1%. 
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Use of the two slit geometry and the variation of the 
size of the cross section at the different scattering angles 
caused it to be necessary to use three sets of the par- 
ameters A, d, J, and R to obtain reasonable counting 
rates in the course of the data taking. While an / of 
about 6 inches was used for all measurements, a value 
of R (about 11 inches) was used for the range of angles 
55° to 155° smaller than that taken for the rest of the 
angles (18 inches) in order to increase the counting rate 
in that region. At angles less than 12°, it was necessary 
to decrease the width d and the diameter of the counter 
opening to about half their values at the larger angles 
(approximately 1 cm for each of these dimensions at the 
large angles) in order to decrease the counting rate. 
Slit dimensions were measured with a traveling micro- 
scope to within +0.001 cm, and R and / were measured 
with accuracies better than 0.01 inch with a 20-inch 
vernier caliper that could be read to 0.001 inch. 

The density of the scattering centers in the gas target 
was found by measuring the temperature and pressure 
of the gas. Helium in the chamber was assumed to be in 
thermal equilibrium with the chamber walls and the 
reading of a mercury thermometer in good thermal 
contact with the chamber lid was taken as the gas 
temperature. Gas pressure was measured with a 
mercury manometer which was read with a precision 
cathetometer. The pressures used were generally be- 
tween 25 and 50 cm although for a few runs smaller 
pressures were used, the minimum being about 14 cm. 
Commercially obtained helium gas used for the experi- 
ment was found to be of sufficient purity that no further 
purification was required. The assumption that im- 
purities were absent was checked in the scattering at 
the smallest angles, where their effect should be greatest, 
by observing that there was no difference between runs 
in which the gas was admitted to the scattering chamber 
through a liquid air charcoal trap and runs in which 
no purification was used. In order to keep the helium 
free of impurities, the chamber was outgassed for at 
least 24 hours before scattering runs, then flushed with 
helium and re-evacuated before the target gas was 
admitted. The chamber’s leak rate was measured and 
the gas was used only as long as the impurity level due 
to leakage remained negligibly small. Critical impurity 
levels had previously been determined by measuring the 
scattering from air. 

Protons not scattered by the helium were collected in 
a Faraday cup housed in a compartment at the rear of 
the scattering chamber. The charge collected in the cup 
was measured with a current integrator described in the 
Yntema and White paper" to give the number of pro- 
tons incident on the gas target during a scattering run. 
The compartment containing the cup was sealed off 
from the helium filling the chamber with a 1-mil 
aluminum foil and was drawn to a vacuum of 10-5 to 
prevent loss of charge from the Faraday cup by ion 
currents. A magnetic field of 1000 gauss in the region of 
the mouth of the cup was used to suppress secondary 
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electron currents. To be sure that the spread of the 
beam due to multiple scattering in the gas and the foils 
was not so large that the cup failed to collect all the 
protons, the scattering of protons by a heavier gas (air), 
in which the beam spread increases rapidly with 
pressure, was measured at different gas pressures. The 
linearity of the relation between the measured scattering 
and the pressure assured that the collection was com- 
plete. Loss of protons due to this spread when the target 
was helium, in which multiple scattering is much less 
than in air, was estimated to be less than 0.2%. 

The energy of the incident protons was determined 
by measuring their range in aluminum. Range measure- 
ments were made on protons scattered through a small 
hole in the chamber wall at —10° by a platinum foil 
lowered into the beam between gas scattering runs, and 
the particles were detected in a proportional counter 
which was biased to detect only the particles producing 
maximum ionization. By this means the energy of the 
incident protons could be found within 80 kev. It was 
further determined that the mean energy of the protons 
delivered by the cyclotron varied over an interval 
0.16 Mev wide. From these measurements and con- 
siderations of the factors causing variations of the 
energy, the energy of the experiment is quoted as 
17.45+0.2 Mev. 


TABLE I. Experimental values for the differential cross section 
for the scattering of protons by helium at 17.5 Mev, and the values 
for the cross section computed from the phase shifts that provide 
a least-squares fit. 








Calculated values 

oOo 

fo . 
deviation 


—4.5 
—5.2 
—2.5 
—2.4 
—2.6 
—2.9 
—0.7 
—0.3 
—0.4 


Experimental values 
Estimated 


oom 
error % (mb/sterad) 


2400 
1141 
682.4 
463.2 
355.4 
299.1 
250.9 
233.9 
223.7 
2169 —0.8 
203.9 —0.4 
187.4 0.9 
168.1 2.0 
147.3 
125.9 
104.9 
85.07 
67.07 
$1.33 
38.08 
27.42 
16.68 
10.31 
7.586 
7.752 
10.10 
16.00 
23.62 
27.66 
31.67 
39.10 
45.06 
46.88 


Tom 
(mb/sterad) 


2510 
1200 
700 
475 
365 
308 
253 
235 
225 
219 
205 
186 
165 
140 
120 
98.2 
79.9 
64.7 
48.8 
37.0 
27.1 
16.7 
10.4 
7.57 
7.64 
10.2 
16.0 
23.1 
27.5 
31.2 
39.3 
45.4 
45.9 


Oem 
(degrees) 
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Fic. 2. Center-of-mass differential cross section for scattering 
of 17.45-Mev protons by helium. (Upper curve is 10 times the 
lower curve.) 


The experiment consisted of the measurement of the 
differential cross section at 33 angles ranging from 5° 
to 164° in the laboratory system. At each of these 
angles between 5000 and 50 000 scattering events were 
counted. Background measurements were required in 
the extreme forward and backward directions. At the 
back angles, the energy of the scattered protons is low, 
and at the low discriminator biases necessary to record 
the proton pulses, some of the gamma ray background 
was included. These background pulses were counted 
separately by closing off the forward slit of the detection 
system with an aluminum shutter, thus removing the 
proton pulses. At angles less than 17° some protons 
scattered from structures in the chamber could enter the 
detector. This background was measured by evacuating 
the chamber and taking vacuum counts. Spread of the 
beam due to multiple scattering in the helium gas 
would tend to increase this small-angle background 
somewhat. How much was not determined though the 
effect was believed to be small, and consequently the 
error that was estimated for these points was increased, 

The cross section and scattering angles were trans- 
formed into the center-of-mass coordinate system by 
means of a Lorentz transformation in order to account 
for relativistic effects. The differences between this and 
the nonrelativistic transformation amounted to only 
about 1% at most, however. 

Results of the experiment are listed in Table I, which 
gives the center-of-mass differential cross section in 
millibarns per steradian for the various center-of-mass 
angles at which the measurements were made. The 
estimated error at each point is also included. A graph of 
the results is shown in Fig. 2, where the cross section 
has been plotted twice with the scale of the upper curve 
ten times that of the lower one. In Fig. 3, the cross 
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section at 17.5 Mev is shown along with the results of 
some of the other experiments to show how they lie 
with respect to one another. 

The errors arising in the measurements have been 
estimated as follows: error in the determination of the 
number of protons incident on the target, +0.5%; 
error due to variations of the energy of the incident 
protons during the experiment, +0.5%; error in the 
product of solid angle and target thickness due to errors 
in measurement and slit edge penetration effects, 
+0.3%; error in measurement of gas density, +0.1%. 
The statistical error arising in the counting of the 
scattering events varies from point to point, and lies 
within the range 0.5% to 1.6%. Thus it is estimated 
that the cross section has been found in general with an 
accuracy of better than 2%. Slightly greater errors have 
been estimated for the two smallest scattering angles 
where the corrections applied to the data were large. 


Ill. PHASE SHIFT ANALYSIS 


An important step to be taken, if possible, in the 
interpretation of nuclear scattering data is the analysis 
of the differential cross section in terms of phase shifts. 
If one uses the notation of the papers of Critchfield and 
Dodder® and Dodder and Gammel,’ the expression for 
the differential cross section in terms of the phase 
shifts and as a function of the scattering angle and the 
incident energy is the following: 
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—exp(id;*) sind;*+] exp(i@:) sin®P;'(cos#)|. (1) 


When a set of several phase shifts is required to fit the 
expression to an experimental curve, the problem of 
doing so becomes quite difficult because of the com- 
plexity of the formula. This is especially the case when 
the data are quite far removed in energy from previously 
analysed results, for then it is hard to guess where to 
look for the new solutions. The situation is complicated 
further by the possibility of the existence of more than 
one set of values for the phase shifts that fit the data, 
for in that case one must pick the physically significant 
set. In the work described here, one particular set of 
phase shifts was found, and from the manner in which 
it was determined, it is reasonable to think that it is the 
solution corresponding to reality. The method was as 
follows: 
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Fic. 3. Differential cross section for scattering of protons 
by helium at several energies. 


For the case of 17.45-Mev protons, the product of the 
wave number of the protons and the nuclear radius is 
about 2.4; therefore, one expects large S, P, and D 
phase shifts and an F phase shift that is small. Since F 
wave effects were assumed to be small, the first step was 
to locate the vicinity of the solution in terms of a set 
of five phase shifts for the partial waves S, Py, Py, Dy, 
and D,. To do this, expression 1 was equated to the 
experimental cross section at five particular angles and 
a solution of the resulting set of five equations in the 
five unknown phase shifts were sought. The equations 
were set up in the variables described in the paper of 
Critchfield and Dodder,® with a suitable extension to 
include the two D phase shifts, using the following 
scattering angles: 90°, 54°44’, 125°16’, 25°, and 150°. 
The first three angles were chosen because at those 
angles the corresponding equations become consider- 
ably simpler. Now these equations, being nonlinear, are 
quite difficult to solve, and indeed the solutions were 
never found, but from them came estimates of the phase 
shifts. The procedure was roundabout. Values for the 
two P phase shifts were assumed and introduced into 
the equations; then it was possible to solve the equa- 
tions for the remaining phase shifts and an additional 
pair of parameters that indicated how close the original 
guesses of the P phase shifts had been. Another pair of 
P phase shifts was then tried and so on until it appeared 
that a guess close to the solution had been made. The 
guesses for the P phase shifts were not made blindly, 
however, and it is here that the lower energy results 
were used. 

A result of the work of Dodder and Gammel? is a 
graph of the logarithmic derivative of the two P-wave 
functions at the nuclear boundary versus energy. To 
the extent that the situation represented by these curves 
is that of resonance scattering from single Py and P, 
levels in the compound nucleus, the graphs are linear 
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and may thus be easily extrapolated to predict what 
occurs at a higher energy. This then was the procedure 
for obtaining the original guesses of the P phase shifts 
used in solving the phase shift equations. By the ex- 
trapolation, the values of aY (nuclear radius a=2.9 
X10-% cm times the logarithmic derivative Y) were 
— 20.4 for the Py wave and —4.2 for the P; wave. Then, 
using the formula 


ka F’ 
Ye +ka 
FG[1+ (F/G) coté ] 
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where & is the wave number, 6 the phase shift, and F, 
G, and F’ are Coulomb wave functions tabulated by 
Breit and his collaborators," the P; phase shift, 6,+, and 
the P; phase shift, 6:-, were determined to be 67° and 
32°, respectively. From this starting point, the solution 
that was obtained for the set of five equations was: 
do= — 107.6°, 6;+=72°, 65> = 36°, 6,+=150.6°, 6.-=7°. 
This solution was not really good, for while the scatter- 
ing curve plotted from it followed the experimental 
cross section fairly well for much of the range of angles, 
deviations as great as 25% occurred in the backward 
direction. Nevertheless, it provided a reasonable start- 
ing point for a more refined calculation, since the cross 
section at the back angles is particularly sensitive to the 
phase shifts. 

A search was then made for a set of phase shifts 
providing a least squares fit to the experimental curve. 
Using an International Business Machines card-pro- 
grammed electronic calculator, an iterative procedure 
was employed in which the phase shifts were changed 
from the initial value along the line of maximum 
gradient of the relative deviations from the experimental 
values. Six phase shifts were used to fit the data, the 
five previously used and 43, the phase shift for F-wave 
scattering with the constraint that the Fz. phase shift 
should be equal to the F; phase shift. The results were 
the following: 59=—100.7°, 6;+=81.2°, 5-=36.4°, 
53+ = 157.8°, 52-=10.9°, and 62=1.2°. Table I also gives 
the values of the cross section calculated using these 
phase shifts and the percent deviation from the experi- 
mental results. On examination of these values it is seen 
that the fit leaves something to be desired, for while the 
rms error is only 2.88%, there is a large systematic 
deviation (to about 7%) around the angles 43° to 83°. 
Aside from the possibility of a systematic experimental 
error, there are two possible causes for this deviation 
that come to mind. The first is that not enough phase 
shifts were used to fit the data. This could be investi- 
gated by first splitting the F-wave phase shifts to allow 
for the effects of spin orbit interaction, then, if neces- 
sary, adding some G-wave scattering. It was not con- 
sidered worthwhile, however, to do this at this time. 
The other possible cause of deviation is that at this 


4 Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1952). 


17.5 MEV 395 
energy it might be necessary to consider relativistic 
effects. The phase shift analysis is based on nonrela- 
tivistic theory and for this experiment v/c was about 0.2. 

Of course, there also remains the possibility that the 
phase shifts found were spurious and do not correspond 
to physical reality. It is the belief of the author, how- 
ever, that the chance is very good that they are physi- 
cally significant. The reason for this is that the S and 
P phase shifts were found in the regions in which they 
were to be expected from considerations of the results 
of the lower energy experiments. As has already been 
seen, these previous results were used directly in finding 
the approximate P-wave solutions, and the final results 
did not differ too greatly from the predictions. The 
values of the logarithmic derivative times nuclear 
radius (aY) corresponding to the final results were 
— 33.3 for the P; wave and —6.1 for the Py wave. These 
values are less than those obtained from the extrapola- 
tion of the graph of Dodder and Gammel, which would 
be expected if higher lying P levels were affecting the 
scattering. This is not an unlikely situation. The 
S-wave phase shifts for the lower energy work have been 
found to follow closely the pattern to be expected in 
scattering from an impenetrable sphere of radius 
2.6X 10-* cm. It is not possible to check the results of 
the present experiment quantitatively with this model 
because of the lack of the proper wave functions, but it 
may be stated that the value found is in the proper 
region for agreement with the model. 

The D-wave situation is surprising and ambiguous. 
Since the formula for the cross section in terms of the 
phase shifts [Eq. (1) ] is a function of double the phase 
shift angles, values of a phase shift differing by 180° 
give identical values for the cross section. Thus another 
possible value for 6,*+ is — 22.2°, and without additional 
information one cannot choose between this value and 
the previously given one (157.8°). In the light of pre- 
vious results, however, one would be inclined to pick 
the value 157.8° since this would be the case of the 
inverted doublet for D states which was indicated in 
the analyses of Dodder and Gammel. If this is true, 
Dy, resonance scattering would occur at some lower 
energy, thus pointing to the existence of a Dy level in the 
Li> compound nucleus, and thus confirming the expecta- 
tions of Dodder and Gammel. 

It is clear that there is a need for more proton-helium 
scattering experiments in this energy region. Data at a 
different energy would eliminate the D-wave ambiguity 
merely through the necessity for the continuity of the 
phase shifts, and data at a number of different energies 
would open the door to interpretive work along the lines 
of that carried out for the lower energy experiments. 
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The directional correlation of the 368-kev and the 159-kev y rays of 44-min Hg™ were studied with 
sources in the form of liquid metal, frozen metal, and dry crystalline HgCle. The results in the liquid metal, 
if free of scattering and of disturbances in the intermediate state, indicate a mixing of 0.8% ES5 with the 
predominantly M4 first ~ ray, assuming the second to be pure E2. The disturbance observed in the frozen 
metal suggests a static electric quadrupole interaction eQ(d*V /dz*)/h of 593 Mc/sec whereas that in HgCle 
suggests similar interaction of 1100 Mc/sec for the 2.35-mysec intermediate state. If the second y ray is a 
rotational transition, an intrinsic quadrupole moment determined from the intermediate lifetime can be 
used together with these values and the coupling observed for Hg™! in HgCl, to compute the electric quad- 
rupole moment of Hg™!. The resulting value of 0.46~,1:*°* barn is in excellent agreement with the spectro- 
scopically determined value of 0.45+-0.04 obtained by Murakawa. 


INTRODUCTION 


N several instances,' disturbances of directional 
correlations of successively emitted nuclear radia- 
tions have been observed and shown to be attributable 
to coupling of the electric quadrupole moment of the 
intermediate nucleus to the field of surrounding charges. 
No example has so far been reported for which a reliable 
evaluation of the pertinent electric field gradient could 
be made so as to allow determination of the nuclear 
electric quadrupole moment of the intermediate state 
from the observed disturbance. It is well known that 
covalent effects play a dominant role in determining 
such field gradients in solids. In most examples so far 
reported, the nucleus studied is a chemical impurity 
in an unknown electronic state, perhaps also displaced 
by recoil from a normal lattice site because the gamma 
rays observed follow very promptly after disruptive 
a or 8 emission or electron capture. As a consequence, 
evaluation of a field gradient is even less reliable than 
in the already difficult examples of stable nuclei 
observed by radio-frequency spectroscopy. 
The experiments to be described herein deal with a 
nuclear isomer, 44-minute Hg™, which can be observed 
in chemical environments normal to ordinary mercury 


* Supported in part by the joint program of the Office of Naval 


Research and the U. S. Atomic Energy Commission. 
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1See for references the review article of H. Frauenfelder, in 
Beta and Gamma-Ray Spectroscopy, edited by K. Siegbahn 
(Interscience Publishers, New York and North Holland Publishing 
Company, Amsterdam, 1955), Chap. 19. 


because y emission can be separately selected (disrup- 
tive electron conversion ignored) and the initial 368-kev 
y ray, leading to the 2.35-musec level’ examined, 
produces small recoil. In these respects, the situation 
is similar to that of 48-min Cd"™'* and of 68-min 
Pb™,5-6 Also highly relevant to the study of the 
correlation in 44-min Hg™ are: (1) the existence of a 
stable isotope, Hg’, for which the nuclear electric 
quadrupole interaction energies are known both in a 
solid, HgCl, 7 and in several atomic states from optical 
spectroscopy®; and (2), the evidence that the 2.35-mysec 
isomeric level studiable by these techniques presumably 
decays by electric quadrupole radiation.*:"° Some results 
pertaining to the directional correlations of this isomer 
were reported by Bolotin and Wilkinson" but they are 
completely inconsistent with those to be discussed here. 


EXPERIMENTAL TECHNIQUE 


The apparatus used was a combined “fast” coin- 
cidence, “slow” spectrometer instrument built up at 


? Bell, Graham, and Petch, Can. J. Phys. 30, 35 (1952). 
3 J. J. Kraushaar and R. V. Pound, Phys. Rev. 92, 522 (1953). 
* P. Lehmann and J. Miller, Compt. rend. 240, 298 (1955). 
5 Frauenfelder, Lawson, Jentschke, and DePasquali, Phys. 
Rev. 92, 513 (1953). 
®G. K. Wertheim, thesis, Harvard University, 1955 (un- 
published); G. K. Wertheim and R. V. Pound, Phys. Rev. 102, 
185 (1956). 
7 Dehmelt, Robinson, and Gordy, Phys. Rev. 93, 480 (1954). 
8 Kiyoshi Murakawa, Phys. Rev. 98, 1285 (1955). 
*A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd 27, No. 16 (1953). 
1 A. W. Sunyar, Phys. Rev. 98, 653 (1955). 
( u oy H. Bolotin and R. G. Wilkinson, Phys. Rev. 99, 671(A) 
1955). 
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Lyman Laboratory, Harvard University, and used 
there to study 68-min Pb™.® It is capable of resolving 
times as short as r equal to 5X10~ sec, but for the 
current experiments it was run at 7 equal to 16 musec. 
Counts were recorded at the ends of 500-sec runs by 
photographing glow transfer registers reading the 
singles counts in each of the two channels, the “fast” 
coincidences, ‘and the energy selected “triple” coin- 
cidences. Alternation of position of the movable counter 
and recycling of the counting was performed auto- 
matically, adding twenty seconds to the running time 
between counts to change from 90° to 180° or back. 


STUDIES OF Hg! 


Sources of 44-min Hg" were made by irradiation of 
natural mercury, shielded by 0.5 mm of Cd foil, in the 
Brookhaven reactor for 20 minutes.” These sources 
showed no radiation in either the scintillation spectra 
or in coincidences other than that attributable to 
44-minute Hg. Units of about 20-mg mass were 
found to give initial coincidence counting rates of as 
many as six per second with about one accidental 
coincidence count per hundred trues. Such rates were 
not nearly as high as the ideal limit determined by the 
resolving time but such rates cannot be achieved 
because of limitation of the rejection rates in the single- 
channel pulse-height analyzers. Furthermore, larger 
sources than those used would increase the effect of 
scattering in the source. 

Two precautions were taken to minimize the effects of 
scattering in the sources. First, direct effects of Compton 
scattering through large angles were eliminated by 
setting the pulse-height analyzers for the photoelectric 
peaks only, corresponding to the initial 368-kev y ray 
in one channel and the 159-kev y ray following the 
2.35-musec level in the other. Second, the sources were 
used in the form of cylinders, with axes perpendicular to 
the plane of the counters, of length up to 2 cm, and in 
the case of metal sources, of radius ranging from 
5X10 to 1.3 10-* cm. The metal sources were held in 
such shapes by glass capillary tubes. No consistent de- 
pendence of anisotropy on capillary diameters was 
observed and calculations showed that the negative 
a vs x/2 anisotropy contributed by absorption in such 
sources should be less than 0.001. One run was made to 
see the effect in a metal source of approximately 1-mm 
radius and the scattering effect there corresponded to 
an added negative anisotropy of about 0.11 relative 
to smaller sources, in agreement with estimates. 
Sources of similar effective radius to the capillaries 
used for metals were obtained with crystalline powders 
by use of tubes of about 1-mm diameter bore but with 
the powder loosely shaken in. A similar density of 
mercury was assured by the similarity of the resulting 
counting rates to those of the metal sources. 


2 We wish to thank Dr. A. W. Sunyar for suggesting the shield- 
ing to reduce relative production of Hg™. 
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Sources were run in three forms: first, as liquid 
mercury metal; second, as frozen mercury metal; and, 
third, as dry, polycrystalline, mercuric chloride. 


(a) Liquid Mercury 


Data were taken for liquid mercury in 500-sec runs 
mostly at angles of x and 2/2 between the counters and 
with the counter crystals 5 cm from the source. Some 
data were collected for the liquid metal with the 
counters 7 cm from the source and alternating between 
135° and 90° as well as 180° and 90°. The 135° 
anisotropy, ¢(135°)=[W(135°)/W (90°) ]—1, together 
with €(180°), similarly defined, allow determination of 
two independent coefficients A» and A, in the empirical 
expression for the correlation function: 


W(0)=1+ >> AxP;(cosd). (1) 
k=2,4,++- 
All evidence indicates that the intermediate state has a 
spin of 5/2 and therefore no higher terms than k=4 
need be considered. 
If the basic scheme is assumed to be 


(I= 13/2+) + M4 (I[=5/2-) — E2 (I=1/2, 


as suggested by earlier observers," precise values of A» 
and A, obtained experimentally determine, in principle, 
both mixing amplitudes, 6, for Z5 in the first y ray 
and 6, for M3 in the second gamma ray. Insufficient 
accuracy was obtained for the coefficient A, to allow 
such a determination. Instead, the values obtained, 
including corrections for the angular resolution of the 
counters and for the source lengths," 4.=0.190+0.021, 
and A,=—0.006+0.040 can be regarded as demon- 
strating the general correctness of the basic scheme. 
The theoretical values for the basic scheme would be 
A»o=0.2207 and A4=—0.01796."5 The observed life- 
times and energies can be used to justify an assumption 
that if a small amount of mixing occurs, it would be 
most likely in the first, or M4, transition. All of the 
data collected for the 180° anisotropy can then be 
combined to give a mean value of 0.257+0.011 with 
the counters 5 cm from the source. When this value is 
corrected for the angular resolution and source length, 
the assumption that 5, equals zero allows the determi- 
nation of 6; as +0.09+0.02. The transition probability 
so indicated for the E5 y ray is about 30 times larger 
than estimated for a single-proton transition. Tacit in 
the interpretation of the difference, between the 
observed anisotropy and that expected for the basic 
scheme, as being due to mixing is the assumption that 
scattering effects are negligible and that the anisotropy 
is not attenuated by perturbing interactions during the 
lifetime of the intermediate state. Further comment 


13M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 

4 A. M. Feingold and S. Frankel, Phys. Rev. 97, 1024 (1955). 

15 L. C. Biedenbarn and M. E. Rose, Revs. Modern Phys. 25, 
724 (1953). 
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on the latter point will be made in connection with 
observations of the anisotropy from the frozen metal. 


(b) Frozen Mercury 


Identical capillaries to those used for liquid mercury 
were suddenly immersed into liquid nitrogen to en- 
courage the freezing into a polycrystalline mass and 
the anisotropy was measured while the capillaries were 
continuously so immersed. An anisotropy of 0.0921 
+0.0087 was obtained from a total of about 6x10 
coincidence counts at 5-cm distance, using five different 
sources. Again presuming the liquid metal mercury to 
show a completely unattenuated anisotropy, attributing 
the reduction in anisotropy upon freezing to the effect 
of a static nuclear electric quadrupole interaction in the 
intermediate state requires an attenuation factor 
G2=0.38+0.05.'* Assigning this attenuation to the 
effect of axially symmetric electric fields, as would be 
expected from the hexagonal lattice, leads to a value for 
(e008 V /d2*)/h of 593 Mc/sec, with limits, corresponding 
to the standard deviations, of 493 Mc/sec and 740 
Mc/sec. 

This result may be used to re-examine the assumption 
that there is no significant attenuation from this cause 
in the liquid metal. In the liquid state, the attenuation 
factor for the directional correlation integrated over the 
lifetime of the intermediate state is'* 


Gi=(1t+eurn}, (2) 


where ry is the mean life of the intermediate state and 
Xx is given by 


An= (3/80)[ (€Q)*((0°V /02?)?)mi/h? Jr 
Xk(k+1)[47 (I+ 1)—k(R+1)—1]/P(27—1)*. (3) 


Here 7 is the spin in the intermediate state, k is the 
order of the Legendre polynomial term under considera- 
tion in the correlation function, and 7, is the correlation 
time of the electric quadrupole interaction in the liquid. 

Little direct evidence is available to allow a quanti- 
tative evaluation of the attenuation to be expected in 
liquid mercury. As an estimate of what might be 
expected, one might suppose that the mean-squared 
interaction strength in the liquid is similar to that 
observed in the frozen metal, [593 Mc/sec }?. Further- 
more, for the correlation time one might take the time 
required for diffusion through one atomic radius. 
Using the data of Hoffman,’ who finds a self-diffusion 
coefficient of 1.7910-> cm*/sec and, by use of the 
Stokes-Einstein relation and viscosity, an atomic 
radius of 0.80 A, one finds a value of 3.6 10-” sec for 
7-. These numbers then yield G;.=0.992, which may be 
regarded, for present purposes, as differing negligibly 
from unity. More direct evidence on this point would 
be desirable, however, because relatively little increase 
in 7, or in the mean-squared strength of the interaction 
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over the values estimated would reduce G2 enough to 
alter considerably the mixing assigned above. 


(c) Mercuric Chloride 


To allow direct comparison of the coupling of the 
2.35-mysec state of Hg’ to that of stable Hg’, the 
anisotropy from sources of powdered HgCl, was 
measured. To obtain these, powdered mercuric oxide 
was irradiated, as above, in the reactor and dissolved in 
HCl to which a little HO. was added. These were 
quickly evaporated to dryness and the resulting white 
powder scraped into the source tubes of 1-mm bore. 
A total of 2.5X10° selected coincidence counts was 
obtained from about 20 such sources. The anisotropy 
found, (180°) =0.0564+0.0044 lies significantly above 
the asymptotic limit 0.048+0.002 set for a static 
axially symmetric electric field by the value G2(min) 
= (2k+1)-'=0.2 and by the assumption that the 
liquid metal shows negligible attenuation in anisotropy 
attributable to such interactions. The attenuation 
indicates a value of 1100 Mc/sec for eQ(0°V/dz2")/h in 
mercuric chloride for the spin 5/2, 2.35-mysec state of 
Hg™, with values of 870 Mc/sec and 1750 Mc/sec 
bounding the range corresponding to the standard 
deviations. 


DISCUSSION 


According to Bohr and Mottelson,’ certain nuclear 
levels belong to families of “rotational” states which are 
characterized by the possession of an intrinsic electric 
quadrupole moment that is the result of a deformation 
of the closed shell by extra-shell particles. The intrinsic 
quadrupole moment is common to all the states of a 
given family, in the strong coupling limit, and the net 
quadrupole moment of each state is derived from it by 
a projection factor. In nuclei having even Z and A, and 
in some nuclei of odd A, electric quadrupole radiation 
connects the various members of the rotational family 
and the transition probabilities are entirely determined 
by the same intrinsic electric quadrupole moment. 

The ground state and the first excited state of Hg’ 
appear to be identified as two members of such a 
rotational scheme. There is strong enhancement of the 
transition probability over that of a single particle,’ 
and also a general fit of the lifetime into the pattern.” 
It would appear reasonable, therefore, to use the 
observed lifetime, 2.35 myusec, and energy, 159 kev, to 
compute the intrinsic electric quadrupole moment. It 
is necessary to correct the lifetime for the presence of 
electron conversion, for which an estimate of a total 
electron conversion coefficient of 1.03 is made, following 
Sunyar,” by interpolation from the tabulated theoretical 
values'® for pure £2 transitions. From the pure y-ray 
mean lifetime so determined, 6.70+0.25 mysec, Eq. 


18M. E. Rose, Beta and Gamma-Ray Spectroscopy, edited by 
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(VII.1) and Eq. (VII.19) of reference 9 yield a value 
|Qo| = 2.48+0.08 barns for the intrinsic moment of 
Hg". Application of the projection factor, 


Q.= {([3K?—1(1+1) /U+1)(21+3)]}Qo, (4) 


with [=5/2 and K=1/2, yields a static quadrupole 
moment for the first excited state of Hg™ of |Q,| 
=0.71+0.02 barn. The sign cannot be determined from 
either the lifetime or the disturbances observed but if, 
in agreement with a general trend in this region of the 
elements, the intrinsic moment is positive, then the 
moment of the excited state is negative. 

The measurements of interaction frequencies in 
frozen mercury and in mercuric chloride allow the above 
value of the nuclear electric quadrupole moment to be 
used to determine values of (2.40.6) 10% cm- and 
(4.5_1.o+?-5) & 10? cm for (6?V /dz*)/e in the metal and 
the chloride, respectively. More interesting, perhaps, is 
the use of the latter value together with the value 708 
Mc/sec observed by Dehmelt et al.’ for (eQd?V/d2*)/h 
for stable Hg” in HgCl. to yield a magnitude for the 
electric quadrupole moment of Hg”!. The result is 
Oraa (Hg") = (0.46_0.1:7°?) barn, with the positive sign 
chosen to agree qualitatively with spectroscopic results. 
This value can be compared to that found by 
Murakawa*® by study of atomic spectral hyperfine 
structure, Qspect (Hg”"')=0.45+0.04 barn. The agree- 
ment of these two values is gratifying. Unfortunately, 
the experimental error remaining in the determination 
from the directional correlations and lifetime is rather 
large. 

Studies of paramagnetic resonance of Hg” in liquid 
mercury and of the electric quadrupole resonance of 
Hg" in solid metallic mercury, would, if detectable, 
help reduce the uncertainty that remains as to the 
presence of a disturbance in the liquid metal. By 
providing a value for comparison in the frozen metal 
with that found for Hg’, such experiments would 
allow reduction of the error assigned to the quantity 
Qraa (Hg?) and would thereby strengthen the test of 
the model. Comparisons of intrinsic quadrupole 
moments have been made’ previously but, there, the 
moment determined by lifetime could be compared to 
values for neighboring isotopes determined spectro- 
scopically only by use of a model to predict relative 
values of the intrinsic moments of the isotopes. Thus, 
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more assumptions and more details of the model must 
be invoked than those involved in the description of 
one family of rotational states. Comparison of the 
intrinsic quadrupole moments of Hg’ and Hg” can 
be made directly by use of Eq. (4) and the ratio of the 
couplings observed here and by rf methods in HgClp. 
This leads to | Qintrinsic Hg") /Qintrinsic(Hg™) | 
=0.92_.20*°-. This is consistent with results of the 
earlier comparisons. 


SUMMARY 


The directional correlation from liquid mercury has 
been found to be consistent with the assignment of 
multipolarity M4 to the initial gamma ray but with a 
mixture of £5 in an intensity of about 0.8%. To draw 
this conclusion, it is assumed that the disturbance 
from the electric quadrupole interaction is negligible 
in the liquid mercury, that scattering effects are 
negligible, and that the second gamma ray is pure £2. 
The presence of a disturbance would reduce the mixture 
intensity required. Still assuming no disturbance in the 
liquid metal, disturbances are found in the frozen metal 
and in the dry chloride that correspond to electric 
quadrupole interaction constants of 600 and 1100 
Mc/sec, respectively. The latter, together with the 
corresponding value for stable Hg”*' determined by rf 
spectroscopy and with the intrinsic electric quadrupole 
moment of Hg'® as determined from the radiative 
lifetime of the 159-kev state, yields a value of 
(0.46_0.1:*°8) barn for the electric quadrupole moment 
of Hg”. The agreement of this with the value of 
0.45+0.04 barn determined from atomic spectroscopy 
may be entirely fortuitous in view of the assumptions 
made, but related experiments may remove some of the 
uncertainty. 


ACKNOWLEDGMENTS 


The authors wish to thank Dr. M. Goldhaber, Dr. 
Gertrude Scharff-Goldhaber, and Dr. A. W. Sunyar for 
the hospitality of their laboratory during the summer of 
1955 when these experiments were carried out. The 
cooperation of the staff of the reactor in obtaining the 
many irradiations used was indispensable. The assist- 
ance of Mr. Arnold J. Cantor in several computations 
was very helpful. 





PHYSICAL REVIEW VOLUME 


102, 


NUMBER 2 


Implications of the Photonuclear Effect in Zr} 


PeTeR AXEL AND JOHN D. Fox 
Physics Department, University of Illinois, Urbana, Illinois 
(Received October 26, 1955) 


The reactions Zr™(y,n)Zr® and Zr™(y,n)Zr®™ have been studied in detail. The threshold for Zr™(y,n)Zr®™ 
is 12.37+0.09 Mev; that for Zr®(+y,n)Zr® is 11.78+-0.09 Mev. A discussion is given of the precision of (y,#) 
threshold determinations and of the error sometimes introduced because of large spin differences. The 
detailed shape of the (y,m) cross section is used to obtain data on both the absorption mechanism of gamma 
rays and the competition between the emission of neutrons and gamma rays by a compound nucleus. At 
about 12.4 Mev in Zr®™, less than 60% of the absorption occurs by the E1 process if E2 is the only 
other absorption process. If both M1 and E2 absorption occur equally, only about 10% of the absorp- 
tion is £1. The competition between gamma ray and neutron emission could not be obtained quantitatively 
but the results are consistent with other quite different measurements of this competition. 





INTRODUCTION 


HIS paper presents the results of a detailed 

experiment on the reactions Zr™(y,n)Zr®™ and 
Zr™(y,n)Zr™ together with an interpretation of the 
results. The main purpose of the experiment was to 
determine the extent to which photonuclear reactions 
could be used to study specifically nuclear properties 
such as neutron binding energies, spins and parities, 
neutron and gamma-ray widths, energy level densities, 
etc. The quantitative comparison shown below between 
experiment and theory clearly demonstrates the im- 
portance of the centrifugal barrier in reducing neutron 
emission ; this has the following six implications: 

(1) The photonuclear effect can be used to obtain 
quantitative data about the competition between 
neutron and gamma-ray emission. Not only will such 
data supplement comparable data obtainable from the 
absorption and scattering of neutrons but they will also 
provide a test of the theory of the compound nucleus 
by indicating whether states activated by photon 
absorption have any special tendency to be de-excited 
by photon emission. 

(2) Because the centrifugal barrier so strongly 
inhibits the emission of neutrons which carry away 
large angular momenta, quantitative photonuclear 
experiments provide a sensitive means for determining 
the fraction of photon absorption that occurs through 
electric quadrupole or magnetic dipole interaction. 

(3) The energy dependence of the (7,7) cross section 
near threshold, being governed by the orbital angular 
momentum carried away by the neutron, can some- 
times be used to determine the relative spin and parity 
of the daughter nucleus. 

(4) Measured threshold energies for (y,n) reactions 
may sometimes be appreciably higher than the actual 
neutron binding energy. If the ground-state spins of 
the parent and daughter nuclei are sufficiently different, 
neutron emission will not be observable until enough 
energy is available to leave the (y,m) daughter nucleus 
in an excited state that has a more favorable spin. 


ft This research was assisted by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission. 


(5) The photoneutron yield, Y, near threshold is not 
necessarily governed by a power law of the form 
Y « (Es—E,,)", where Eg is the energy of the brems- 
strahlung producing electrons, Ey, is the threshold 
energy and m is a positive constant. If E, is chosen so 
that the yield is fitted to a power law of the form 
Y « (Es— E,)™, the energy, E;, can be determined rather 
precisely but, unfortunately, there is little theoretical 
justification for associating E, with Ey. 

(6) The study of the relative production of two 
energy levels in a single daughter nucleus might give 
information about the energy level densities of states 
of different spin if more were known about gamma-ray 
cascading. 

This paper is divided into six sections. Section I 
shows explicitly how the photonuclear effect is governed 
by the nature of the gamma-ray absorption and the 
properties of the nucleus. This section also lists the 
reasons for choosing Zr® for this study. Section II 
describes briefly the experimental procedure. Section 
III presents the uninterpreted experimentai results and 
compares them with other related experimental data. 
Section IV contains an interpretation of the experi- 
mentally determined energy dependence of photo- 
neutron emission near threshold. It shows the extent 
to which the experimental results give information 
about neutron and gamma-ray widths and about the 
multipolarity of absorbed gamma rays. Section V 
extends the implications of these interpretations to the 
general problem of determining thresholds for (y,») 
reactions. Section VI interprets the experimental results 
at energies well above the threshold energy (i.e., those 
results not discussed in either Sec. IV or V). 


I. CHOICE OF PROBLEM 


The principal motivation of this experiment was a 
desire to use photonuclear experiments as a tool to 
learn about nuclear energy levels. It seemed interesting 
to see to what extent photonuclear experiments agreed 
quantitatively with those parts of the theory which 
have had some independent experimental confirmation. 

It was decided to study the energy dependence of 
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photoneutron emission just above the threshold energy 
since in that energy range the limited number of 
competing processes makes a quantitative comparison 
with theory possible. This quantitative comparison 
seems feasiable even though both the multipolarity of 
the absorbed gamma ray and the competition between 
the emission of neutrons and gamma rays are not 
completely specified. At higher energies, the variety of 
competing processes (including multistep reactions) 
makes theoretical comparison impossible even though 
the large cross section clearly implies that the absorp- 
tion is predominantly electric dipole. 

An analysis of the experimental results in the thresh- 
old region can be made by assuming that photoneutron 
emission occurs through compound nucleus formation. 
This assumption makes it possible to deal separately 
with the absorption and the emission process. The 
absorption involves unknown fractions of electric 
dipole (£1), magnetic dipole (M1), and electric 
quadrupole (£2) processes. If the parent nucleus has 
a spin parity of 0+, the spin-parity of the compound 
nuclear state is 1— for E1 absorption, 1+ for M1 
absorption, and 2+ for E2 absorption. The decay of 
the compound nucleus (in the energy region im- 
mediately above neutron threshold) depends on the 
competition between the emission of neutrons which 
leave the nucleus in the ground state and of gamma 
rays. It is known that the gamma-ray emission rate 
will not vary much over this narrow energy range 
whereas the neutron emission rate varies in a predictable 
manner, which depends on the angular momentum of 
the emitted neutrons.' The angular momentum of the 
emitted neutron, in turn, depends on the spins and 
parities of both the ground state of the daughter 
nucleus and the excited states in the compound nucleus. 
In general, for each type of state reached by a particular 
type of multipole absorption, there will be a different 
competition between neutrons and gamma rays pre- 
dicted by theory. Thus, a study of the actual yield of 
photoneutrons should lead to information about both 
the absorption mechanism and the competition in 
decay. 

The results obtained in this photonuclear study on 
zirconium near threshold do not, in themselves, deter- 
mine uniquely both the multipolarity of the absorbed 
gamma ray and the competition between modes of 
decay. Instead, the results can be interpreted either to 
give the multipolarity if the competition is known or 
to give the competition if the multipolarity is known. 
For example, if the values of the partial widths for 
gamma-ray emission and neutron emission are taken 
from neutron absorption studies, the zirconium experi- 
mental results can be used to determine the percentage 
of electric dipole absorption. 


1J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 358 ff. 
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The arguments presented in the foregoing make it 
clear that one should study the photoneutron emission 
cross section in an energy region in which neutron emis- 
sion is competing with gamma-ray emission. If neutron 
emission were much more probable than gamma-ray 
emission, a neutron would be emitted each time a 
nucleus was excited and the energy dependence of 
photoneutron emission would merely indicate the 
energy dependence of the excitation of the nucleus 
(i.e., the energy dependence of the absorption of a 
gamma ray). One can insure a relatively large energy 
range in which neutron emission does not overwhelm 
gamma-ray emission by choosing an isotope with a 
large spin difference between the ground states of the 
parent and daughter nuclei so that neutron emission 
would be inhibited. 

Since a large centrifugal barrier which inhibits 
neutron emission also makes it difficult to measure the 
(y,2) threshold energy directly, an independent, in- 
direct measurement of the (v,) threshold is required. 
A convenient determination of the (y,7) threshold of 
the ground state is possible if the daughter nucleus 
also has an isomeric level which can be reached easily 
by neutrons. The (y,#) threshold of the isomer can 
then be measured (with the same betatron to avoid 
calibration errors) and the (y,7) threshold of the ground 
state can be inferred using the known radioactive decay 
of the upper isomeric level. Additional desirable char- 
acteristics of a suitable daughter nucleus for this type 
of experiment include conveniently measurable radio- 
activities and a large energy separation between 
isomeric levels. 

Zr® was the most satisfactory isotope that could be 
used as a target (parent) nucleus. Since Zr™ is an even- 
even nucleus, its spin parity is 0+. The radioactivities 
of the daughter isomers, 79-hr Zr® and 4.4-min Zr” 
can be measured conveniently and differentiated from 
radioactivities produced by gamma rays absorbed by 
the other isotopes of zirconium. The 79-hour ground 
state of Zr® has a spin parity of 9/2+, arising from a 
(go/2)! neutron configuration. The isomeric level, 4.4- 
minute Zr®™, is 588 kev above the ground state and is 
a 4— level arising from a 1/2 neutron configuration. 

II. EXPERIMENTAL PROCEDURE 


The experiment consisted of irradiating zirconium 
with bremsstrahlung x-rays from a betatron; the energy 
of the electrons in the betatron was varied from 11.8 
Mev to 22.5 Mev. At each energy, the resultant radio- 
activity was measured for each of the two isomeric 
levels of Zr®. 


(A) Samples 


The samples were made of natural zirconium in the 
form of either metal foils 1 inch square and 0.52 g/cm?, 
or pressed disks of ZrO, powder, 1.5 inches in diameter 
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and 1.50 g/cm*. The pressed disks were coated with an 
acrylic spray to prevent flaking. For the set of measure- 
ments that was made within 600 kev of the ground-state 
threshold energy, each sample consisted of five disks 
and was therefore 7.5 g/cm’. 

The samples were irradiated in a cadmium-shielded 
holder positioned just outside of the betatron doughnut 
at a distance of 22 centimeters from the betatron target. 
During measurements of the 4.4-minute activity, the 
samples were usually irradiated for five minutes. The 
irradiation time required for measurement of the 79-hr 
activity varied from 30 minutes at the highest energy 
to about 8 hours at energies just above 12.4 Mev. In 
addition, several 40-hour irradiations were made 
between 11.8 and 12.4 Mev to detect the very weak 
ground state activities that were formed below the 
threshold for the excitation of the isomeric level. 


(B) Beam Monitors 


Two different monitoring procedures were used 
during the course of these experiments. The earliest 
measurements were made using a Victoreen ionization 
thimble [calibrated to measure roentgens (r) of radia- 
tion ] in the center of an 8-cm Lucite cube. The Victoreen 
thimble was placed either 1 meter or 3 meters from the 
betatron target. The average intensity of the betatron 
beam at an energy of 22 Mev as measured by this 
monitor at one meter was 75 r/minute. 

The more recent measurements were made using an 
aluminum-walled air-filled ionization chamber which 
was placed behind 2 inches of lead and was positioned 
59 cm from the betatron target so that both the sample 
and the ionization chamber subtended the same portions 
of the x-ray beam. The ionization current was measured 
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with the aid of a vibrating reed electrometer circuit.? 
The x-ray response of the ionization chamber as used 
(i.e., behind 2 in. of Pb) was found to be the same as 
the response of the Victoreen thimble to within 1%.* 
For the 4.4-minute measurements, the electrometer 
circuit contained a time constant equal to the mean 
life of the radioactivity so that fluctuations in the beam 
intensity during a bombardment did not introduce any 
error. All of the results quoted in this paper were 
obtained with the ionization chamber monitor. How- 
ever, the Victoreen thimble was used in measurements 
of the threshold energies and of the yields above 
threshold. These measurements, although less precise 
than the final results, were consistent with them. 


(C) Detectors and Counting Equipment 


Although both Geiger Counters and NaI(TI) scintil- 
lation detectors were used to measure the radio- 
activities, the main data were obtained with the 
scintillation detectors. Measurements made with Geiger 
counters were considerably less precise than the scintil- 
lation measurements; the Geiger counter data were 
therefore used merely as an indication that no gross 
errors or backgrounds were introduced by scintillation 
detectors. 

The detection of gamma rays by scintillation counters 
makes possible the effective use of thick samples; this 
is feasible because gamma-ray emission is the pre- 
dominant mode of radioactive decays. For the 79-hour 
Zr®, both the 75% K-capture branch and the 25% 
positron branch lead to a 14-second, 913-kev isomeric 
level in Y® which decays by gamma-ray emission.‘ The 
positrons were all stopped either in the source or in 
surrounding Bakelite so that the 51i-kev annihilation 
quanta could be detected by the Nal crystal. In the 
case of 4.4-min Zr®™", 86% of the decays emit 588-kev 
gamma rays, 7% emit conversion electrons and the 
remaining 7% are K-capture or positron events which 
proceed through a 1.53-Mev gamma-ray emitting level 
in Y®.§ Gamma-ray detection was not only more 
efficient but was also advantageous in minimizing the 
background produced by photoinduced activities in 
other isotopes of zirconium. 

A single-channel pulse-height analyzer was used to 
reduce further the effect of background and of the other 
photo-induced activities. For the 4.4 min, Zr®™ de- 
tection, only pulses corresponding to the 588-kev 
photopeak were counted. The 79-hr Zr® activity was 
measured by counting either the 913-kev gamma ray’s 
photopeak pulses or by counting all the pulses in and 
between the 511-kev and the 913-kev photopeaks. The 
most precise measurements were made by obtaining 
the pulse-height distribution in the region of the 913- 

2 Vibrating Reed Electrometer, Model 30, Applied Physics 
Corporation, Pasadena, California. 

3A. S. Penfold, Ph.D. thesis, University of Illinois, 1955 
(unpublished). 

4M. Goldhaber et al., Phys. Rev. 83, 661 (1951). 

5 F. J. Shore et al., Phys. Rev. 91, 1203 (1953). 
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kev photopeak. This pulse-height distribution was 
needed in order to subtract properly the effect of the 
721-kev** and 754-kev’* gamma rays emitted by 
65-day Zr®® and the 764-kev gamma ray’® emitted by 
its 35-day Nb® daughter. 

In order to determine the amount of 79-hour activity 
and separate it from the longer lived background, it 
was necessary to count each sample from time to time 
over a period of several weeks. Two completely inde- 
pendent sets of counting equipment were maintained 
in order to guard against equipment failure over these 
long periods. Each set consisted of a NaI(TI) scintil- 
lation crystal, a Dumont 6292 photomultiplier, a 
stabilized high-voltage power supply,’ a linear amplifier 
and preamplifier, a single-channel pulse-height se- 
lector,?"” a scaler, and a Streeter-Amet automatic 
count recorder. 

Although the equipments were reliable and relatively 
stable, there was a slow drift in the voltage amplitude 
of the output pulses from the amplifier. This drift was 
not traced in detail but was probably due to tempera- 
ture fluctuations which affected both the high-voltage 
supply and the amplifier. The effects of drifts were 
minimized by positioning the pulse-height selector so 
that the counting rate was insensitive to small changes 
in pulse amplitude. In addition, the high voltage was 
readjusted (usually by less than 0.5% per day) if the 
over-all gain shifted by as much as 1%. 

Three different Nal crystals were used during the 
entire set of experiments. Two crystals were cylindrical ; 
one was } in. in diameter and 1 in. long while the other 
was | in. in diameter and 1.5 in. long. The third crystal, 
which was most efficient and was used in the most 
precise measurements, was a rectangular prism, 1 in. 
X1 in.X2 in. Each crystal was mounted on optically 
flat glass with a bonding agent" and sealed in a thin- 
walled aluminum container. A layer of MgO between 
the crystal and the aluminum container served as a 
diffuse reflector. The crystals all had a resolution of 
about 10% for the Cs'*? 662-kev gamma ray ; the largest 
crystal had a photopeak-to-valley counting rate ratio 
of 25. The crystals and phototubes were enclosed in a 
Pb house which had walls and ceilings 4 in. thick to 
reduce the cosmic-ray background. 


III. EXPERIMENTAL RESULTS 


It is convenient to divide the experimental results 
into four categories: (A) standard threshold measure- 
ment of the 4.4-minute activity, (B) standard threshold 


6 H. Slatis and L. Zappa, Arkiv Fysik 6, 81 (1953). 

7J. M. Cork et al., Phys. Rev. 90, 579 (1953). 

8 P. S. Mittelman, Phys. Rev. 94, 99 (1954). 

® We are indebted to W. A. Higinbotham and R. L. Chase, both 
of Brookhaven National Laboratory, for the design of, and many 
useful discussions about, the high-voltage supply and the pulse- 
height selector. f 

1 A pulse-height selector extremely similar to the one designed 
by R. L. Chase and used in this experiment is built by the Atomic 
Instrument Company of Cambridge, Massachusetts. 

1 Bonding Agent R-313, C. H. Biggs and Company, 11616 West 
Pico Boulevard, W. Los Angeles, California. 
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measurement of the 79-hour activity, (C) careful de- 
termination of the yield of Zr(y,n)Zr® in the energy 
region within 575 kev of threshold, and (D) standard 


yield measurements from 12.5 Mev to 22.5 Mev. 


(A) 4.4-Minute Threshold Measurement 


The threshold of Zr(y,n)Zr®" was measured by 
studying the yield of 4.4-min Zr®™ as a function of 
energy. The threshold was determined relatively 
precisely on seven different occasions during a two year 
period. Each determination consisted of finding the 
yield at a set of different energies spaced about 18 kev 
apart as shown by the set of data in Fig. 1. In addition, 
both the Cu®(y,z)Cu® threshold and an O'*(y,n)O! 
check point were taken on the same day as each of the 
threshold determinations. 

In addition to these seven independent threshold 
measurements, there were ten other precise measure- 
ments of the energy dependence of the Zr®(y,n)Zr®™ 
yield in the threshold region. These ten auxiliary 
measurements are not considered satisfactory threshold 
determinations because they were not accompanied 
by complete calibrations of the betatron. These meas- 
urements were never inconsistent with the threshold 
determinations and were used to check on the stability 
of the betatron rather than to determine the threshold. 
These measurements also confirm the dependence of 
the yield on the square of the energy above threshold 
[ie., yield (Eg)«(Es—E,)*, where Eg=betatron 
energy and E,,= threshold energy ]. 

The “integrator setting” of the Zr®(y,n)Zr°™ 
threshold was 2044+3 helipot units (each unit cor- 
responds to about 6.15 kev). Part of this 3 “unit” 
error comes from the uncertainty of the proper extra- 
polation procedure as will be explained in Sec. V. 

On this helipot unit scale, the Cu®(y,”)Cu® threshold 
is 177342 units, the calibrating O'*(y,)O" “break” 
is 2800+2 units, and the O'*(y,2)O" threshold is 
2567+3 units.” The Cu®(y,2)Cu® threshold has been 
determined independently by M. Birnbaum" and by 
the Saskatoon (Saskatchewan) group" as 10.61+0.05 
Mev and 10.73+0.05 Mev, respectively. Following 
Penfold and Spicer,” we use the value 10.73+0.05 
Mev. The O'*(y,7)O" threshold is known to be 15.605 
+0.012 Mev.'® If it is assumed that the betatron energy 
scale is linear, the difference between the Zr™(y,n)Zr®™ 
threshold and the Cu®(y,7)Cu® threshold is 1.66++0.04 

2 The position of the O'*(y,n)O" threshold was measured by 
A. S. Penfold and B. M. Spicer who have done very careful work 
on the energy calibration of the University of Illinois Betatron. 
The calibration points which we used were the more precisely 
determinable ones at 1773 and 2800 integrator or helipot units. 
We base our energy determination on these secondary standards 
which are justified in: A. S. Penfold Ph.D. thesis, University of 
Illinois, 1955 (unpublished) and B. M. Spicer, Ph.D. thesis, 
University of Melbourne Australia, 1955 (unpublished). 

3M. Birnbaum, Phys. Rev. 93, 146 (1954). 

4 Robinson, McPherson, Greenberg, Katz, and Haslam (to be 
published). 


( ad 4 Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 
1952). 
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Mev. Using the Cu threshold as 10.730.05 Mev, we 
get a value of 12.39+0.075 Mev for the threshold of 
Zr™(y,n)Zr™", where the error given represents the 
extreme limit. (If the Cu threshold were known as 
10.7340.02 Mev, the Zr-Cu difference would be 1.66 
+0.03 and the Zr threshold energy would be 12.39 
+0.055.) An additional complication in the deter- 
mination of the threshold arises because Penfold and 
Spicer” claim that the Illinois betatron calibration is 
not linear and they use a cubic calibration function for 
the betatron. Using their calibration function we would 
get, as a threshold energy, 12.36 Mev with an error of 
about +65 kev. Until the details of the betatron cali- 
bration are understood better, the Zr(y,n)Zr® 
threshold can be conservatively stated as 12.370.09 
Mev. It should be noted that the quoted error is 43 
times the uncertainty in the determination and is 
therefore mostly due to the unsolved difficulties of 
calibrating a betatron precisely. 

The threshold value of 12.37+0.09 Mev is in good 
agreement with the value of 12.48+-0.15 quoted by an 
earlier Illinois group,'* particularly since the earilier 
work used 10.9 Mev as the Cu® threshold. The present 
measurement is also in good agreement with the value 
of 12.27+0.09 calculated from the Y®(d,p) Y® Q-value 
of 4.41 Mev" and the best values of the beta decays of 
Y® and Zr®.®.!8 However, the results are somewhat 
outside the quoted errors of the values of 12.81+0.35 
Mev (arising from the measured masses” of Zr® and 
Y®) and 12.1+0.1 Mev (which comes from a betatron 
threshold determination”). 

Note added in proof —Our Zr®(y,n)Zr®" threshold is also in 
agreement with the measurement of the Sao Paulo, Brazil group 
which was recently reported at the International Conference on 
the Peaceful Uses of Atomic Energy (U.N. 897). Their value of 
12.20+0.06 Mev differs from ours only because their measured 


Cu®(y,n)Cu® threshold is 10.54 Mev instead of 10.73 Mev 
which we have adopted. 


(B) 79-Hour Threshold Measurement 


Once the 4.4-minute threshold is known to be 12.37 
+0.09 Mev, the threshold for the 79-hour ground-state 
reaction, Zr™(y,n)Zr®, is known from radioactivity® to 
be 11.78+0.09 Mev. This value agrees well with the 
value of 11.9+0.3 Mev obtained using a betatron,” 
but we shall show below that this agreement is probably 
fortuitous. 

We proceeded to try to measure the threshold for 
the 79-hour activity as though its relationship to the 
4.4-minute threshold were unknown. The results are 
shown in Fig. 2, which appears to indicate that the 
79-hour threshold is equal to the 4.4-minute threshold ; 
’ this determination has an apparent experimental error 
of +100 kev. This error, which is quite large considering 


46 Hanson, Duffield, Knight, Diven, and Palevsky, Phys. Rev. 
76, 578 (1949). 

17N. S. Wall, Phys. Rev. 96, 664 (1954). 

18R. W. King, Revs. Modern Phys. 26, 327 (1954). 

® Collins, Johnson, and Nier, Phys. Rev. 94, 398 (1954). 

® Ogle, Brown, and Carson, Phys. Rev. 78, 63 (1950). 
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the fact that it does not include any of the errors due to 
uncertainties in the calibration, is mostly due to the 
difficulty in measuring a 79-hour activity accurately 
near threshold. The experimental points were taken 
every 300 kev for the first million electron volts above 
threshold and every 600 kev thereafter. Each experi- 
mental point included about 8 hours of betatron bom- 
bardment of a 1.59-g/cm’, 1-in. diameter disk and 
several weeks of counting all the pulses (without taking 
a spectrum) in a scintillation spectrometer. This pro- 
cedure represents more than normal care in determining 
a threshold. 

The dotted points below the apparent threshold show 
the precision which could have been obtained if experi- 
mental points had been taken using the same procedure 
at lower energies. The three points shown below the 
apparent threshold with the very small statistical 
errors are the actual points observed using a much more 
precise detecting technique. These precise points were 
not considered in drawing the line to find the apparent 
threshold. 

Figure 2 shows clearly that a “standard” threshold 
determination of the 79-hour activity would have given 
the threshold of the first excited state in Zr® rather than 
the ground-state threshold. 


(C) Precise Determination of the 79-Hour Yield 
at Low Energies 


A more precise technique was used to find the actual 
yield of the 79-hour activity below the threshold of the 
4.4-minute activity. Thick (7.5-g/cm?) 14-in. disks of 
ZrO. were bombarded for about 40 hours each at 
energies 375 kev, 475 kev, and 575 kev above the actual 
threshold of the Zr®(y,n)Zr® reaction. (These points 
were respectively 213 kev, 113 kev, and 13 kev below 
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the threshold for forming 4.4-minute Zr®™. The radio- 
activity in these three samples was then counted 
intermittently for three weeks using a single-channel 
pulse-height selector. Each pulse-height distribution 
curve was then analyzed in order to determine that part 
of the counting rate due to the gamma rays of about 
750 kev from 65-day Zr and its 35-day Nb® daugh- 
ter.*-® A typical pulse-height curve is shown in Fig. 3. 
In order to minimize confusion, the pulse-height 
distributions of only three different days are shown. 
The actual intensity of the 79-hour, 913-kev photopeak 
was determined by plotting the maximum number of 
counts in the photopeak as a function of time and fitting 
these points with a 79-hour half-life curve. 

For comparison, an experimental point was also taken 
1163 kev above the 79-hour threshold (i.e., 575 kev 
above the 4.4-minute threshold). The ratio of the 913- 
kev activity (per roentgen) for the four points, 375, 
475, 575, and 1163 kev above the 79-hour threshold, 
was (0.94+0.20): (1.94+0.25): (4+0.4):100. These 
data will be discussed and interpreted in Sec. IV. 


(D) Determination of the Yield from 12.5 Mev 
to 22.5 Mev 


The yield of the 4.4-minute activity as a function of 
betatron energy was quite easy to obtain. The two most 
precise measurements were made using metallic zir- 
conium foils and detecting the gamma rays in the 588- 
kev photopeak. These measurements, which agreed 
within statistics, were combined in order to extract a 
cross section as shown in Sec. VI. One of these 4.4- 
minute activation curves is shown in Fig. 4. Four other 
less precise measurements were also made of the 4.4- 
minute activation curve. These auxiliary measurements 
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were taken earlier and are mentioned because they gave 
consistent results even though they used rather different 
techniques. Two of these earlier measurements were 
taken with metal foils, a Victoreen monitor, and Geiger 
counter detection. The other two corroborative measure- 
ments were taken by using ZrO, disks, gamma-ray 
counting, and the ionization chamber monitor. When 
the ZrO. disks were used for 4.4-minute yield deter- 
mination, the effect of the O'*(y,n)O" reaction leading 
to the 2-minute positron emitter was subtracted. 

The activation function for the 79-hour activity was 
determined precisely on two separate occasions by 
using ZrO» disks and counting the gamma rays in the 
913-kev photopeak. One of these activation curves is 
shown in Fig. 5. Typical bombardment times, irradi- 
ation intensities, and counting rates are shown in 
Table I. Three other less precise sets of measurements 
were made using both ZrO, disks and Zr foils, both 
Victoreen and ionization chamber monitoring, and using 
both Geiger counter and scintillation detectors. As in 
the case of the 4.4-minute measurements, these aux- 
iliary measurements showed that no gross errors were 
introduced by the more precise experimental procedure. 

The 4.4-minute and the 79-hour activation curves 
and the cross sections extracted from them will be 
discussed further in Sec. VI. 


IV. ABSORPTION MECHANISM AND COMPETITION 
BETWEEN NEUTRON AND GAMMA-RAY 
EMISSION 


This section contains a quantitative comparison of 
the experimental yields with those predicted by theory. 
The theoretical yields are found by combining the 
calculated cross section with the calculated brems- 
strahlung spectrum. Both the multipolarity of the 
absorbed gamma rays and the neutron gamma-ray 
competition contain adjustable parameters which make 
it possible to fit the experimental yield. Uncertainty is 
introduced into the calculated cross section by the 
model-dependent transmission coefficients which are 
used. In order to illustrate the type of information 
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which could be obtained if accurate transmission co- 
efficients were available, the analysis is carried out as 
though the transmission coefficients were exact. 

The analysis shows that the strong-interaction trans- 
mission coefficients have the correct energy dependences 
and the correct relative magnitudes to explain the 
experimental results. Even if these transmission co- 
efficients are not exact, the experimental data require 
that the actual coefficients be similar to those used. 
On the other hand, if the strong-interaction transmis- 
sions are correct, the analysis indicates that electric 
dipole absorption is not dominant at energies of about 
12.5 Mev. The maximum fraction of £1 absorption 
consistent with the experimental data varies from about 
0.60 to 0.25 depending on the actual value of the com- 
petition between neutron and gamma-ray emission. 
Furthermore, if there is an appreciable amount of M1 
absorption, the maximum admissable fraction of E1 
absorption is even smaller. 
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(A) Description of Calculations 
1. Compound Nucleus Hypothesis 


The starting point of the theoretical analysis is the 
assumption that the (y,m) process consists of gamma- 
ray absorption followed by the independent process of 
neutron emission, so that the cross section can be 


written as 
y,n(E)=oa(E)P,(E£), (1) 


where g, is the absorption cross section for a gamma ray 
of energy E, and P, is the probability of neutron 
emission. 

The principal energy dependence of cy,, in the 
threshold region comes from P,(£), which actually 
depends on e= E— Ey; in the energy region of interest 
¢ varies from 0 to 1150 kev whereas E varies by only 
10%. For Zr®, the main competing mode of decay is 
gamma-ray emission, so that P,(¢) can be written 


I, (€) 
PAG Ro, 
r,(£)+T (6 


(2) 


where [’, is the partial width for neutron emission. 
Once again the main energy dependence comes from the 
factor depending on « (i.e., I’) rather than from the 
factor depending on E. 


(The small proton emission despite the fact that the (y7,/) 
threshold is 3.29 Mev'® below the (y,) threshold is due to the 
large Coulomb barrier. Calculations were made of the transmission 
of protons through the Coulomb barrier using standard pene- 
trability tables,2" and underestimating the Coulomb barrier by 
using a nuclear radius of 1.5 A‘*X10-“ cm. The proton trans- 
mission 575 kev above the 79-hour threshold was only 0.0033 as 
opposed to a gamma-ray emission corresponding to at least 0.08. 
At 1150 kev above threshold, the proton transmission has in- 
creased to about 0.015 but the combined neutron and gamma-ray 
emission corresponds to at least 0.4 at this energy. 

Experimental confirmation of the low proton emission rate was 
obtained by finding the yield of the Zr®(y,p)Y®™ 13-second, 
913-kev isomer at a betatron energy of 22 Mev. This (7,p) yield 
was only 0.12% of the (y,m) yield at the same energy. 

A particularly careful search was made for the 13-second 
activity at betatron energies below 16 Mev but no 13-second 
913-kev gamma rays could be observed. This intense search for 
the 13-second activity was made in an attempt to identify an 
observed gamma-ray activity of about 230-kev and 18-second 


TaBLE I. 79-Hour activation data. 











Counting rate 
at end of 
bombardment 
in 913-kev 
photopeak 
(counts/min) 


Energy 


Integrator 
(Mev) 


setting 


Bombarding 
time (min) 


Ionization 
cham 
current 
(wa) 


Count /min 


Calculated dose 
i per 100r 


in rat 50cm 





172 
635 
1875 
7552 


2905 
21 408 


13.30 
13.92 
14.55 
17.13 
19.87 
22.82 


144 
260 
235 
156 

15 
100 


285 
441 
707 
515 
101 
591 


7478 
11 572 
18 552 
13 514 

2650 
15 508 


2.30 
5.49 
10.10 
55.89 
109.62 
138.04 








21 Feshbach, Shapiro, and Weisskopf, Atomic Energy Commission Report NYO 3077 (unpublished). 
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TABLE IJ. Typical transmission coefficients. (Reasonable assumptions about I'y and I, indicate that for nuclei of different 
A and Ew, 'y=I', for T between about 0.004 and 1.0; for Zr, ',=T, for T=0.8.) 








1 kev 


100 kev 300 kev 500 kev 1150 kev 





0.027 
0.00004 


0.245 
0.042 
0.00096 
0.000007 


0.362 
0.156 
0.011 
0.00024 


0.434 
0.245 
0.032 
0.0012 


0.58 
0.45 
0.144 
0.016 








half-life. We are indebted to Dr. A. W. Sunyar of Brookhaven 
National Laboratory who aided us in identifying this activity by 
emphasizing to us the huge neutron capture cross section of 
Hf!8. The observed activity was subsequently shown to be iden- 
tical with the well-known 19-second isomer in Hf'”® by using small 
quantities of pure Hf for comparison. No other activities were 
observed from the Hf impurity in Zr, and the 19-second activity 
did not interfere with the Zr measurements.) 


2. Introduction of Transmission Coefficients 


In order to express I’,(€) in terms of transmission 
coefficients,! it is convenient to write 


Ti(e) oe 


*n(€) (3) 


where 7;(e) is the transmission of a neutron of energy 
e, and angular momentum, /h, through its centrifugal 
barrier; 7o(1) is the transmission of an /=0 neutron 
of 1-ev energy, and I,” is the (reduced) neutron width 
of a 1-ev neutron with /=0. The value of I’,” is expected 
to be proportional to the spacing, Ds, of the levels of 
spin-parity, J+.” The symbol, I'y,°, will be used to 
represent the reduced neutron width of the appropriate 
level. 

The angular momentum, /h, carried away by a 
neutron which leaves Zr® in its 9/2+ ground state 
depends on the spin parity of the excited state in Zr™. 
Electric dipole (£1) absorption leads to a 1— excited 
state and conservation of angular momentum and 
parity would require neutrons with /=3 (or /=5) to 
leave Zr® in its ground state. Similarly, E2 absorption 
would require /=2 (or /=4 or /=6) neutrons and M1 
absorption would require /=4 (or /=6) neutrons. For 
each mode of absorption, the higher / values given in 
the parenthesis are allowed by conservation rules but 
are unimportant because the transmissions, 7), de- 
crease rapidly with ¢ in the energy range of interest as 
shown in Table II. A rigorous treatment would specify 
the neutron transmission from the 2+ level to the 
9/2+- level as 


T 2449/24. (€) = g2T 2(€) + gsT s(€) +867 6(€), (4) 


where g is a Statistical weight factor which takes into 
account the vectorial addition of 2+ and /, to form 
the neutron spin and the 9/2+ Zr® spin. It is a satis- 
factory approximation to neglect higher / values and 
use only the leading term. Setting the g-factor equal to 


% See for example, Blatt and Weisskopf, reference 1, p. 389 ff 
and p. 420 ff. 


1, Eq. (4), which applies to E2 absorption, becomes 
T24-+9/24-(€) = T2(€). (5) 


The theoretical (y,) cross section depends on the 
fraction of gamma rays, f, absorbed in an £2 process 
and the fraction f’ absorbed in an M1 process. If higher 
multipoles are unimportant, the fraction absorbed in 
an E1 process is (1—f—f’). 

Using these definitions and assumptions, Eqs. (1)—(5) 
can be combined to give the (y,#) cross section for 
€<575 kev: 

{T2(¢) Aff) Ta), 
a a ne 
ia T2(e) r+T3(e)y1-, 2+ 
f'T (ys, 4 
are —T}, (6) 
r+T4(e)vi4, + 


aun T? /n 
V1, 24+ =P1°/T 24°, 


oy, n(E)=04(E) 





where 
r=T,To(1)/T2,°, 
and 
¥14, 24 =P 14°/T 24°. 


It is fortunate that the final results are not par- 
ticularly sensitive to y1_, 2; and 714, 2; since these ratios 
are not known, even though they are expected to be 
near 1. One would expect” y1_, 4=D,_/Do, and yi4, 4 
~D,,/Dz2; but the relative level spacings of different 
spin states is unknown. Hughes, Garth, and Levin” 
were unable to detect any variation of D; with J, thus 
implying that yy,7=1. On the other hand, some 
theoretical papers*-** use the estimate that Dy« 
(2J+1)" which would make y14,2,=5/3. For sim- 
plicity, we use 71,2=1. 


3. Estimates of Competition 


The value of r in Eq. (6) is also uncertain but it is 
kept as a parameter and we express f as a function of r. 
Values of r have been measured by Harvey, Hughes, 
Carter, and Pilcher?’ who examined neutron resonances 
throughout the periodic table. In the neighboring 
element, Mo, they found [',= (260+80) X 10- ev, and 
for the even-even compound nuclei of Mo and Mo% 
the average of I’, was about 13X10- ev. Since 7y(1) 

*8 Hughes, Garth, and Levin, Phys. Rev. 91, 1423 (1953). 

* TL. Wolfenstein, Phys. Rev. 82, 690 (1951). 

26 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 

26J. M. B. Lang and K. J. Le Couteur, Proc. Phys. Soc. 
(London) A67, 586 (1954). 
ass Hughes, Carter, and Pilcher, Phys. Rev. 99, 10 
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=8 X10, these values correspond to an 7 of about 
0.016. However, since 7 is a function of energy, ad- 
ditional data are necessary in order to estimate r for 
Zr™ since it has a much higher (y,m) threshold than 
either 9.15 or 8.3 Mev which are the values of Mo* 
and Mo", respectively. An indication of the variation 
of r with energy can be obtained by using the theoretical 
prediction that I’,°/D is a constant or at least relatively 
independent of energy.” Since I’, varies comparatively 
slowly with energy, the energy dependence of r would 
be governed by D which decreases exponentially with 
energy. Harvey, Hughes, Carter, and Pilcher*’ have 
experimentally verified the relative constancy of I’,°/D 
and find that this ratio is 4X 10~* for Mo. The variation 
of D with energy was taken from the formula of Lang 
and Le Couteur’® which agrees fairly well with the 
measurements of Harvey ef al.” The calculated value 
of r corresponding to the (y,m) threshold value of Zr® 
is r=0.8 when one uses measured I’,°/D, the measured 
I',, and the empirically fitted formula for D. This value 
of r is based on a predicted D of 6.5 ev and therefore a 
I,” of 0.26X 10 ev. This estimate of r is only a coarse 
approximation and does not take into account either 
the possible increase in I’, that might be expected with 
higher E or the larger value of D that might be expected 
because Zr™ has a closed shell of 50 neutrons. It should 
be mentioned that for most other nuclei r would be 
considerably smaller than 0.8. A hypothetical isotope 
of Zr with a threshold of 6 Mev would have an r of 
about 0.004. For typical heavier nuclei, r would be 
about 0.03. 


4. Effect of Excited States 


The (y,#) cross section of Zr™ is given by Eq. (6) and 
is correct only for excitation energies insufficient to 
leave Zr®™ in its first excited state, presumably Zr®”. 
Above the threshold for the production of 4.4-minute 
Zr®, neutrons with an energy ¢ = E—E,—0.59 Mev 
can leave Zr® in this excited state and thereby change 
the yield of the 79-hour activity in two ways. These 
competing neutrons would reduce the direct production 
of the 79-hour activity below what would be expected 
from Eg. (6). On the other hand, the 79-hour activity 
would grow indirectly through the 4.4-minute isomeric 
state. 

In order for Zr® to be left in its }— first excited state 
J=0 neutrons would have to be emitted in the case of 
E1 absorption and /=1 neutrons would have to be 
emitted for either E2 or M1 absorption. In these three 
cases, neutrons with higher / values (i.e., /=2, /=3, 
and /=3, respectively) are once again neglected. The 
reduction in the direct production of the 9/2+ state 
due to competition appears theoretically in the form 
of an addition term in the denomintor of each term in 
Eq. (6). As an example, the term corresponding to F1 
absorption becomes 


AXEL AND J. D. 


FOX 


Cy, n(E) 79-hour, direct, Ei 
= 0.(E) (1—f—f)Ts(e)v1-. + 
r+[Ts(e)+T ole’) ia 


The denominators of the terms corresponding to E2 
and M1 absorption in Eq. (6) would both add 7;(e’) 
as a term in a similar manner [and become equal to the 
denominators in Eq. (9) ]. 

The indirect production of the 79-hour activity 
through the 4.4-minute state occurs in 93% of the 
4.4-minute decays': 





(7) 


Oy, n(E)79-hour, indirect = 0.9304, »)(E)4.4-minute. (8) 
The 4.4-minute cross section can be written as 
fTi(e') 
r+T2(e)+Ti(e’) 
(1—f—f) Tole’), + 
r+[Ta()+To(e’) 2 





Oy, n (£)4.4-min = oa(E) 





et f’'Ti(€)yu4, + 
“ rt¢[Ti()+71(0 Fru, 2} 





(9) 


5. Accuracy of Transmission Coefficients 


The transmission coefficients for Eqs. (6)--(9) were 
calculated from the standard formulas' which use an 
ordinary (real) potential well whose depth is such that 
a zero-energy neutron which penetrates into the nucleus 
has a wave number, Kyo= 10-" cm.’ These transmission 
coefficients are possibly incorrect since they are based 
on the “strong-interaction” model. Feshbach, Porter, 
and Weisskopf have more recently proposed a “cloudy 
crystal ball” or “optical’’ model which uses a potential 
containing a small imaginary term.” According to some 
sample calculations done by Dr. Sophie Oleksa at 
Brookhaven National Laboratory, the optical model 
in its present form has a radical effect on transmission 
coefficients at some energies and in some parts of the 
periodic table.®*! (The optical model transmission 
coefficients necessary to calculate the (y,m) cross section 
for Zr® were not yet available when this paper was 
written.) Although the strong-interaction transmission 
coefficients are probably somewhat incorrect, they may 
be closer to the actual coefficients than those given by 
the present form of the optical model. The older 
transmission factors have been used (even after the 

8 J. Blatt and V. F. Weisskopf, reference 1, p. 355. ‘This pre- 
sentation follows the treatment given by H. Feshbach and V. F. 
Weisskopf, Phys. Rev. 76, 1550 (1949). 

* Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
For earlier suggestions of the optical model see H. A. Bethe, Phys. 
Rev. 57, 1125 (1940), and Fernbach, Serber, and Taylor, Phys. 
Rev. 75, 1352 (1949). 

*® Reported by H. Feshbach, Brookhaven National Laboratory 


Report BNL 331(C21), p. 61 ff (unpublished). 
= C. E. Porter, (private communication). 
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TABLE III. Some typical values of o;/¢, as calculated from Eqs. (6), (7), and (9) with f’=0. 








1=0 and 1. 
500 kev 


8.25X107 
3.4 X10" 
5.37X107 
2.08 107 
2.8 X10" 
3.8 X10? 
1.47X107 
1.47X10- 


efor | =2 and 3; ¢ for 
300 kev 


8.0 X10" 
3.0 X10" 
4.8 X107 
1.49X 107 
1.21107 
1.4 X10 
3.0 X10 
3.0 X10~ 


100 kev 1150 kev 


7.5 X107 
2.15107 
2.4 X10" 
4.6 X10 
1.19X 107 
1.2 X10 
8.8 X10-° 
8.8 X10-* 





fl=0 
f=0 nt 
=] 
f=1 fai 
=2 
J=1)}09 


1=3 
$= 04) 23 


r=0.08 
r=0.8 
r=0.08 
r=0.8 
r=0.08 
r=0.8 
r=0.08 
r=0.8 


2.91X 10" 
1.18X10- 
2.98X 10 
1.2810 








advent of the new model) with considerable success in 
interpreting inelastic neutron scattering experiments®:” 
according to the theory of Hauser and Feshbach.*® 


6. Calculation of Cross Sections 


The cross sections for the formation of the 79-hour 
activity and the 4.4-minute activity were calculated for 
various values of r, for o,(Z) constant, for f’=0 and 
for f=1 or f=0. Both the direct and indirect formation 
of the 79-hour activity were included. The effects of 
o,(E) varying with E, of f’+0, and of 0<f<1 were 
easily investigated after the yields of the activities had 
been calculated. Typical values of o;/o, are shown in 
Table ITI. 


7. Calculation of Yields 


The yields of the activities at different betatron 
energies, Es, were computed from these cross sections 
by numerical] integration of Eq. (10): 


(10) 


Es 
¥ (Es) = f N (E,Ep)o,(E)dE, 


Eth 


where N(E,Eg)dE is the calculated number of gamma 
rays in the energy range between E and E+dE formed 
by electrons of energy, Eg [i.e., N(E,Egs) is the brems- 
strahlung photon spectrum ]. The spectrum had been 
calculated by Leiss and Penfold® using the formula 
derived by Schiff* for bremsstrahlung x-rays emitted 
in the forward direction and for a thin target. C was 
set equal to 191 in Schiff’s formula. The spectrum, 
which was available at 5-kev intervals, was converted 
into the number of photons in 25-kev bins for the 
numerical integration. Since the calculated spectra 
were normalized per incident electron on the betatron 
target, the calculated yield, Y(Fs), was divided by 
Es to compensate for the monitor response. This first 
order correction for the monitor response never exceeded 
5 percent and a more refined correction was therefore 
unwarranted. An exaggerated thick-target spectrum 
was used for some calculations and it produced rela- 
tively unimportant changes in the quantitative results 

® Bernard Margolis, Columbia University, verbal report, 
Medium Energy Neutron Conference at Argonne National 
Laboratory, June 3, 1955 (unpublished). 


% J. E. Leiss and A. S. Penfold (unpublished). 
*L. I. Schiff, Phys. Rev. 83, 252 (1951). 


and did not affect the general conclusions. [The thick- 
target spectrum was generated by assuming that at a 
betatron setting of Eg there were actually 20 equally 
probable energies of the bremsstrahlung producing 
electrons and that these 20 energies varied in 5-kev 
steps from Eg—95 kev to Eg. The actual effect of the 
target thickness on the spectrum produced by the 
Illinois betatron has been shown to be smaller than this 
by Penfold and Spicer in their careful work on the fine 
structure in the O'*(y,7)O" reaction.** ] Typical values 
of the yields calculated from Eq. (10) by using the thin 
target spectrum are given in Table IV for Eg— Ey,= 575 
kev and 1150 kev. 


(B) Results—Comparison between Calculated 
and Experimental Values 


The three experimental results which can be analyzed 
to give information about the absorption mechanism 
include: (1) the energy dependence of the 79-hour 
activity between Ey,+375 kev and Ey+575 kev, (2) 
the energy dependence of the 4.4-minute activity up 
to 600 kev above its threshold, and (3) the ratio of the 
yield of the 79-hour activity at 575 kev to that at 1150 
kev above threshold. 

(1) The yield of the 79-hour activity for the three 
values of betatron energy Eg, 375 kev, 475 kev, and 
575 kev above the 79-hour threshold energy Ey, can 
be fitted empirically by 


Y (Eg) « (Es— Ew)”, 


The corresponding variation of cross section with 
energy is 


o(E) « (Es— Ew)?, 


m=34+0.8. (11) 


p=2.1+0.7. (12) 


This energy dependence corresponds to that expected 
for /=2 neutrons if the strong-interaction transmission 
coefficients are correct. Since Y3(575)<«Y.(575), the 
yield at energies up to 575 kev above threshold is 
determined almost completely by Y2(e) provided only 
that f>0.1 (see Table IV). Y4(e), which would arise 
from M1 absorption, is negligibly small. T2(¢) « & for 
100 kev<«<600 kev and thus c,,,«¢ if r is much 
larger than 7>2(e). If r is relatively small (but larger 
than the minimum of 0.08 established below), the 


85 A. S. Penfold and B. M. Spicer (to be published and private 
communication). 
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TABLE IV. Typical values of the calculated yield of 79-hour activity. (Note: If oy, »/oate=1, the yield would be 
7060 for ¢ or e’ =575 Kev, 20 400 for e= 1150 kev.) 








Direct 
’ =0 


f=1 f4f 
vy =D yTo(1)/Tn® Y2(575) Y3(575) 


Indirect 
f+f’=0 
0.93 ¥o(575") 


Direct 
f’=0 


f=1 ft f=1 
¥2(1150) Y3(1150) 0.93 ¥1(575’) 





26.1 
3.19 


r=0.08 705 
r=0.8 ie 


2230 
679 


4500 
1700 


3620 164 
733 22 








calculated o,,,(€) « e'-’. Thus, for the entire acceptable 
range of 7, the governing /=2 term has the correct 
energy dependence. In contrast, /=3 neutrons would 
have too rapid an energy dependence (even for the 
smallest admissible r value) and /=1 neutrons have too 
slow an energy dependence (even for very large r 
values). The experimental data are not sufficiently 
precise to eliminate the possibility of admixtures of 
l=1 or /=3 neutrons; however, the dominant group of 
emitted neutrons has /=2. On the other hand, since 
Y:>Y2, a small amount of £3 absorption would tend 
to make /=1 neutrons dominant in contradiction with 
the experimental results. 

If the strong-interaction transmission factors are not 
correct, the correct transmission factor for the dominant 
neutron group must have the same energy dependence 
as does the /=2, strong-coupling transmission factor. 
It is entirely possible that the actual transmission 
factors are radically different from the strong-coupling 
factors but give the misleadingly correct energy de- 
pendence. Although this is unlikely, the quantitative 
results derived using theoretical transmission factors to 
interpret the experiment must be considered tentative 
until the correct transmission factors are known. 

(2) The yield of the isomeric level, Y(Eg)4.4-min for 
600 kev above its threshold, Ey,’, can also be fitted by a 
power law: 


VY (Es)4.4-min® (Es— Eu’), 


This rapid variation of yield with energy requires 
explanation since if neutron emission predominated 
over gamma-ray emission for «>10 kev (as might be 
expected), the (7,7) cross section would be essentially 


n=1.95+0.2. (13) 


SSS 


y 


0.3 


Fic. 6. Allowable values of f and r. f is the fraction of Z2 absorption 
if there is no M1 absorption. r=8X10-T ,/T,,.°. 


independent of energy [Eqs. (1) and (2) ], and m would 
be equal to only about 1.5. The implied relative improba- 
bility of neutron emission indicates either that r is large 
(in which case the observed energy dependence could 
be explained even for E1 absorption and /=0 neutrons) 
or that E2 and M1 absorption are important (in which 
case the rapid energy dependence could be explained 
by the transmission T;(e’) of the /=1 neutrons). Thus, 
if r is small, f+-f’ must be large whereas if r is large, 
f+f’ is not restricted and could be quite small. The 
actual restriction placed on f and r is shown by curve 
A in Fig. 6 and by the excluded (shaded) area to the 
left of curve A. Curve A was calculated by matching 
Eqs. (9) and (10) with m=1.75, the smallest n value 
consistent with the measurements. The ordinate, 
f, on Fig. 6 is appropriate for curve A only if yi, 
=14,2=1 and f’=0; the proper ordinate for curve A 
is (f+f Yt, 4) VI 24+ 

Curve A does not appear to be particularly restrictive 
for Zr® because r is expected to be relatively large. 
However, there are many nuclei for which m is close to 
2.016 and for which r is expected to be about 0.03, 
(according to Sec. IV.A.3). For these nuclei, curves 
like curve A are quite informative. It can be inter- 
preted to indicate either relatively large amounts 
of each type (£2 and M1) absorption so that there 
would be an appreciable fraction of /=1 neutrons or 
anomalously large r values as might be expected if the 
states reached by gamma-ray absorption emitted 
gamma rays preferentially. 

(3) The most restrictive data on f obtained with 
Zr® came from the ratio of the 79-hour yield at 575 
kev to that 1150 kev above the 79-hour threshold. The 
experimental value of this ratio, Y(575)/Y (1150) was 
found to be 0.040.005. Theoretical values were calcu- 
lated for values of r between 0.025 and 12 and for all 
values of f and f’. 

If the 4.4-minute isomeric level were unknown, the 
measurements at these two energies might be thought 
to imply a rapid energy dependence of the yield, i.e., 
Y (Es) « (Es—Ew)**. Actually, as is shown in Table 
IV, the 79-hour yield above the 4.4-minute threshold 
energy is largely the result of indirect production which 
is proportional to (Es—E£,—0.59 Mev)? rather than 
to (Es—E)". Thus, whereas the ratio of 0.04 might 
appear anomalously low if there were no indirect 
production, the importance of the indirect production 
makes this ratio rather large. 

The direct production observed at 575 kev is too 
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large compared with the total production at 1150 kev 
to be explained by the emission /=3 neutrons. Since 
there is no value of r for which Y;(575) is big enough 
to explain the experimental ratio, most of the observed 
yield at 575 kev must be due to Y.2(575) (ie., J=2 
neutrons) arising from £2 absorption. On the other 
hand, pure £2 absorption (i.e., f=1) predicts too large 
a ratio; Y2(575)/[Y2(1150)+0.93Y1(575’) ] is greater 
than 0.04 for all values of r. However, this theoretical 
ratio can be reduced to 0.04 by reducing f below 1, 
which decreases the theoretically predicted numerator 
and increases the denominator. The numerator would 
be reduced essentially by a factor of f since both f’Y, 
and (1—f—f’)Y3 are negligible. Reducing f below 1.0 
adds a term to the denominator which is 


(1—f)[0.93Y o(575’) —0.93Y 1(575’) 
+ Y3(1150) — ¥2(1150) ]. 


The actual value of f necessary to fit the experimental 
ratio depends on r—for small values of r, f must be 
reduced more than would be necessary for large r 
values in order to match experiment. (If r were very 
large, Y,(Eg) would be proportional to 1/r; for nominal 
values as r decreases Y;(Eg) does not increase as much 
for small values of / as it does for large values of /.) 
The values of f for different r values (and for f’=0) 
implied by Y (575)/¥ (1150) =0.04 are shown by curve 
B in Fig. 6. The extreme values of f consistent with the 
limits of the experimental errors are shown by the 
curves on each side of B. The excluded region of the 
f-r plane is shaded. The particularly interesting feature 
of Fig. 6 is the large value of f which will be discussed 
further after the effect of M1 absorption is given below. 
M1 absorption decreases both the £2 and the £1 
absorption below the values appropriate for no M1 
absorption; i.e., if f’#0, both f and (1—f—f’) decrease. 
This effect can be understood qualitatively inasmuch 
as a finite f’ would not affect the yield at 575 kev 
(provided r and f remained the same) but it would 
decrease the indirect yield at 1150 kev by subtracting 
the term, 0.93f’[ ¥o(575)— Y1(575) J. Thus f’#0 would 
tend to make the calculated yield ratio too large and 
f would have to be reduced in order to fit the experi- 
mental value. For small r values the reductions in f 
(due to {’#0) are very small because Yo(575’) is only 
slightly larger than Y,(575’). For larger r values, 
Af=—1/2Af’. Table V shows the fractional values of 


IN Zr? 411 
E2, M1, and E1 absorption, i.e., f, f’, and (1—/—f’) 
for four values of r. 

It would be possible to construct a set of curves 
corresponding to Fig. 6 (which applies to f’=0) for 
each value of f’. Curve A would shift downwards on 
these new graphs since f+/’ should be the ordinate for 
curve A. Just as r=0.17 is the minimum admissible r 
value defined by curves A and B for f’=0 in Fig. 6, 
the minimum ¢ values for f’=0.2 and 0.4 would be 0.11 
and 0.065, respectively. 

Since f would be increased by any change which 
decreases the theoretical ratio of Y(575)/Y (1150), the 
effect of several of the approximations can be estimated. 
If the effective target thickness were appreciable, the 
yield at 575 kev would be decreased proportionately 
more than the yield at 1150 kev and the necessary 
value of f would be increased. The exaggerated thick 
target spectrum increases f by about 15%; there- 
fore the actual effect of target thickness probably 
increases f by only a few percent. Another possible 
change which might increase f would be an increase in 
the gamma-ray absorption cross section, oa, with 
energy. It is quite likely that o, increases with E but 
the exact energy dependence is difficult to estimate. 
A probable extreme of the energy dependence would be 
o,« E*; and even this rapid energy dependence would 
increase f by only 15%. A refinement of the assump- 
tion that r is a constant would tend to decrease f 
somewhat. As the energy increases, r would increase 
because D and therefore I',.° would decrease. In going 
from an excitation of 12 Mev to 12.5 Mev in Zr™, D 
would be expected** to decrease by a factor 0.68; if I’, 
does not increase appreciably, r would therefore increast 
by a factor of 1.5 for the higher energy. The exace 
effect on f of an increase of r with energy would depend 
on the specific values of r, f, and f’. For small values of 
r, the yield at 1150 kev is quite insensitive to r and 
therefore f is not affected much. For larger values of r, 
f would tend to decrease by as much as 15%. 


(C) Conclusions 


Even though this experiment does not give explicit 
values for r, f, and f’, it is possible to reach some 
interesting conclusions based on the interpretation of 
the results. 

(1) This experiment shows directly that E1 absorp- 
tion is somewhat less important at low energy that it 
is at higher energies. Electrodisintegration experiments 


TABLE V. Fractional amounts of £2, M1, and E1 absorption. 








Fraction of r =0.08 r =0.24 
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0.75 
0.56 
0.38 
0.19 
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0 0.25 
0.2 0.237 
0.4 0.224 
0.6 0.210 
0.8 0.197 
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0.21 
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at higher energies were consistent** with a fractional 
E1 absorption (i.e., 1—f—f’) of 0.88. 

This experiment sets an upper limit of about 0.60 
on 1—f—f’. The reduced importance of E1 absorption 
at low energy is consistent with expectations of theory 
which predicts that below the “giant resonance” M1 
absorption would be somewhat larger than E2 absorp- 
tion and that both would be larger than E1 absorption.*” 

(2) If the approximate value of r=0.8 is accepted 
(from quite independent nuclear data as shown in Sec. 
IV.A.3), then 1—f—f’ has a maximum value of 0.39 
for f’=0. The maximum value that f’ could have for 
this r value would be 0.6 in which case f=0.4 and E1 
absorption would be 0. This set of values (/’=0.6, 
f=0.4, r=0.8) agrees both with expected r values and 
the expected dominance of M1 absorption. 

(3) If M1 absorption were required to be appreciably 
larger than £2 absorption,*’ only smaller r values would 
be acceptable as shown in Table V. If f’ >2/,r <0.24; 
for r as small as 0.08, f’ could be about five times /. 

(4) Although no firm upper limit can be placed on r, 
there are two evidences that 7 is not much larger than 
the predicted value of 0.8. First, a much larger r value 
would imply that the observed (7,) cross section 
would only be a small fraction of the absorption cross 
section until the energy is high enough to reach many 
levels in Zr®. Since the observed (7,n) cross section has 
a reasonable shape, it seems unlikely that ¢, is radically 
different at low energies. The second evidence for r not 
being much larger than 0.8 comes from the relative 
values of f’ and f. If one kept the restriction that f’>/, 
r would be confined to low values. This restriction may 
not be valid if there are particularly few 1+ levels in 
Zr® compared with 2+ levels. However, if the level 
density does not differ by more than a factor of 2 or 3, 
f’ would not be smaller than f and r would be restricted 
to less than 1.5. 

A restriction on the maximum value of r would be 
quite significant since it would tend to confirm the 
validity of the compound nucleus in (7,1) reactions. 
If the absorbed gamma ray did not form a compound 
nuclear state, the excited state that was formed would 
be expected to be particularly likely to re-emit a gamma 
ray. Similarly one might expect that the excited states 
formed in neutron scattering experiments have a 
special tendency to re-emit neutrons. Thus, if the 
compound nucleus were not a valid model, the r values 
appropriate to (7,2) reactions would be expected to be 
considerably larger than those derived from neutron 
scattering experiments. 

The results obtained in this experiment are consistent 
with the compound nucleus theory and other assump- 
tions made in Sec. IV.A. However, with our present 
knowledge, this experiment neither proves the assump- 
tions nor fixes the values of the parameters. With ad- 


%* K. L. Brown and R. Wilson, Phys. Rev. 93, 443 (1954). 
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ditional similar experiments (e.g., some that were 
chosen to be particularly sensitive to M1 or E1 ab- 
sorption), it should be possible to determine the 
absorption mechanism. Once this has been determined, 
photonuclear experiments of this type should give both 
values for r and the relative energy level densities for 
states of different spin parity. 


V. THRESHOLD DETERMINATIONS 


The determination of (y,) thresholds involves an 
extrapolation of the experimental data to the threshold 
energy because the yields at energies just above the 
threshold are in doubt due to both the small values of 
the yields and the non-negligible background effect. 
One extrapolation procedure which has been used with 
apparent success involves choosing values of both the 
threshold energy, Ey, and the energy dependence, m, 
so that the yield at a betatron energy of Es,Y (Eg), is 
given by'*.88.9 


Y (Es) « (Es— Eun)”. (14) 


It will be shown in this section that the apparent 
precision with which Ey, can be determined from Eq. 
(14) is misleading and that there is little theoretical 
justification of this equation in most (,”) processes. 
The energy dependence of Y (Zs) is governed by the 
energy dependence of the (y,) cross section, y,,(Z), 
and on the bremsstrahlung spectrum N (£,Esz) as indi- 
cated by Eq. (10). If both o,,,(Z) and N(E,Eg) had 
simple energy dependences, Y(Es) might be expected 
to satisfy Eq. (14). For example, if o« (E-- Ej)? and 
N(E,Eg) « (Eg— E)*, then it can be shown easily that 
Y (Ez) satisfies Eq. (14) for the following simple cases: 


(1) For p=0 or p=1, m=p+ q+1 for all g, 
(2) For p=1/2 and q an integer, m=p+q+1. 


However, because neither p nor g is a constant, 
Eq. (14) does not hold. Rather than being represented 
by g=constant, the actual N(E£,Es) corresponds to a 
value of g which is about 0.33 within 100 kev of the 
tip but which changes to about 0.56 for energies more 
than 200 kev from Eg. If the actual bremsstrahlung 
spectrum were used with a cross section that was a pure 
power law (i.e., p=0 or p=1), Y(Es) would be repre- 
sentable by Eq. (14) for energies E>E»,+1 Mev. At 
these higher energies, m= p+ 1.6. If one were to assume 
that Eq. (14) did hold for this case, one would choose 
a value of EZ», which was about 80 kev above the actual 
threshold energy, even if precise experimental points 
were available within 200 kev of the actual threshold. 

A further complication is introduced in an actual 
situation because the cross section is not a pure power 
law. Even if only one level in the residual nucleus were 
involved, the existence of E2, M1, and £1 absorption 
and the variation of the relevant transmissions would 


. Sher, Halpern, and Mann, Phys. Rev. 84, 387 (1951). 
® Halpern, Nathans, and Yergin, Phys. Rev. 95, 1529 (1954). 
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cause a variation in the power law. Furthermore, when 
additional levels occur in the residual nucleus, the cross 
section changes. There are extreme cases in which the 
observed cross section might be due entirely to an 
excited state rather than the ground state,” thereby 
leading to large errors in neutron binding energies 
inferred from (y,) threshold measurements. Another 
reason for the (y,”) cross section deviating from a simple 
power law is the variation in the photon absorption 
cross section. 

Thus, although in some instances the combined effect 
of the energy variations of bremsstrahlung and cross 
section might compensate, the energy dependence of 
the yield cannot be assumed to be a simple power law 
as shown in Eq. (14). On the other hand, some extra- 
polation procedure is necessary in order to determine 
the threshold. The most satisfactory procedure would 
be to obtain the best points possible near threshold and 
then to plot Y(Eg)'™ as a function of E for several 
values of m. For example, when this procedure was used 
on the 4.4-minute threshold data, shown in Fig. 1, a 
value of m=2 seemed to fit best but m=1.5 and 2.5 
were also tried. These different m values gave threshold 
energies 20 kev above and 20 kev below that given by 
the m=2 value. In contrast with this relatively small 
threshold shift, assuming Eq. (14) valid for more than 
1 Mev would lead to thresholds 100 kev too high for 
m= 1.5 and 80 kev too low for m= 2.5. 

There are two reasons which explain why the as- 
sumption of Eq. (14) and the adjustment of m and Ey, 
from a log-log plot introduce more error than is intro- 
duced by plotting the mth root. First, the power, m, 
is determined essentially by experimental data in which 
Es>Ew+1 Mev since the apparent value of m below 
1 Mev is quite sensitive to the value of E,,. Thus, the 
log-log plot procedure assumes the constancy of m 
which is quite doubtful and obtains a misleadingly 
precise value of an apparent threshold. The second 
reason for the error introduced by this procedure is 
that there is a tendency to give very little weight to 
the most significant, low-energy points merely because 
they are least precise.** In contrast, using the plot of 
the mth root of Y(Eg) vs Eg makes it easier to give 
these low-energy points the weight they deserve. 

Sher, Halpern, and Mann* have shown that in some 
cases, assumption of a power law over a range of several 
Mev made it possible to obtain the correct thresholds 
for different isotopes of the same element. In view of 
the factors discussed above which would tend to change 
the power law, this observed agreement should probably 
be considered fortuitous and the procedure should not 
be assumed to have unwarranted reliability because of 
this agreement. Another apparent indication of the 
validity of the log-log plot was given by Birnbaum." 
However, Birnbaum’s data showed that Eq. (14) per- 
mitted a precise determination of an apparent threshold 
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Fic. 7. Relative cross sections. Curve A is the cross section for 
the formation of the 79-hour activity, Curve B the formation cross 
section of the 4.4-minute activity, and Curve C the direct pro- 
duction cross section of the 79-hour activity. 


Ew’, but did not show that Ey,’ was an accurate thresh- 
old value. The constancy of m for a single isotope is 
difficult to reconcile with the theoretical considerations 
mentioned above, particularly when m has been found* 
to vary from element to element. For these reasons, and 
because the possible error introduced by using the 
wrong m is easier to ascertain, it is probably better to 
plot the mth root of Y(Es) vs Eg for determining 
thresholds. A superior extrapolation procedure can be 
expected only when the theory has been developed to 
the point where it can correctly predict the exact value 
of m or the variation of m with energy. 


VI. INTERPRETATION OF THE YIELDS 
AT HIGHER ENERGIES 


A. Calculation of the Cross Sections 


The activation functions shown in Figs. 4 and 5 were 
converted into cross sections by using the inverted 
bremsstrahlung tables prepared by Penfold and Leiss* 
to perform a “photon-difference”’ analysis.” The relative 
cross section for the formation (direct and indirect) of 
the 79-hour Zr® and the 4.4-minute Zr” are shown as 
curves A and B, respectively in Fig. 7. Since the 79-hour 
activity and the 4.4-minute activity were detected by 
counting gamma rays of different energy, the relative 
yield of the two activities at any betatron energy is in 
doubt. In order to provide maximum detection sensi- 
tivity, thick samples and “poor” counting geometry 
were used, thus making it difficult to calculate relative 


" A. S. Penfold and J. E. Leiss (private communication). 
#1. Katz and A. G. W. Cameron, Can. J. Phys. 29, 51 (1951), 
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detection efficiencies. An independent measurement was 
therefore made in order to obtain the relative scales of 
curves A and B in Fig. 7. The normalization of the two 
cross sections was carried out through the normalization 
of the activation functions by two independent methods 
which give essentially the same result. 

(1) Once the shapes of the activation functions had 
been determined, the relative yields of the Zr® ground- 
state 913-kev and 588-kev isomeric transition gamma 
rays were compared using the 1 in.X1 in.X2 in. 
NalI(TI) crystal and small sources suspended 2 in. from 
the 1 in.X1 in. face. With this “good” geometry, it was 
possible to calculate the relative efficiencies of the 
scintillation crystal for the 588-kev and 913-kev radi- 
ations. Samples of Zr metal weighing 200 mg were 
irradiated at 22.8 Mev and the activities were deter- 
mined by using the apparatus described above. The 
ratio of the 79-hour 913-kev yield to the yield of the 
588-kev 4.4-minute activity at 22.8 Mev was found to 
be 1.63.1. This number was used to normalize the 
activation functions from which curves A and B of 
Fig. 7 were extracted. 

(2) The calculated cross sections and yields of Sec. 
IV can be employed for the normalization of the 79- 
hour and 4.4-minute yield curves. It is fortunate for 
the purposes of normalization that the ratio of these 
yields at E.,+1150 kev is insensitive to the value of r 
chosen for Zr”. At e=1150 kev, the calculated yield 
ratio (79-hour/4.4-minute)=1.52 for r=0.8, 1.4 for 
r=0.24, and 1.59 for r=2.4. Thus, the yield ratio at 
e= 1150 kev is 1.54.1 for reasonable values of r. This 
value of 1.5+0.1 is in good agreement with the value 
implied by the measured relative yields at 22.8 Mev. 
By using the yield curves themselves (Figs. 4 and 5), the 
yield ratio at e=1150 kev can be determined from the 
yield ratio at 22.8 Mev to be 1.44+.15. While the nor- 
malization obtained by either of these methods is not 
very precise, it is sufficiently good to allow something to 
be said about the distinctive features of the shapes of 
the cross sections. Curve C of Fig. 6 represents the cross 
section for the direct production of the 79-hour state 
and is obtained by subtracting 93% of the prop- 
erly normalized 4.4-minute yield from the 79-hour 
yield and then extracting the cross section of this direct 
production activation function. To obtain curve C, the 
calculated yield ratio at e=1150 kev of 1.5 was used. 


(B) Interpretation of the Relative Cross Sections 


The narrowness of the 79-hour cross-section peak 
confirms previous observations that the total (y,») 
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cross section is more sharply peaked than usual when 
the bombarded nucleus has its nucleons in closed-shell 
configurations. The shape of the total formation cross 
section agrees well with the total (y,2) cross section 
measured by Yergin and Nathans,“ while the shape 
of the formation cross section of the 4.4-minute Zr 
agrees reasonably well with the earlier measurement of 
Katz et al.® 

It is interesting to note that the 4.4-minute Zr 
formation cross section has a different shape from the 
total (y,) cross section. This difference in shape implies 
that as the energy varies, there is a change in the 
fraction of the (y,) events which lead to the 4.4-minute 
isomeric level. The rise in curve C of Fig. 7 above 19 
Mev is probably due to the (y,2m) reaction of Zr”. If 
this interpretation is correct, the Zr®(y,2n) reaction is 
much more likely to produce the ground state than the 
4.4-minute isomeric level in Zr®. It is not unreasonable 
to expect such behavior since the ground-state spin of 
Zr" is believed to be 5/2.* 

Further analysis of the cross sections is possible only 
with a more complete theory of gamma-ray cascading 
than now exists. Since most of the gamma-ray absorp- 
tion cross section at about 17 Mev is due to E1 ab- 
sorption, the excited states of Zr® are then mostly 1—. 
If the energy-level density of Zr* is a function of spin- 
parity were known (or could be postulated), it should 
be possible to determine the relative probability of 
exciting each type of excited state on the basis of the 
foregoing discussion and calculations. If more were 
then known about gamma-ray cascading, experimen- 
tally determined (y,») cross sections for the production 
of pairs of isomers would provide a sensitive test of any 
theory dealing with energy-level densities. 
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A magnetic focusing arrangement is combined with coincidence counting of the annihilation radiation 
to permit detection of very low positron intensities in the presence of other radiations. Sources of P® yielded 
(7.52) X10” positrons per beta decay. An experiment with a gold-covered source showed that secondary 
effects in the source material may contribute an important fraction of these positrons. One may conclude 
that the number of positrons per beta decay of P® does not exceed by more than a factor two the value 
5.5X 10-” expected theoretically from electromagnetic effects and is probably close to the theoretical value. 

Sources of Y® emit (3.60.9) X10- positrons per beta decay, due primarily to the 1.75-Mev electric 


monopole transition in Zr™. 





A. INTRODUCTION 


HE growing refinement of the experimental evi- 
dence and theoretical analysis concerning beta 
decay processes has recently turned attention to the 
various electromagnetic phenomena modifying beta 
decay.' Besides the obvious effect of the screened 
nuclear Coulomb field in determining the electron wave 
functions, three such phenomena have been considered, 
appearing as higher order terms in the usual perturba- 
tion treatment of the theory. They result in the transfer 
of part of the decay energy to a particle other than the 
electron-neutrino pair: (1) Internal bremsstrahlung re- 
sulting in the emission of one or more photons. (2) Ioni- 
zation or excitation of the electron cloud (in addition 
to the ionization due to the increase in nuclear charge 
in negative beta decay and the K or L shell excitation 
in K- and L-electron capture). (3) Internal pair creation 
resulting in the emission of a positive and a negative 
electron besides the primary beta ray and neutrino. The 
last-named process is, of course, possible only when the 
available decay energy Eo exceeds 3mgc’. 

Considerable experimental and theoretical work has 
been done on internal bremsstrahlung and atomic 
excitation, and our understanding of these processes 
seems, in the main, adequate. Some unresolved diffi- 
culties remain, apparently due to the difficulty of 
treating the theory of transitions involving a rearrange- 
ment of the entire electron cloud, rather than to any 
aspects of the basic phenomena. On the other hand, the 
experimental evidence concerning pair emission in beta 
decay has been inadequate and contradictory, both 
between different experimenters and between experi- 
ment and theory. This is not surprising if we note that 
in a typical case we expect only one pair to be formed 
for 10° beta decays, whereas there is about one detect- 
able photon for 10° decays and one K-shell excitation 
for 10* decays. 
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on Nuclear Effects of the Electron Cloud (Paris 1954), the pro- 
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The theory of the pair production has been given by 
Arley and Mller? and, independently, by Tisza. 
Huang‘ has re-examined the work of the former authors. 
He has carried out explicit calculations using Coulomb 
wave functions for the electrons and evaluated some of 
the angular integrals which were only estimated in the 
earlier work. Figure 1 shows the probability of pair 
creation per beta decay, V+/N~-, as a function of the 
decay energy Eo for Z=16, as calculated by the ap- 
proximate expressions of Arley and Mller. Figure 2 
shows the positron spectrum expected from the decay 
of P*®(Z=16, Eo=4.4mc*). In comparing the pair pro- 
duction probability with that for the other two electro- 
magnetic processes, we note that in each case three 
types of virtual intermediate states are considered. 
Specifically, 


(a) V2 ti’ +rovzitette+B+ yp. 
(b) Vz-wz' tet+e zi tette+B+p. 
(c) Vz 241 +B + rrp tett+e+8+p. 


Here y refers to the nuclear wave function and the prime 
denotes the virtual intermediate state. It is found that 





10°"¢ 


Li Pill 


T 


Fic. 1. Theoretical 
probability of pair crea- 
tion in beta decay as a 
function of decay energy 
Ey for Z=16. Solid 
curve: Calculation of 
Arley and Moller? Cir- 
cles: Calculation of 
Huang.‘ 


TUT 


T 


I 
jet 


T 


TOT TTTTtnt 


Li iil 











10°'0 ! 1 
} 5 6 


E.(mc?) 


2N. Arley and C. Moller, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 15, 9 (1938). 
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Fic. 2. Theoretical positron spectrum of P®. 


processes (a) and (c) contribute about equally to pair 
creation, i.e., the pairs are formed by the field of the 
beta ray and of the residual! nucleus. On the other hand, 
the internal bremsstrahlung is almost entirely due to the 
field of the electron (a) while atomic excitation can be 
ascribed overwhelmingly to the change in the nuclear 
Coulomb field (c). We note also that the pairs are 
created predominantly in the “close”’ region, i.e., within 
an electron Compton wavelength from the nucleus. Be- 
cause of the small magnitude of the effect and its 
relatively short-range nature, there remained at least 
the remote possibility that it might be significantly 
modified by some unknown process connected with 
the beta decay interaction. 

Attempts to detect positrons from (negative) beta 
emitters have been made by three methods.*:* Only one 
of these, the use of a cloud chamber with magnetic field, 
has repeatedly yielded results which have been inter- 
preted as positive. The earliest results, which indicated 
N+/N~- of the order of 10~*, were manifestly spurious. 
More recent experiments seemed to indicate N+/N- of 
the order of 10~. Some experimenters ascribe this 
number of “positive” tracks to scattering and other 
spurious phenomena, while others consider the effect 
genuine. Attempts to detect these particles by magnetic 
deflection in vacuum, using beta-ray spectrometers or 
trochoidal focusing, have been negative’.” (with two 
exceptions** which indicated N+/N-~10~). Upper 
limits to N+/N~ of the order of 10-* to 10~* were set by 
these experiments. Measurements of the scattering of 
the “positive” tracks in cloud chambers had suggested 
that the specific charge of these particles might differ 
from that of electrons, some experiments indicating 
larger, some smaller masses. It has been conjectured 
that these particles might escape detection by decay in 
flight. It is therefore significant that negative results 
were also obtained’ with a small spectrometer, designed 
specifically to afford path lengths comparable to those 
observed in cloud chambers. Finally, some rather crude 


5 G. Groetzinger and F. Ribe, Phys. Rev. 87, 1003 (1952). This 
paper contains an extensive bibliography of the earlier literature. 

®G. W. McClure, Phys. Rev. 94, 1637 (1954). This article con- 
tains references to the recent literature. 

7P. Weinzierl, Z. Naturforsch. 9A, 69 (1954). 

* G. Groetzinger and D. Kahn, Phys. Rev. 80, 108 (1950). 

*T. Yuasa, Compt. rend. 234, 619 (1954). 


attempts to detect annihilation radiation from negatron 
sources, using a coincidence method” or a magnetic 
secondary electron spectrometer," have also shown 
negative results. It should be noted that none of the 
experiments, whatever their apparent result, would 
have been capable of detecting an effect of the magni- 
tude predicted theoretically. 

In view of these contradictory results, we decided 
to design an experiment of sufficient sensitivity to per- 
mit comparison with theory. Our apparatus detects 
only positrons and yields no information concerning the 
possible emission of other positive particles with un- 
known properties. We might also seriously under- 
estimate the relative number of positrons if their energy 
spectrum is radically different from that expected 
theoretically. At the time the experiment was designed 
we had only the calculations of Arley and Mller to 
guide us. Our results show clearly that N*+/N~ is smaller 
than predicted by their estimate. The more complete 
calculation of Huang lowers the theoretical estimate 
close to the limit of detectability by our method, in 
agreement with the experimental result. 


B. APPARATUS AND PROCEDURE 


Our experimental problem consisted of the detection 
of a very small number of primary positrons in the 
presence of an overwhelmingly larger number of other 
radiations: beta rays, inner bremsstrahlung, external 
bremsstrahlung, and secondary positrons produced by 
the impact of photons and beta rays. The low relative 
intensity of the effect sought made it imperative to use 
a very selective detection method. Such a method is 
afforded by the annihilation radiation produced when 
the positrons are stopped in some material, referred 
to hereafter as the “catcher.” The two annihilation 
quanta were counted in coincidence, identified by their 
energy and by their emission from the catcher in op- 
posite directions. To minimize the formation of posi- 
trons by energetic electrons or photons striking the 
catcher, the latter was located in a magnetic field in 
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Fic. 3. Projected electron trajectories in our apparatus for 
: E>1 


H=2850 gauss. All trajectories of electrons with 0 Mev 
either miss the catcher C or are intercepted by the collimator. 

© H. Bradt, Helv. Phys. Acta 17, 59 (1954). 

1K. Siegbahn and H. Slatis, Arkiv. Mat. Astron. Fysik 34A, 6 
(1947). 
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such a position that about one-half of all the positrons 
emitted by the source in the interesting energy interval 
would strike it; while the probability for electrons or 
photons with energy above 2mc? reaching it from the 
source or surrounding scattering material was very 
small. 


1. Magnetic Focusing 


The principle of the apparatus is illustrated in 
Fig. 3. A point source S and the catcher C are located 
on the axis of the apparatus which is placed in a uniform 
axial magnetic field H. The length of the catcher is D 
and its distance from the source L. A cylindrical col- 
limator of radius r extends for a length slightly greater 
than (L+D)/2. Electrons (positive or negative) leaving 
S at an angle 6 with momentum # describe helical paths 
which return to the axis for the first time at a distance 
z= (2mrpc/eH) cosé. If the source emits, isotropically, 
N(p) electrons of momentum #, the number N(,2)dz 
of trajectories striking the axis for the first time in the 
interval dz at z is N(p,z)dz=N(p,0)2x sin0(d0/dz)dz 
= (eH /4rpc) N (p)dz. 

The points of first crossing are therefore distributed 
uniformly between z=0 and z= 20, where zo= 2rpc/eH. 
However, for electrons with sufficiently high momen- 
tum, such that z9>-r, the collimator will intercept all 
trajectories for which z<2,, where 2mn= (20?—2°r*)}. 
For D> L, every trajectory with z<(Z+D) not inter- 
cepted by the collimator must eventually cross the 
catcher. Thus the fraction of all the electrons with 
momentum p which will be collected by the catcher, 
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Fic. 4. Diagram of the apparatus. 
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Fic. 5. Collection efficiency as a function of electron momen- 
tum. Dotted line: D24.35 cm. Solid line: Actual apparatus 
(D=2.2 cm). 


i.e., the collection efficiency P would be 


J 


(L+D) 


dz= (L+D—2Zm)/220 


for zo>(L+D) 
P(p) = (320)} 


f dz= (29—2m)/ 220 





for 2z<(L+D). 


For zo<zr, i.e., for low-energy electrons, the lower 
limit on the integrals is zero. 

Limitations on the available magnetic field made it 
necessary to use smaller than optimal values of D and r 
in our apparatus (Fig. 4). Specifically, we used 
D=0.34L, and r=L/m. As a result of this there are 
two gaps where trajectories may cross the axis for the 
first time in the range of z<_L and still miss the catcher, 
namely: (L+D)/2<z<L and (L+D)/3<z<L/2. 
These gaps must therefore be omitted from the integrals 
in the expression for P. 

Figure 5 shows the collection efficiency of our ap- 
paratus as a function of electron momentum. For 
comparison we show also the collection efficiency ob- 
tainable with L=D=4.35 cm. The abscissa, 29/2x 
= pc/eH, is numerically equal to Hp/H, where Hp is 
the “magnetic rigidity” of the electrons. P vanishes for 
Sm>(L+D), ie., for pco/eH >[(L+D)?+2°r* }}/2x. In 
our apparatus the cutoff value of pc/eH is 1.73 cm. A 
sharp drop occurs in P for pc/eH =1.04 cm, where Zp, 
first exceeds zero. In a field of 2800 gauss no electrons 
with energy above 1 Mev are collected. In this field the 
drop-off in P occurs at 500 kev. Thus no secondary pairs 
can be produced by impinging electrons, while the 
efficiency for collecting positrons with the expected 
spectrum (Fig. 2) remains high. The average collection 
efficiency P for these positrons is calculated by inte- 
grating P, obtained from Fig. 5 over the spectrum. The 
result is P=0.47. The validity of our calculation was 
established by observing the variation of the over-all 
detection efficiency with magnetic field for the positrons 
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Fic. 6. Collection efficiency as a function of magnetic field for 
positrons emitted in the beta decay of Na* (circles) and in internal 
pair conversion of Zr® (triangles). The solid curves are calculated 
with the aid of Fig. 5. 


from Na® which have a spectrum quite similar to that 
shown in Fig. 2. The experimental result, together with 
the calculated one, is shown in Fig. 6. 

The design of our apparatus is shown schematically 
in Fig 4. The vacuum chamber, 5 in. in length and 10 in. 
in diameter, is made of nonmagnetic stainless steel. All 
surfaces from which secondary radiations might reach 
the catcher are covered with Lucite to minimize pair 
creation and to reduce backscattering of energetic 
electrons. At the ends of the chamber the scattering is 
further reduced by an array of }-in. long polystyrene 
tubes acting as an electron trap. A positron arising 
in the chamber will be detected by the counter system 
only if it is annihilated either in the catcher or in the 
area of the chamber wall which lies directly between the 
counters. The latter area is shielded by a heavy lead 
cylinder from energetic bremsstrahlung or other gamma 
rays originating in or near the source. It would have 
been advantageous to provide a similar shield for the 
opposite end of the chamber where some energetic 
radiations are produced by the impact of the electrons, 
but the available pole gap did not permit this. 

The catcher is made of beryllium, 7 in. thick and 
7s in. wide, and is supported from the endplate by a 
thin polystyrene rod. The low atomic number of bery]- 
lium minimizes pair creation in the catcher by hard 
radiations which can reach it in substantially straight 
paths from the source. The solid angle subtended by the 
catcher at the source is about 3X 10~ steradian. 


2. Sources 


The sources of P®, about 1 cm? in area, were deposited 
on a 0.9-mg/cm? “Mylar” strip supported on a semi- 
cylindrical Lucite holder fitted into the collimator. 
One-half of the positrons must pass through the sup- 
porting film which lies in a plane containing the axis of 
the system. The effect of absorption in the film is negligi- 
ble for particles above about 50 kev. The radioactive 
P® was provided by the Chalk River Laboratory of 
Atomic Energy of Canada, Ltd., who performed two 
special preparations to provide material of very high 
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specific activity. Nevertheless, each of the two sources 
contained about one milligram of solid material. We 
were unable to obtain sufficiently high and reproducible 
yields with methods such as volatilization in vacuum 
which produce truly uniform sources. Our sources were 
prepared by drying a solution of PO, in dilute HCl in a 
rapid stream of dry nitrogen with gentle warming. A 
5% solution of insulin was used as wetting agent to 
help spread the deposit. Visual inspection in a micro- 
scope indicated a rather uniform microcrystalline de- 
posit without gross clumping. 

After completion of the measurements, each source 
was dissolved in hydrochloric acid. Several small volu- 
metric aliquots were then taken from these solutions, 
and very thin sources deposited from these were 
counted in a 4x counter. The strength of each source 
calculated from the several aliquot samples showed the 
procedure to be reproducible to better than two percent. 

Sources of Y® (see Sec. D) with a strength of about 
0.15 mC were separated, carrier-free, from the long- 
lived parent Sr®. They were then deposited and cali- 
brated like those of P®. 


3. Detecting System 


The gamma-ray counters used to detect the annihila- 
tion radiation consist of NaI(T1) crystals, 3 in. in 
in diameter, 2 in. thick, coupled to DuMond K-1198 
photomultipliers by 6 inch long light pipes. The light 
pipes were required to remove the multipliers from the 
large stray field of the magnet. Considerable magnetic 
shielding was used around the tubes so that their 
response was practically independent of the magnetic 
field. 

The electronic coincidence and pulse height selection 
system was of the fast-slow type. The “‘fast’’ coincidence 
pulses, taken without pulse-height analysis, gate the 
inputs to the single-channel pulse-height selectors. The 
outputs of the latter are then mixed in the final “slow” 
coincidence circuit. This arrangement permits the use 
of relatively slow pulse-height analyzers. In most of the 
measurements we use a “fast” coincidence resolving 
time of about 2r= 210 musec. This was later shortened 
to 85 mysec. These relatively long resolving times 
permitted the use of stable, fed-back amplifiers through- 
out without causing an undue accidental coincidence 
rate with the source strength available. The pulse- 
height analyzers were set to accept pulses in a 150-kev 
wide energy interval centered at 510 kev. This low- 
energy resolution, like the low time resolution, was 
determined by the requirement of great stability over 
many hours imposed by the very low counting rates. 

The over-all detection efficiency of the apparatus was 
determined and checked periodically by means of a Na¥ 
source. The number of positrons emitted by this source 
per second was measured in a 4x counter. As mentioned 
above, the positron spectrum of Na” resembles the theo- 
retical spectrum of P® (Fig. 2) so closely that the 
detection efficiencies may be taken to be the same within 
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the accuracy of our measurements. The over-all 
efficiency, including the collection efficiency of the 
catcher, the solid angle subtended by the counters, and 
their counting efficiencies, was 1.26 10-*. The counting 
rates expected, and observed, with this efficiency and 
the source strength of P** used—about 30 mC—were of 
the order of a few counts per hour. 


4. Background 


Because of the extremely small magnitude of the 
effect investigated, great precautions had to be taken 
to minimize and account for all other phenomena which 
cause spurious, or background counts. The main 
sources of background were the following: (1) Ambient 
background due to cosmic rays and radioactivity. This 
was the most important contribution, about 7 counts/hr. 
Because of the large size of the apparatus it did not 
seem practicable to reduce this significantly by shielding 
or anticoincidence counters. This background was deter- 
mined directly by interspersing runs in which the source 
was removed from the apparatus between those with the 
P® source in place. (2) Accidental coincidences. These 
were calculated in the usual fashion from the counting 
rates which were monitored continuously during each 
run. (3) Positrons formed in the walls of the chamber 
which find their way to the catcher. By placing a Na* 
source at various representative points in the chamber, 
the detection efficiency for such positrons was found to 
be between 10~* and 10~ of that for positrons starting 
on the axis. (4) Positrons which are annihilated in the 
region between the counters at points other than the 
catcher. (5) Positrons formed in the catcher itself by 
hard radiations from the source. As mentioned above, 
the.solid angle subtended by the catcher at the source is 
about 3X 10~ steradian. (6) Secondary radiations scat- 
tered in such a manner that they register in both 
counters. For example, a hard bremsstrahlung quan- 
tum could be scattered in one counter crystal, losing an 
energy of 500 kev, and then reach the other counter. 
The geometry of our apparatus is such that only very 
unusual multiple scattering events could give rise to 
such coincidence counts. 

Order of magnitude estimates of the effects (3)—(6) 
show them to be small compared with the statistical un- 
certainty of our experiment. In addition, these and other 
similar background effects were accounted for in first 
approximation by the following procedure: With the 
P® source in its usual position, the catcher was placed 
one centimeter off the axis. In this arrangement the 
detection efficiency for positrons starting from the 
source is reduced tenfold while the background should 
be very nearly the same as with the axial catcher. The 
counting rate obtained in this arrangement was in- 
distinguishable from that obtained without a source, 
after a small correction for the different accidental 
coincidence rates. This confirms our estimate that the 
effects (3)—(6) are negligible. (7) Positrons created in the 
source or its supporting foil by secondary processes. 
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TABLE I, Summary of experimental results. 








Back- Cor- 
Total ground Net true rected 
counts/ counts/ counts/ for 


Source hr hr hr decay N*+/N- 





7.6+1.1 
6.8+1.3 
7.2+0.7 


No. 1, 23.7 mC 

No. 2, 39.1 mC 

No. 2, with 
gold foil 


10.5 +1.2 
11.141.2 
10.2+0.8 


2.941.6 
4.341.7 
3.0+1.1 


3.2+1 
4.8242 
8.143 


3+4.6) X10~° 
2+2.9) X10-" 


8 (8. 
0 (7. 
0 








This source of spurious counts is the most serious cause 
of uncertainty in our results, since the experiment can- 
not distinguish between these and the phenomenon 
sought. Positron-electron pairs can be created either by 
energetic beta rays or by the internal bremsstrahlung. 
Both of these processes are proportional to the source 
thickness and to (Z”),,, the mean square atomic number. 
In addition, there may occur a tertiary process in which 
an external bremsstrahlung photon is first created 
which in turn creates a pair. This process is proportional 
to the squares of the source thickness and of (Z*)y. A 
rough calculation” shows that the pair formation by 
the very small number of hard quanta emitted by our 
sources is at least one order of magnitude smaller than 
the effect sought. On the other hand, the cross section 
for pair creation by electrons in the energy range of 
interest—1.02 Mev to 1.7 Mev—is not well known 
either theoretically or experimentally. Bhabha’s calcula- 
tion” cannot be extrapolated into this energy range 
with any degree of confidence because of the breakdown 
of the Born approximation. Experimentally established 
upper limits are well above the expected magnitude of 
the phenomenon. A rough estimate, based on a linear 
extrapolation” of Bhabha’s results predicts an effective 
cross section in lead between 10-* and 10~** cm? for the 
beta rays of P® averaged over the entire spectrum. 
This order of magnitude leads to the conclusion that the 
secondary process may contribute a significant fraction 
of the positrons observed by us. This conclusion was 
confirmed and an attempt at an approximate estimate 
of this contribution was made by measuring the number 
of positrons produced when the source was covered 
with 2.5 mg/cm? of gold. Details of this procedure are 
discussed below. 


C. RESULTS FOR P* 


The results of our experiments with two sources of 
P® are summarized in Table I. The statistical errors 
indicated are standard deviations, accounting only for 
counting statistics. The disintegration rates indicated 
in column 1 refer to the beginning of each of the two 
series of measurements. Column 2 lists the average 
coincidence rates, corrected for accidentals, but not for 
source decay or background. The background tabulated 
in column 3 for each series was obtained from measure- 
ments without the source, interspersed with the series. 


12. W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, Oxford, 1944). 
13H. J. Bhabha, Proc. Roy. Soc: (London) A152, 559 (1935). 
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The average of a large number of such background 
measurements, before, during, and after the two series, 
was 7.2+0.3 counts/hr. The series of runs in which the 
catcher was placed off the axis, referred to in the section 
on background effects, gave an average counting rate 
of 6.9+0.6 counts/hr. Column 4 gives the difference 
between the two preceding ones, while column 5 is 
corrected for source decay to refer the result to the 
activity at the beginning of the series of measurements, 
as given in column 1. Column 6 gives the number of 
positrons per disintegration of P® as deduced from the 
numbers in columns 1 and 5, using the known detection 
efficiency of 1.26X10-*. The weighted average of the 
values cbtained with the two sources is N+/N-=7.6 
+2.5X10-". If the average background counting rate 
of 7.2+0.3 counts/hr is used, rather than the statis- 
tically less certain values in column 3, we obtain 
N+/N-=(7.341.8)X10-. It is therefore practically 
certain that we have observed positrons emitted by 
the P® sources.‘ This conclusion is not affected by the 
uncertainties in source and efficiency calibrations, 
estimated not to exceed 7%. 

The measurement with the gold-covered source 
(third line in Table I) gave an excess of 3.3+3.6 
counts/hr over that with a bare source, corrected for 
source decay and calculated with separate background 
measurements. If we assume, instead, a constant 
background, the excess becomes 3.7+3.0 counts/hr. 
The large statistical uncertainty is due to the fact that 
the source had decayed by nearly a factor of three 
when it was covered with the gold foil. 

If we assume, for purposes of calculation, the mean 
value of 3.3 counts/hr due to secondary positrons pro- 
duced in the gold, then a calculation of the average 
path length travelled by the electrons in the gold foil 
(including scattering) leads to a cross section for pair 
creation in gold, averaged over the entire P® spectrum, 
of about 5X 10-* cm*. We then assume that the cross 
section varies with Z* and that each P® source had a 
total mass of one milligram, with average atomic 
number Z= 25. With these assumptions, a calculation 
similar to the one carried out for gold indicates that the 
source material, if uniformly and continuously spread 
over one cm’, would contribute secondary positrons at 
a rate of about 0.9X10~ per P® beta ray, or about 
thirteen percent of the observed rate with a bare 
source. The sources were certainly not deposited quite 
uniformly. If the material actually covers only an area 
smaller than the full cm?, the number of secondaries 
calculated above should be multiplied by a factor 
somewhat smaller than the reciprocal of the fraction of 
the area occupied. This is due to two effects: For a more 
or less uniform deposit the number of secondaries rises 


4 Statistically, the odds are 369:1 against our result being an 
accidental background fluctuation if we accept the larger statisti- 
cal error (+2.5 counts/hr), or 16000:1 if we accept the smaller 
error. These odds are increased still further when the several runs 
in each series are considered separately. 
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less than linearly with thickness because of the tendency 
for very oblique rays to be scattered out of the deposit. 
For a deposit consisting of isolated crystals the number 
is further decreased because of the larger area for escape 
of the electrons. For example, if the source consisted of 
uniformly spaced cubic crystals occupying only one- 
eighth of the area, we should expect about 2.3 10~" 
secondary positrons per beta ray or only about two and 
one-half times as many as from a uniform source. 

We may now summarize our results as follows: The 
number of positrons emitted in the beta decay of P* 
does not exceed V+/N~=1.3X10~*. (This value would 
have yielded counting rates exceeding our result by 
two standard deviations.) This upper limit is three 
orders of magnitude lower than any reported heretofore. 
It is also lower than the value calculated from the 
approximate theory of Arley and Mller which our 
experiment was designed to test. On the other hand, 
this limit is still twice as high as the value N+/N-=5.5 
X10-" calculated by Huang. 

The most probable value deduced from our results is 
about V+/N-=5X10-". This is in excellent agreement 
with Huang’s theoretical result for a purely electro- 
magnetic process. However, the experimental value 
involves a correction for the contribution by secondary 
processes which is so uncertain that the true value 
could be smaller by an order of magnitude without 
being in contradiction with our experiment. 

We have failed in our objective to provide a close 
quantitative check on the theory of pair creation in beta 
decay. This failure is due in part to the fact that the 
experiment was designed on the basis of the estimates of 
Arley and Mller? which proved to be substantially 
higher than a more sophisticated calculation, and in 
part to the somewhat unexpected difficulty in obtaining 
a P® source of sufficient specific activity. If future 
experiments should show that our rough determination 
of the cross section for external pair creation by electrons 
is a substantial overestimate, then our result may be 
interpreted as verifying Huang’s‘ calculation within 
about a factor two. 


D. Yttrium-90 


It was originally our intention to follow up the meas- 
urements with P® by a similar experiment using a Y” 
source. This nuclide emits beta rays with a maximum 
energy of 2.26 Mev and no energetic gamma rays. The 
theoretically expected pair yield for this disintegration 
energy (Fig. 1) is more than ten times as great as for 
P®. Some uncertainty is introduced into this calculation 
by the fact that the Y® spectrum is of “forbidden” 
(AJ =2) type. Nevertheless, Y* seemed to be the only 
nuclide with properties permitting a more precise 
measurement of the internal pair creation in beta decay. 
In the meantime, however, Johnson, Johnson, and 
Langer’ reported an internal conversion line and a 


46 Johnson, Johnson, and Langer, Phys. Rev. 98, 1517 (1955). 





POSITRONS FROM DECAY OF 


continuous positron spectrum accompanying the decay 
of Y*. These positrons are ascribed to a purely electro- 
magnetic 0+-0+ transition in Zr® with an energy of 
1.75 Mev. These authors reported the number of posi- 
trons as: N+/N-=(2—1)X10~ relative to the main 
beta spectrum, four orders of magnitude more numerous 
than the expected yield from the beta-decay process 
which is therefore completely masked. Formally, the 
theoretical treatment of the two processes is rather 
similar: The pairs accompanying the beta-decay process 
arise in part from nuclear transitions between a virtual 
excited 0* state and the ground state. Physically, how- 
ever, the real transition does not yield the same type of 
information since the beta-ray transition probability to 
the real excited state is simply determined by the 
nuclear matrix element in the same order as for other 
beta transitions and does not involve the subsequent 
transition probability to the ground state. In addition, 
it may be noted that the pairs created in the electro- 
magnetic transition arise inside the nuclear volume. 

The theory of electromagnetic 0*-0* transitions has 
been discussed by many authors. For our discussion, the 
relevant calculation has been given by Thomas.'* The 
transition rate involves the nuclear matrix element of 
2r?, where 7; is the position of the ith proton. This 
matrix element can only be estimated from some nuclear 
model. On the other hand, the relative probabilities for 
the emission of a conversion electron or of a positron- 
electron pair involve only an evaluation of electron wave 
functions at the nuclear surface. In the usual approxi- 
mation no specifically nuclear property, not even the 
nuclear radius, enters the ratio of internal conversion to 
pair creation. Thomas has given the relevant formulas, 
using relativistic wave functions but neglecting screen- 
ing. Evaluation for the appropriate energy and atomic 
number yields, for the ratio of K-conversion to pair 
creation, V¥/N+=2.6. On the other hand, Johnson 
et al. report 5X10-* for the relative intensity of the 
conversion electrons, which, combined with their value 
for the number of positrons, gives V¥/N*+=0.25, un- 
certain to about a factor two. Conversion electrons 
arising from other shells, which may have been in- 
cluded in their measurement, account for about 15% 
of the total. In view of this substantial discrepancy, it 
seemed worth while to measure the number of positrons 
per beta decay of Y® with our apparatus. 


16 P. Thomas, Phys. Rev. 58, 714 (1940). 
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Carrier-free Y® sources of about 0.15-mC strength 
were prepared by precipitation from the long-lived Sr® 
parent. The procedure of the experiment followed 
closely that for P®. The counting rates obtained were 
so high that background and statistical counting errors 
were nearly negligible. Our experimental uncertainty 
arises almost entirely from the uncertainties in source 
strength and efficiency calibration. The theoretical 
positron spectrum, calculated from Thomas’ formula is 
shown in Fig. 7. Because of the higher maximum energy 
—730 kev—and the predominance of higher energy 
particles the collection efficiency for Y® is somewhat 
lower than for P® and Na”. In Fig. 6 we have plotted 
this efficiency as a function of magnetic field, calculated 
from Figs. 5 and 7. We also show the experimentally 
obtained counting rates from one of the Y® sources as a 
function of magnetic field, normalized to best fit the 
calculated curve. The generally good agreement may 
be interpreted as a rough measurement of the positron 
spectrum. The over-all detection efficiency is again 
deduced from the calibration with Na”. 

From these, and similar data, we obtain N+/N 
= (3.60.9) X 10-*. Combined with the Indiana group’s 
value for the intensity of the conversion line, we obtain 
N*/N+=1.4, in tolerable agreement with the calcula- 
tion of Thomas. No probable error is given for the 
number of conversion electrons.!® Therefore we cannot 
know the uncertainty in the ratio. 
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A physical picture is presented for internal pair creation in beta decay, and the ratio of the total number 
of positrons to the total number of electrons emitted is calculated for the transition P®—-S®. The result is in 
agreement with the experiment of Greenberg and Deutsch. 





OME beta-active nuclei emit a positron-electron 
pair in addition to the beta particle during a 
radioactive transition. Arley and Mgller' have investi- 
gated such a process in 1938 and calculated the ratio 
N*+/N- of the total number of positrons to the total 
number of electrons emitted, as a function of the energy 
available for the beta transition. They based their con- 
siderations on the assumption that, in beta decay, one 
can consider a single free proton converting into a 
neutron inside the nucleus. While doing so, positron- 
electron pairs can also be emitted because of a Mller 
scattering between the proton and the beta particle in 
intermediate states with electrons in the Dirac negative- 
energy sea. Their numerical results were obtained by 
making some radical approximations for the matrix 
element and were not in agreement with the experi- 
mental data existing then. They accordingly concluded 
that some other mechanism must be responsible for this 
phenomenon. 

Recently, Greenberg and Deutsch* have measured the 
ratio V+/N- for the transition ;;P*—.S* and obtained 
the value 

N+/N-= (0.750.25) X 10-, (1) 


which is orders of magnitude different from previous 
measurements.” However, it still does not agree with the 
result of Arley and Mller. We wish to show here that 
the matrix elements for the process obtained by Arley 
and Mller are correct and can be derived from a more 
satisfactory starting point. However, the approximation 
they introduced in evaluating numerical answers was 
inadequate. 

We consider a nucleus of Z protons and A—Z 
neutrons interacting with the electron-neutrino field, the 
electromagnetic field, and indirectly the Dirac electron 
field. The nucleus is assumed to be beta-unstable and 
can undergo a zero-order beta transition (no spin 
change). The interaction Hamiltonian is* 

* This work was assisted in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Com- 
mission. 

+t Now at the Institute for Advanced Study, Princeton, New 
Jersey. 

1N. Arley and C. Meller, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 15, 9 (1938). See also L. Tisza, Physik. Z. 
Sowjetunion 11, 245 (1937); J. K. Knipp and G. E. Uhlenbeck, 
Physica IIT, 425 (1936). 

2 J. Greenberg and M. Deutsch, preceding paper [Phys. Rev. 
102, 415 (1956) ]. See the discussion there concerning the signifi- 


cance of the experimental result (1). 
3 Natural units #=c=1 will be employed throughout. 
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where ieyy,y is the current of the Dirac electron field; 
J,(r) is the current of the nucleus, and Hg is the 
coupling that causes beta decay. Letting Wz denote a 
nuclear wave function, the only nonvanishing matrix 
elements of Hg are 


(Wz41,e-,»|Hs|¥z)=g(e~,v| F|OXK), (3) 


where g is a coupling constant, (K) is a nuclear matrix 
element, and F is some spin operator. The combination 
FK may mean >> F;K; or > FasK ag, etc., depending on 
the type of coupling used. The matrix element (e~»| F'| 0) 
will be explicitly written as follows: 


(e~v| F|0)= V-{u* (p-)Fo*(p,)} = V-'{u* (p-) F’'w(p,)}, 


where V is the normalization volume, u(p~) is an 
electron spinor of momentum p~, »(p,) is the spinor for 
an antineutrino of momentum p,, and w(p,) is the 
spinor for a neutrino of momentum — p,. F’ is related to 
F by the relation F= F’B, where 


For scalar coupling, for example, F’=1, and for tensor 
coupling F’=@. We shall not go into these details. The 
whole calculations may be performed with scalar 
coupling because other types of coupling give rise to a 
difference only in the angular correlation of the emitted 
particles, and since we shall eventually integrate over 
all angles, these extra terms will vanish. The nuclear 
current is J,(r)= (J(r),ip(r)), with 


e Zz 
(W;s| J(r)|¥)= (—) z; fen. - -dra{¥ s*(9,V;) 


n=l 


Z 
— (val “\¥} TT 5(t—tn), (4) 
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where A,=(A,i¢). The first term in (5) involves 
transverse photon of pole order higher or equal to 
electric dipole. We can therefore neglect it compared to 
the second term which is predominantly monopole. 

The process under consideration proceeds from the 
initial state | Wz) to the final state | Wz, 1,v,e+,e;-,es-) and 
the matrix elements 511, We, IW; are represented by the 
Feynman diagrams in Fig. 1. We define two auxiliary 
operators My, Mg, whose matrix elements are given by 
the diagrams shown in Fig. 2. They are the operators for 
Mgller scattering of vacuum electrons by the nucleus 
and by an electron. We shall need only the following 
matrix elements: 


(Wz,e*,e~|Mv|¥z) 


= —Ze*{u*(p_)u(p,)} 


x for(us v) 


where r, is the coordinate of a proton (any proton) in 
the nucleus. The exponential in the integrand can be 
approximated by unity for low-energy pairs. By ex- 
panding | r—r,|~' in spherical harmonics and neglecting 


all multipoles except the monopole term, one obtains 


| 


exp[ —i(p_+p,) -r] 





|r—r,| 


(Wz,e+,e~ | My | Vz) 


4nZe* 
--— («"(p-)u(n.))| Maleate 


1 
+ TT oe | (6) 
|p,+p_|?— (E,+£_)? 





where the first term represents the contribution from the 
interior volume of the nucleus and the other term, the 
contribution of the exterior volume. It can be seen that 
the first term is negligible for low-energy pair pro- 
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MitMe2=— 
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‘1G. 1. Feynman diagrams. 


duction: 
(rs?)/ (E+ E)-*~ RY/ (hi/me)*= (m/u)°AS 10, 


where R is the nuclear radius, m is the electron mass, 
and yu is the -meson mass. Hence, pairs are created by 
the nucleus almost exclusively in the exterior region, 
where the nucleus is effectively a Coulomb field of 
charge Ze. 

The matrix elements for Mg are well known!: 


(eres ,e+ | Mg| e0-) 
2: Are? | {1i(pi)y.(po)} {a (po)y,u(—p.)} 


V | pot py |2— (Ex+ Ey)? 





— (same but with 1 and 2 interchanged) }. 


To write down the matrix elements IN; and Ns, we 
shall make the assumption that we need only consider 
one intermediate state Vz’ or Vz,,' (see Fig. 1) ; namely, 
the intermediate state for the nucleus shall be the same 
as either the initial or the final state. i.e., Vz’=Wz, and 
Wz41'=WVz,1. All other intermediate states are neglected 
by either or both of the following arguments: that they 
are connected to the initial or final states by radiation of 
pole orders higher than monopole, or that the overlap 
between their nuclear wave functions and the initial or 
final states is negligible. This is the basic assumption for 
our calculation. 

With this approximation, it can be seen that the 
energy denominator for 91; is — (E+ £2), while for V2 
it is (E;+£,2). Hence IN; and IM, will have opposite 
signs, and they differ in magnitude only in the fact that 
MM, is proportional to Z (creation of pair before beta 
decay), while SN. is proportional to Z+1 (creation of 
pair after beta decay). Thus 


[(Wz,ex-,e* | My |Vz)—Wz41,¢2 e+ | Mn |Vz41) | 


+ (antisymmetric term in e;~ and e3-) 


— (same but with 1 and 2 interchanged)}, 


4See, for example, W. Heitler, Quantum Theory of Radiation (Oxford University Press, Oxford, 1954). 
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where we see now that it is not explicitly Z-dependent. We also have 


4re*g 


{i (p2)y.4(—ps)} {@(p:)y,(po)} {u* (po) Fv*(p,)} 





M3= a" ome > 


4re’g 
ool 


vo[ (Uz—Uz4s)—E,—E' pot py |*— (Ext Ey)*] 
which can be simplified by performing the sum over fo by the standard Casimir method‘: 
{a(pi)y.(Uz— Uzy— Ev t-a-p’-+8m)Fo*(p,)}{(Ps)7-4(—Ps)) 


(same but with 1 and 2 interchanged) . 





Ms= — 


((Uz— Uz4i—E,)*— E” [| py +p2|?— (E,+£:)*] 
— (same but with 1 and 2 interchanged) , (8) 


where Uz is the nuclear energy for the state Vz, and 
P’= Pit Pot Py, 
E?= p?+m’. 
The total matrix element 
M=IMit+Me+M; (9) 


agrees with that derived by Arley and Mller. 

The physical picture for the pair creation considered 
can therefore be described as follows: The pairs are 
created either by the electron from beta decay or by the 
nucleus. In the iormer case, the process is just a Mller 
scattering between an electron in the positive energy 
region and one in the negative energy sea. There is no 
explicit Z-dependence aside from that arising from the 
electron Coulomb wave functions. In the case of pair 
creation by the nucleus, the mechanism is mainly that 
of creation by the Coulomb field of the nucleus. Now the 
nuclear Coulomb field has a charge of Ze before and 
(Z+1)e after the beta decay. It turns out that the two 
matrix elements subtract, and the explicit Z-dependence 
cancels out. The Coulomb field of the nucleus can be 
imagined to be constantly emitting virtual pairs. How- 
ever, it normally must reabsorb these pairs (vacuum 
polarization) because the required energy of 2mc* for 
real pair production is not available. However, if the 
nucleus in question undergoes beta decay, it would be 
possible to “tap” part of the available energy off to 
release these virtual pairs. As the process is “triggered” 
by a change of charge of one unit in the nucleus, it does 
not depend explicitly on Z. 

Still another physical way to describe the nuclear 
creation of pairs would be to say that, because of the 
beta decay, Z is changed by one unit, and the wave 
functions for electrons about the nucleus changes. 
Consequently, the Dirac negative-energy sea needs 
redefinition, and the Dirac vacuum before the beta 
decay fails to remain a vacuum afterwards. 


% e e ee ome 


Fic. 2. Pair production 
via Moller scattering. 





The remaining calculations will be outlined briefly. 
The probability per second of observing one electron of 
energy E,, one electron of energy E; and one position of 
energy E, in the intervals dE,, dE», dE,, respectively, is 


P(Ey,E2,E,)dE Ed E, 
=2n f dsdQ2d2.,d2, 


x dE, > |9|2p( LE, FE, E,)dEWdEdE,, 
all 
spins 


where IN is given by (9), p(E£,E,E,£,) is the usual 
density of energy states, and dQ, is a solid angle element 
for electron 1, etc. Converting from natural units, we 
have 


P(E), E2,E,)dEdEdE; 
2 me? (Eo— £)? EF, EoE, 
=~) 
x h (mc*)?  (mc*)* 
pipop, dEd@EWdE, 


(mc)* (me?) 








F(E:xExE,), (10) 


where 


OGG): 


Eo= Uz—Uz41=mc?+ (upper limit of beta spectrum), 
and 


f(E:ExE,) 


Viy2y+ 


(1—exp(—4:) J[1—exp(—y2) JLexp(y4) — 1] 


dQ dQedQ., 
xf —— D {| X27}? —2X12* X12! 
(4r)® — all 


spins 


—X12?*Xo°+ | X12°|? 





+(same but with 1 and 2 interchanged) 


—2[X12*X019+Xi2*Xa°)}, (11) 


where the factor in front of the integral represents the 
nonrelativistic Sommerfeld factors for the Coulomb 
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wave functions of the electrons, with 
2xZ & 


=— ye q 
137 (x?—1)! me? 


The X’s in the integrand of (11) are the same as those 
given by Arley and Mgller.! Their explicit evaluation 
requires performing some spin traces by standard 


methods: 


For pure beta decay, the probability per second of 
observing an electron with energy E£ in interval dE is N+ 


Loess = ala) 


— E)*pEdE y 





(mc*)*(mc) 


tions. Hence 
_ nl (K)? me? “(+ 7 


H Xo 
137 (2m)? ht a, (0), 


where 


x? (x9— _ #(o— 2) Eo 
H (xo) = foe 09=-—. 
1 


“[1—exp(—y) y)] me 
with y defined by (12). From (11) we have 


2n? (mc? 2nZ 
—(— )ar(= ) ot, 
h 137 
x9-2 Lt 


G(x) = dx,———F (x,) 
1 exp(y4)—1 


[1—exp(—y)] 
The electrons observed in the experiment will be due 


overwhelmingly to those from pure beta decay, since 
pair creation occurs only once in about 10° beta transi- 
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and 
zo- r+-1 2o~- 22-3 + 
(2) F=f df as 
1 1 


(xo— %4—X%e— X1)?(x4X2)? 
xX 
[1—exp(—y1) ][1—exp(—y2) ] 
is the positron spectrum. Hence 


162? G(xs) 
—- ‘ (19) 
N- (137)4 H (so) 





f(xweaey) (18) 


Arley and Mller did not take into account the influence 

of the Coulomb field on the electron wave functions, and 
(13) they approximated f(£,E,E,) by a constant 9/128— 
the limit approached when all particles are emitted at 
rest. In our calculation, the integrals (15) and (17), 
aside from containing the Coulomb effect via the non- 
relativistic Sommerfeld factor, will be treated more 
accurately by numerical integration. The only approxi- 
mation is incurred in the treatment of the angular 
dependences. A typical angular factor in f(£:E,E,) is 
of the form 


(15) ((E,:E,+m*)— pip, cosd}", 


which we replace by 


(14) 


6=angle between py, p+, 


Pips cosd | 

E,E,+m*} 

The error is estimated to be less than 20%, for the range 
of energies considered. 


(17) We quote the approximate form of f(x:x2x,) used for 
the numerical computation: 
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The numerical computation for N+/N- is carried out 
for Z= 16, and for three values of x9: xo=7, 5, 4.33. The 
last value of x» corresponds to the experiment of 
Greenberg and Deutsch, and yields 

N+/N-=0.55X 10, (21) 
in good agreement with the experimental value (1). The 
other values of x» do not correspond to any physical 
case, since they are all calculated for Z=16. They are 
included to show the dependence of N+/N~- on the 
energy available. The numerical results may be tabu- 
lated as follows: 

H (xo) 
1001.36 


173.25 
80.25 


G(x) 
2.926 
0.0461 
0.00380 


Nt/N- 
33.9 X10 
3.08 10 
0.55X 10 
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Plots of N+/N- and the positron spectrum F (x4) may be 
found in the paper of Greenberg and Deutsch? and will 
not be repeated here. 
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and Professor M. Deutsch for providing and dis- 
cussing their experimental results before publication. 
Last but not least, thanks are due to Professor S. D. 
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discussions. 
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The nuclide Ne* has been produced by bombarding a neon gas target with 1.5-Mev tritons, the reaction 
being Ne®(t,p)Ne*. Beta and gamma scintillation spectrometers with coincidence circuits were used to 
study this nuclide. Ne™ decays with a half-life of 3.38-0.02 min, emitting negative beta groups of 1.98+0.05 
and 1.10+0.05 Mev. This decay is also accompanied by gamma rays of 472+5 and 878+.9 kev with relative 
intensities of 100 to 8, respectively. The excited levels in Na™ corresponding to the above transitions are at 
0.472 and 1.35 Mev. The 0.472-Mev level is an isomeric state with a half-life of the order of 20 milliseconds. 
The spins and parities of the Na™ ground state, 0.472-Mev, and 1.35-Mev levels are 4+, 1+, and 1+, 
respectively. The Ne*—Na™ energy difference is 2.449+0.035 Mev, and the Ne™ mass is 24.001195 


+0.000040 atomic mass units. 


INTRODUCTION 


HE availability of tritons as bombarding particles 
has made it possible to add two neutrons to stable 
nuclides by means of the (¢,p) reaction.’ In the region 
of light elements several of these isotopes have been 
observed in this laboratory.? The neon activities, Ne* 
and Ne*, resulting from the (/,p) reaction on neon are 
relatively easy to study because they can be separated 
from other activities by passing the gas through a cold 
charcoal trap. Ne* was of primary interest because it 
had not been investigated previously, and because its 
decay scheme was expected to yield information about 
the levels of the odd-odd nucleus Na™. 
Sheline and co-workers,’ considering the nuclides 
Si®, Mg”*, Ne™, and O”, speculated about the properties 
t This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 
* A preliminary report of this work appears in Phys. Rev. 100, 
954 (A) (1955). 
1D. N. Kundu and M. L. Pool, Phys. Rev. 73, 22 (1948). 
2 The only previous publication resulting from this work refers 
to F# [N. Jarmie, Phys. Rev. 99, 1043 (1955) ]. 


’ Sheline, Johnson, Bell, Davis, and McGowan, Phys. Rev. 94, 
1642 (1954). 


of the then unknown Ne™. They estimated the Ne* 
—Na*™ mass difference to be 4.4 Mev by extrapolating 
the mass differences of Mg**— Al** and S**— Cl5®, Alter- 
nately, predictions of mass differences can be made by 
employing formulas derived from the uniform model of 
the nucleus.* These predictions have been relatively 
successful in the region of medium-light nuclei. Values 
of 3.3 and 2.7 Mev are predicted for the Ne“*—Na* 
mass difference, depending on whether the parameters 
are fixed by the Mg*—Al’* or S**—Cl** differences, 
The discrepancy between these values is typical of shell 
effects, the magic number 20 being involved in the case 
of S**, With this amount of energy available, it is to be 
expected that Ne™ would decay to excited levels® of 
Na™, since the ground-state transition would involve a 
spin change of 4. Spin and parity assignments® of 1+ 
or 2+ have been made to the Na™ level at 1.34 Mev 
and to one of the levels at 0.472 and 0.564 Mev. It 


41. G. Weinberg and J. M. Blatt, Am. J. Phys. 21, 124 (1953). 
5P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 

6 P. Shapiro, Phys. Rev. 93, 290 (1954). Bretscher, Alderman, 
Elwyn, and Shull, Phys. Rev. 96, 103 (1954). 
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seemed probable, therefore, that the beta decay of the 
even-even Ne* would be allowed and that a relatively 
short half-life could be expected. 

Triton bombardment of normal neon gas (90.9% 
Ne”, 0.26% Ne”, and 8.8% Ne”) gives rise to a num- 
ber of different radionuclides. The following reactions 
are expected to have appreciable cross sections: 
Ne™(t,n)Na™, 2.6 yr;’ Ne! (t,p)Ne, 40 sec; Ne”! (t,a) F”, 
10 sec; Ne*(t,)Na™, 15 hr; Ne*(t,a)F", 5 sec; and 
Ne*(t,p)Ne*. In addition, 112-min F"® will be produced 
if any oxygen is present because the O'*(t,n)F!8 reaction 
has a large cross section.* It is apparent that sodium 
and fluorine activities have to be removed from the 
irradiated neon before the Ne™ decay can be studied. 


EXPERIMENTAL METHODS 


A relatively simple method was employed for irradi- 
ating neon gas with a beam of tritons, purifying the 
neon of sodium and fluorine activities, and examining 
the radiations from the neon. Figure 1 shows a sche- 
matic arrangement of the components of the gas 
handling system. The gas target was a conically shaped 
vessel with an 0-ring-sealed aluminum window 1.4 
mg/cm? thick and a beam path length through it of 
2 cm. This target was in turn 0-ring-sealed to the beam 
tube carrying the analyzed tritons of the 2.5-Mev Los 
Alamos electrostatic accelerator. The trap between the 
gas target and the counting cell consisted of a small 
hollow brass cylinder which contained about 1 cc of 
activated carbon (mesh size 20-35). The counting cell 
shown in Fig. 1 was used for measuring the gross and 
coincidence beta spectra. Other counting cells were used, 
depending upon the particular experiment being carried 
out; all of them were made of dural and had sample 
chambers with a diameter of 1.5 in. and lengths of 
0.25 to 1.5 in. 

Before each irradiation the gas target was evacuated 
through the }-in. connecting tubing and then filled with 
tank neon (Linde, spectroscopic grade, 99.9% pure) to 
a pressure of about 58 cm Hg. After closing the target 
valve the rest of the system was again evacuated to 
10 to 25u of Hg. The target was bombarded for 10 min 
with a 2ua beam of 1.83-Mev tritons. Of this energy, 
0.33 Mev was spent in the aluminum foil and 0.40 Mev 
in the neon gas. At the end of the bombardment the 
system was sealed from the vacuum pump and the 
irradiated neon was allowed to expand through the 
trap into the counting cell. In order to prevent any 
subsequent change of gas pressure in the counting cell, 
it was isolated from the rest of the system by closing 


7 This reaction was employed by L. G. Cook and K. D. Shafer 
[Can. J. Chem. 32, 94 (1954) ] for the production of carrier-free 
Na®, The triton irradiation was carried out in a nuclear reactor 
using the Li(m,a)T method of Knight, Novey, Cannon, and 
Turkevich in C. D. Coryell and N. Sugarman, Radiochemical 
Studies: The Fission Products (McGraw-Hill Book Company, Inc., 
New York, 1951), Paper No. 326, National Nuclear Energy Series, 
Plutonium Project Record, Vol. 9, Div. IV. 

8. Jarmie, Phys. Rev. 98, 41 (1955). 
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Fic. 1. Apparatus for the production and detection of Ne*. 
The detector shown at the left was used for beta energy and beta- 
gamma coincidence measurements. 


the appropriate valve. Prior to the run the trap had 
been evacuated at room temperature and then immersed 
in a slurry of powdered dry ice and acetone. Since no 
equilibrium was reached as the gas passed through the 
trap it was difficult to ascertain the efficiency of the trap. 
However, one would expect® that with the exception of 
helium and argon all likely impurities were removed 
from the neon, provided that they were present only in 
small amounts. An indication of the trapping efficiency 
was given by the absence of 0.511-Mev annihilation 
quanta, characteristic of F'®, at the counting cell 
(Fig. 1) although this radiation was quite intense at 
the trap. Presumably the only activities observed in the 
counting cell were those of Ne*® and Ne™. Argon 
activities resulting from triton bombardment of im- 
purities should have been negligible because at this 
energy the reaction cross sections are smaller for 
higher Z nuclei. 

Scintillation spectrometers were used to investigate 
the radiations. The beta scintillator consisted of a 
cylinder of Pilot plastic phosphor" 1.8 in. in diameter 
and 0.82 in. high, optically coupled to a DuMont 6292 
photomultiplier and held in place by a dural sleeve 
which was cemented to the tube. Over the face of the 
plastic phosphor was stretched a film of aluminized 
Mylar (~0.8 mg/cm?) which served as a window for 
the beta particles and a cover for the phosphor. To 
prevent the Mylar window from being pulled away 
from the phosphor during evacuation of the counting 
cell, the space surrounding the phosphor was evacuated 
with an auxiliary pump. Harshaw NalI(TI) crystals of 
various sizes coupled to DuMont 6292 photomultipliers 
served for detection of the gamma rays. The photo- 
multipliers used had been selected so that the shift of 
pulse height with counting rate" was less than 1%. 


® N. Sugarman in C. D. Coryell and N. Sugarman, Radiochemical 
Studies: T he Fission Products (McGraw-Hill Book Company, Inc., 
New York, 1951), Paper No. 315, National Nuclear Energy Series, 
Plutonium Project Record, Vol. 9, Div. IV. Also, R. A. Lad and 
T. F. Young, Paper 317 of the same volume. 

10 Pilot Chemicals, Inc., Felton Street, Waltham, Massachusetts. 

1 Bell, Davis, and Bernstein, Rev. Sci. Instr. 26, 726 (1955). 
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Fic. 2. Ne* beta- and gamma-decay curves. Background and the 
15-hr Na™ tail have been subtracted. The inset shows the gross 
Ne™*—Na™ beta-decay curve from which the Ne* component was 
resolved. 


The electronic units employed in these experiments 
consisted of Beva high-voltage power supplies,” non- 
overload amplifiers with a rise time of 0.3usec, 
a coincidence circuit used with a 0.35ysec resolving 
time, and a 100-channel analyzer." 


BETA AND GAMMA RAY MEASUREMENTS 


The half-life of the Ne™ activity was determined by 
following the decay of beta and gamma rays separately ; 
the integral biases of both counters were set at a low 
pulse height. Treatment of the decay data (Fig. 2) by 
least squares analysis gave a value of 3.38+0.02 min 
for the half-life of Ne“. The deviations of the experi- 
mental points from the least squares fit were used in 
arriving at the assigned probable error. In order to 
check for possible contamination due to a shorter lived 
activity, such as 40-sec Ne*, an additional analysis of 
only the decay data between 5 and 35 min was made. 
No effect attributable to a second half-life component 
was discernible. The gross gamma decay of a neon 
sample was followed for 11 hr, and only a 15-hr activity 
(Na™) was observed after the Ne™ had decayed. 

Experiments described below showed that the Ne™ 


1 Beva Laboratories, 1640 Olden Ave., Trenton, New Jersey. 

18Los Alamos, Model 250A, Los Alamos Scientific Laboratory 
Report LA-1878, 1955 (unpublisked). 

“Los Alamos Model 1 magnetic storage analyzer, P. W. 
Byington and C. W. Johnstone, Inst. Radio Engrs. Convention 
Record 3, Part 10, 204 (1955). A commercial version of this 
instrument is described in Rev. Sci. Instr. 26, 732 (1955). 
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beta spectrum has an end-point energy of 1.98 Mev 
(see Fig. 8) ; however, electron pulses up to 6 Mev were 
observed. Additional half-life data were taken with the 
integral bias set to accept only beta pulses above 
3 Mev. A complex decay was found which can be fitted 
with two half-lives. The half-life of the short component 
is consistent with the 40.2-sec half-life of Ne*, which 
has 3.95- and 4.40-Mev beta groups.'!® When a least 
squares analysis of the data was made in which 40.2 sec 
was used for the short component, the resulting value 
for the half-life of the long component came out to be 
3.25+0.40 min. This half-life would suggest that some 
high-energy beta rays are associated with the decay 
of Ne™. 

The Ne“—Na™ parent-daughter relationship was 
established by determining the rate of growth of Na” 
activity during the Ne™ decay. This measurement was 
relatively difficult because of the large ratio of dis- 
integration rates and the interference of the Ne* and 
Ne® radiations. Only the 2.75-Mev gamma ray of Na” 
could be used to observe the daughter exclusively, 
because of the possibility that Ne™ emits gamma rays 
up to 1.4 Mev. In order to avoid difficulties from Ne”, 
which emits a 1.647-Mev gamma ray,'* a delay of 3 min 
was introduced between the end of the triton bombard- 
ment and the transfer of the gas to the counting cell. 
Pulses from the 2X2 in. NaI(T1) crystal were counted 
only if they fell into the range from 1.5 to 3.0 Mev. The 
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Fic. 3. Growth curve of Na™ activity during Ne™ decay. The 
solid line represents the least squares fit to the experimental points 
(tj=2.7 min). The dashed curve would be expected on the basis 
of the 3.38-min half-life of Ne*. 


16 J. R. Penning and F. H. Schmidt, Phys. Rev. 100, 954 (1955) 
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data of a typical run are shown in Fig. 3. The best 
value for the half-time of growth from two runs is 
2.8 min, consistent with the expected value, 3.38 min. 
The parent-daughter relationship requires further that 
the final amount of Na” be equal to the original amount 
of Ne*. The observed beta counting rates (see Fig. 2) 
confirm this within a few percent (ratio of counting 
rates is 257 compared to the expected 266). A small 
discrepancy is to be expected since the detection 
efficiencies for the beta groups of the two nuclides were 
slightly different. 

The pulse-height spectrum of the Ne“ gamma rays 
shown in Fig. 4 was observed with a NalI(TI) crystal 
1.5 in. in diameter and 1 in. high. The energy scale was 
calibrated with the following standard gamma-ray 
sources: Na™, 1368, 2754 kev; Bi®”’, 73, 569, 1064 kev;!¢ 
Sc, 885, 1119 kev;!? Cs!®", 662 kev; Na”, 511 kev; 
Be’, 479 kev; Au’, 412 kev; and Am™!, 59.7 kev. The 
intensities of the Ne™* gamma rays were determined 
from the areas under the photopeaks corrected by 
appropriate efficiency factors.!® The 0.25 in. thick 
source volume (Fig. 1) was used in this experiment 
since the relative efficiency is sensitive to the source-to- 
crystal distance. The results are summarized in Table I. 
No gamma rays other than those at 472 and 878 kev 
were found with an energy below 1 Mev. Upper limits 
are placed on the intensities of possible gamma rays 
which could occur as transitions between known levels® 
in Na*™ (see Fig. 8). From an attempt to observe the 
growth of Na™ with a gamma detector biased at about 
1.2 Mev, it was concluded that Ne“ emits gamma rays 
above this energy in less than 1% of the disintegrations. 

The beta spectrum of Ne* was investigated ; both the 
composite spectrum and the spectrum in coincidence 
with 878-kevy quanta were measured. The plastic 
scintillator was calibrated with the 976-kev internal 
conversion electron line of Bi’ !* and the known beta 


TaBLE I. Radiations emitted by Ne. 








Coin- 

cident 
Relative radia- 
intensity® tion 


(%) (Mev) 
8+2 1.10 
<1 = 


Radiation 
Energy 
(Mev) 


0.878 +0.009 
0.785 
0.564 
0.472 +0.005 


Type Remarks 





transition not observed 
transition not observed 
M3, ty2=20-£ 79 msec 
. transition not observed 
AI =0, 1 no parity change 
transition not observed 
AI =0, 1 no parity change 


a a ed 


None 


0.092 
1.98 +:0.05 
1 


‘ 4.4 
eee 6.3 
y0.878° ~ 4.4 


RBBWBY 


89 D 
1.10+0.05 822 








® No corrections have been made for internal conversion because it is at 
most a few percent. If the 92-kev gamma ray is an M3 transition, ak would 
be only ~0.3. 

> Estimated from limits on intensities of the 0.092- and 0.564-Mev 
gamma rays. 

¢ This gamma ray is in coincidence with electron pulses ‘above 0.7 Mev. 


16 TF), E. Alburger and A. W. Sunyar, Phys. Rev. 99, 695 (1955). 

17 T, Lindqvist, Arkiv Fysik 6, 123 (1953). 

18 The authors are indebted to P. R. Bell for making available 
to them his curves of efficiency vs gamma-ray energy for a 1.5-in. 
diameter by 1 in. high NaI(T!) crystal. 
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Fic. 4. Gamma-ray pulse-height spectrum from a Ne* source 
taken with a 1.5-in. diameter by 1-in. high NaI(T]) crystal. 


spectra! of Au’, Na™, P®, and Y.”° Since a consider- 
able time elapsed between the energy calibrations and 
the final measurements, the gain stability was checked 
periodically by recording the Compton spectrum of a 
Bi’ gamma-ray source. Fermi plots of the Ne™ data 
are shown in Fig. 5. The raw data have been corrected 
for scintillator resolution near the end point. Correction 
factors which were necessary to linearize a Fermi plot 
of the Au’ data were tabulated as a function of energy 
below the end point. The same correction factors were 
then applied to the other spectra. A small high-energy 
tail has been subtracted from the composite neon data; 
similarly, a small background arising from beta-gamma 
coincidences in Na™* has been subtracted from the 
coincidence spectrum. The uncertainties introduced by 
these subtractions limit the accuracy of the end-point 
determinations to +50 kev. 

The part of the beta spectrum above 3 Mev was 
investigated separately. As indicated by the complex 
decay data, several components were to be expected. 
However, because of limitations imposed by poor 
statistics of the points in this region and by the dis- 
tortions characteristic of scintillation spectra the beta 
analysis was somewhat inconclusive. The data above 
4.5 Mev are consistent with a single beta group having 
an end-point energy of approximately 6 Mev. Indica- 
tions are that the end point of the next beta group is at 
4.4 Mev; however, the Fermi plot is no longer linear 


19 R. W. King, Revs. Modern Phys. 26, 327 (1954). 
-* The (AJ =2, yes) shape factor was applied to the Y® data. 
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Fic. 5. Corrected Fermi plots of the Ne™ beta spectra. (a) Com- 
posite beta spectrum. (b) The beta spectrum in coincidence with 
the 878-kev gamma ray. 


below this energy. Since Ne* was present one would 
expect to find beta groups of 3.95 and 4.40 Mev.!® The 
6-Mev beta group should probably be associated with 
the Ne* decay, since the only half-lives observed were 
those of Ne* and Ne™ and no 6-Mev beta transition 
occurs in the Ne* decay. 

The spectrum of gamma rays in coincidence with beta 
particles above 0.7 Mev was investigated. The 878-kev 
gamma ray was observed but not the 472-kev gamma 
ray. Subsequent experiments proved conclusively that 
the 472-kev gamma ray is not in coincidence with either 
beta or gamma rays. These results would suggest an 
isomeric transition with a half-life long compared to the 
coincidence resolving time (0.35usec). Since the theo- 
retical half-life” of a transition with AJ=1 or 2 is 
relatively short (<10-* sec), one would expect that 
the 472-kev transition has a half-life in the millisecond 
range corresponding to a AJ =3 transition. 


STUDY OF Na?’ 


It is well known” that the daughter activities of the 
rare gases can be collected by applying an electric field 
across the gas. This technique was applied to the search 
for the suspected Na™ isomer. If the Na™” half-life 


1S, A. Moszkowski, in Kai Siegbahn, Beta- and Gamma-Ray 
Spectroscopy (Interscience Publishers, Inc., New York, 1955), 
Chap. 13; M. Goldhaber and A. W. Sunyar, Chap. 16 of same 
volume. 

2 R. Overstreet and L. Jacobson, Paper No. 67 of reference 9; 
Dillard, Adams, Finston, and Turkevich, Paper No. 68 of 
reference 9. 
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was longer than the Nat ion collection time, the source 
of 472-kev gamma rays would be at the negative elec- 
trode rather than being distributed throughout the gas 
volume. In that case the gamma-ray counting rate of a 
detector placed near the collecting electrode would 
increase upon application of an electric field. A sample 
of activated neon gas at a pressure of about 3 cm of 
Hg was counted in a chamber (Fig. 6) having two plate- 
type electrodes; a scintillation crystal was placed at 
each electrode. The ratio of gamma-ray counting rates 
recorded by the two detectors was measured first with 
the negative voltage applied to the collecting electrode 
nearest detector No. 1 and then with reversed polarity. 
The experimental counting rate ratios for the two condi- 
tions were 1.80 and 0.38, respectively, for battery 
voltages over the range of 22.5 to 300 v. However, with 
a collecting voltage of only 6 v the effect was somewhat 
smaller. The ion collection time can be estimated by 
using Tyndall’s* value for the mobility of Nat in neon. 
The maximum collection time with the 6-v field is about 
10 msec. From the above data, a lower limit of 5 
milliseconds may be placed on the Na* half-life. 

In order to measure the Na™™ half-life more directly, 
a separation of parent and daughter activities was 
attempted. This separation may be accomplished by 
collecting the Na™™ on a negative electrode and re- 
moving the neon gas from the counting cell. The amount 
of Ne* parent in the cell at any time can be monitored 
by recording the beta counting rate because the beta 
transitions feed the isomeric state (Fig. 8). Similarly, 
the amount of Na™™ on the collection electrode can be 
monitored by following the 472-kev gamma-ray counting 
rate. The experimental arrangement consisted of the 
beta detector shown in Fig. 1 sealed to the left half of 
the Na™™ collection cell with its associated gamma 
detector (Fig. 6). The total beta and total gamma 
counts were each scaled by a factor of 40 and recorded 
simultaneously on a double-pen Brush recorder.™ After 
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Fic. 6. Counting cell and scintillators which were used for the 
electrostatic collection and identification of the Na* isomer. 


% A.M. Tyndall, The Mobility of Positive Ions in Gases (Cam- 
bridge University Press, Cambridge, 1938). 

* A recorder type BL 202 was driven by two amplifiers type 
BL 905. Both are manufactured by the Brush Development 
Company, Cleveland, Ohio. 
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the counting cell was filled with active neon to a pressure 
of about 5 cm Hg, a collection voltage of 22.5 v was 
applied between the electrode and the case. The ob- 
served increase in counting rate of the gamma detector 
indicated that Na™” was being collected. After sufficient 
counts had been recorded to permit an accurate evalua- 
tion of the average counting rates, the seat valve was 
opened rapidly and the gas allowed to expand into an 
evacuated 5-gal bottle. The data obtained in the best 
run are shown in Fig. 7; the number of counts have been 
summed over 40-msec intervals. 

The data shown in Fig. 7 prove that the isomeric half- 
life is shorter than the time taken for the escape of the 
gas. Nevertheless, the isomeric half-life did have an 
effect on the gamma-ray counting rate as can be seen 
from the fact that the ratio of gamma-to-beta counting 
rates changed from 1.42 before to 1.87 after the valve 
had been opened. This effect may be used to arrive at an 
estimate of the isomeric half-life. The following ap- 
proximations were made in analyzing the data: (a) the 
collection efficiency for Na™*™ was taken to be 
100%,”* (b) the collection time for Na™” was neglected 
(less than 1.2 msec), (c) the contribution of the prompt 
878-kev quanta to the gamma-ray counting rate was 
neglected (<6%), and (d) the amount of neon gas 
left in the counting cell, as given by the beta-ray 
counting rate, was approximated by an exponential 
function of time (this quantity was not calculated 
theoretically because of turbulent gas flow at the valve). 

The isomeric half-life, ¢;, is related to the half-life for 
the escape of gas, ¢,, by the expression 


t:= (1—a/a’)t,, 


where a and a’ are the gamma-to-beta counting rate 
ratios before and during the removal of the gas, re- 
spectively, and a’ is measured several isomeric half-lives 
after the valve was opened. (See Appendix for deriva- 
tion.) From two runs the average values for ¢, and /; 
were found to be 90 and 20 msec, respectively. An upper 
limit of 50 msec can be placed on ¢; because the theo- 
retical curve corresponding to this half-life lies outside 
of the errors associated with the experimental points 
(see dashed curve, Fig. 7). From the results of the two 
experiments described in this section, it was concluded 
that the Na™™ half-life falls in the range 5 to 50 msec, 
with a most probable value of 20 msec. 


provided i;<é,, 


DISCUSSION 


The following is a brief summary of the evidence 
supporting the contention that the observed activity is 
due to Ne*. The high purity of the neon target and the 
requirements on the physical properties of the gas 


26 Measurements have shown that recoil atoms after beta decay 
have one or several positive charges [S. Wexler and T. H. Davies, 
Phys. Rev. 88, 1203 (1952) ]. The Na* ions cannot be neutralized 
in collisions with neon atoms because of the difference in ionization 
potential, therefore Nat can be collected quantitatively from 
neon gas. 
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Fic. 7, Beta and gamma counting rates recorded before and 
during the removal of active neon gas from the counting cell. 
The dashed curve indicates the expected gamma decay for an 
isomeric half-life of 50 msec. 


imposed by the cold charcoal trap severely limit the 
activities that could have been observed. The residual 
activity in the counting cell was identified as Na™ by 
its beta and gamma spectra as well as by its half-life. 
The parent-daughter relation between the neon activity 
and the residual Na™ was demonstrated by the observed 
growth of Na™ high-energy gamma activity. The proper 
ratio of beta counting rates was obtained between the 
Ne* and Na™. Finally, the observed activity was ac- 
companied by the emission of gamma rays with energies 
corresponding to transitions between known levels in 
Na™. Quanta of the same energies have also been 
observed in the neutron capture gamma-ray spectrum 
of Na™.6 

The decay scheme (Fig. 8) was constructed on the 
basis of present data and published information on 
Na*.° The spin and parity of the Na™ ground state have 
been measured?’ as 4+. Both Ne* and Mg” are even- 
even nuclei and thus presumably have 0+ ground 
states. Since the observed Ne™ beta transitions are 
allowed (log/ft=4.4), no Ne™* to Na™ ground-state 
transition can be expected. The 1.98-Mev beta group 
feeds the 472-kev level directly because only the 472-kev 
gamma ray is of comparable intensity. The position of 
the other observed level is then fixed at 1.35 Mev by the 
1.10-Mev beta group and the coincident 878-kev gamma 
ray. The allowed log ft values of both beta groups limit 


26H. T. Motz, Phys. Rev. 90, 355 (1953). 
27 EF. H. Bellamy and K. F. Smith, Phil. Mag. 44, 33 (1953). 
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Fic. 8. Decay scheme for the isobaric triplet Ne*— Na™—Mg™. 


Levels in Na™ indicated by light lines are not involved in this 
decay but are known from the Na*(d,p)Na™ reaction. 


the spin and parity assignments of the two excited levels 
to 1+ or possibly 0+. The isomeric life-time of 20 
msec is consistent only with a spin change of 3 for the 
472-kev transition*; therefore a unique assignment of 
1+ can be made to the first excited state. Angular 
distribution data® of protons from the Na™(d,p)Na™ 
reaction indicate that the 1.35-Mev level can have spins 
of either 1+ or 2+. By mutual exclusion, one arrives at 
a 1+ assignment to this level. 

Since the Na™ isomeric state is a 1+ level, beta transi- 
tions to the ground (0+) and first excited (2+) states 
of Mg” should be allowed. If logft values of 4.4 are 
assumed for both beta groups the predicted intensities 
are roughly 1 and § percent, respectively, of total Na™™ 
decay. There is experimental evidence for the 6-Mev 
ground-state transition since a weak beta group of about 
this energy followed the Ne* half-life. On the other 
hand, the presence of Ne* activity prevented the 
identification of a possible 4.6-Mev beta transition to 
the first excited state of Mg”. 

In addition to the two excited states of Na™ discussed 
above, other levels are known. No evidence was found 
that the 564-kev level is populated by the Ne* decay. 
Angular distribution measurements® have established 
that the parity of this level is even and limit the possible 


* The range of log ft values of 0+ to 0+- transitions is not well 
established since only very few such transitions are known (C. S. 
Wu, Chap. 11 of reference 21). Therefore no reliance is placed on 
log ft evidence for ruling out such a transition. 
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spin assignments to 0, 1, 2, 3, or 4.% A 0+ or 2+ con- 
figuration would explain most easily the Ne” beta 
spectrum (Table I) and the capture gamma-ray 
data.”®.*.8! Spins of 3 or 4 are improbable since no 
ground-state transition has been found from this level 
in the capture gamma-ray work. The two levels of Na™ 
at 1.8 Mev could also be involved in the Ne™ decay 
since there is an energy difference of roughly 0.6 Mev. 
However, even if the logft values are favorable (4.4), 
only about 0.5% of the Ne™ beta transitions would 
populate either of these levels. The 1.4-Mev gamma 
rays, corresponding to the transitions from these levels 
to the 472-kev isomeric state, would not have been 
detected in the present work because they would have 
been masked by the 1.37-Mev transition in Mg”. 

The energy levels of odd-odd nuclei are as yet not well 
understood because of the many possible interactions 
between the nucleons. De-Shalit® has investigated the 
energy levels which can be formed by the various vector 
additions of the angular momenta of the odd neutron 
and odd proton. He has shown that energy differences 
between levels differing by several units of spin are 
expected to be small if the spins of the odd neutron and 
proton_are high. This is true especially if the odd 
nucleons belong to the same Schmidt group. Since the 
parities of the resultant nuclear states are not affected 
by a reorientation of the contributing neutron and 
proton angular momenta, one would expect M3 and E4 
isomers and, indeed, many of the odd-odd isomers fall 
into this category.” For nuclides which have an odd 
dy neutron and proton, isomerism with spin changes up 
to five are possible. Na™ and probably Na” * exhibit M3 
transitions while Al’ has spins of 5 and 0 for its ground 
and first excited state,*® respectively. The half-lives of 
the known M3 transitions in odd-odd isomers are in 
many cases relatively close to the values predicted on 
the basis of single proton transition probabilities." In 
the case of Na™™ the predicted half-life is 9 msec as 
compared to the experimental value of about 20 msec. 
Similar isomeric states may be expected to exist in other 
odd-odd nuclei because large spins for the odd proton 
and odd neutron are known to occur frequently. 

The occurrence of analog levels in the mirror nuclei 
(T,=+4) Mg” and Al** ® would indicate that isotopic 
spin is still a fairly good quantum number in this region 
of atomic weights. Therefore, Na“ and Al*, mirror 
nuclei with 7,=-+1, would be expected to have similar 


2 According to Bretscher ef al. (reference 6), the spin of the 
564-kev level is probably 1 or 2. However, this more restricted 
assignment depends on the assumption that the spin of the 472-kev 
level is 3 or 4. Since the spin of the 472-kev level is 1, spin assign- 
ments of 0, 1, 2, 3, or 4 are possible for the 564-kev level. 

% T. H. Braid, Phys. Rev. 90, 355 (1953). 

% Kinsey, Bartholomew, and Walker, Phys. Rev. 83, 519 (1951). 

# A. de-Shalit, Phys. Rev. 91, 1479 (1953). 

33M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 

% N. P. Heydenburg and G. M. Temmer, Phys. Rev. 94, 1252 

1954). 
% Endt, Kluyver, and Van der Leun, Physica 20, 1299 (1954). 
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level schemes. Glass and Richardson*® concluded from a 
study of the Al™ decay that the Al* ground state is 
probably the analog of the Na™ ground state. If a 
similar correspondence exists between the first excited 
states then Al* would exhibit an isomeric transition 
corresponding to the one found in Na™. 

The Ne“—Na™ ground-state energy difference from 
the average of the two beta-gamma energy sums is 
2449+ 35 kev. Beta end-point energies of 1.98++0.05 and 
1.10+0.05 Mev were used together with values of 
472.0+4.2 and 1345.8+-5.7 kev, respectively, for the 
energies of the excited states in Na™. The latter values 
are the weighted average of the measurements given by 
Motz,” Sperduto and Buechner,*’ and the present data. 
Using the known mass of Na™,* one arrives at 24.001195 
+-0.000040 atomic mass units for the mass of Ne*. 


ACKNOWLEDGMENTS 


The authors are indebted to Arthur Hemmendinger 
and other members of the 2.5-Mev electrostatic ac- 
celerator group for assistance during the course of the 
experimental work. Thanks are due to Keith Zeigler and 
Roger Moore for their statistical analysis of the decay 
data. It is a pleasure to acknowledge many helpful 
discussions with Jere D. Knight. 


APPENDIX. EVALUATION OF DECAY CONSTANTS 
Definitions 


t=time, ¢<0 all gas is in counting volume, 
t>0 valve is open. 

t;=0.693/\;= half-life of isomeric state. 

tg =0.693/A,= half-time for exponential escape of gas 
from counting cell. 

f()=rate of formation of Na*™ in counting chamber 
due to Ne decay. 

N=number of Na™™ nuclei on collection plate at time /. 


36N. W. Glass and J. R. Richardson, Phys. Rev. 98, 1251 
(1955). 

37 A, Sperduto and W. W. Buechner, Phys. Rev. 88, 574 (1952). 

38 A. H. Wapstra, Physica 21, 367 (1955). 
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No=/(0)/A; value of NV at time ‘<0. 

a, a’ =ratio of gamma to beta counting rates at time 
t<0 and ¢>0, respectively. 


Equations 


The net rate at which the number of Na™” nuclei 
changes is equal to the rate of loss due to decay plus the 
rate of formation of Na**" from the neon still in the 
chamber, 

dN/di=—d;N+f(0). (1) 


If the gas leaves the chamber exponentially, then 
f()}=fO)e*'. With this substitution for f(t), Eq. (1) 
can be solved explicitly giving 


No 
Eaigeeiaahinnertypect ot 
(Ai—Ag) 


The constant of integration has been evaluated from the 
boundary conditions at ‘=0. Equation (2) also holds 
true for the gamma-ray counting rate since it is pro- 
portional to NV. 

An expression, independent of the specific form of 
f(), can be derived for the isomeric half-life. Since 
a’ =ad,N/ f(t), Eq. (1) may be rewritten in the following 
form: 


dN /dt=— dN (1—a/a’). (la) 


This expression can be solved algebraically for \; or 
preferably ¢;. 


ts= —0.693(1—a/a’) (d nN /dt)"". (3) 


According to Eq. (3), the isomeric half-life depends only 
on the counting rate ratios and the logarithmic deriva- 
tive of the gamma-ray counting rate. Since only the 
logarithmic derivative occurs in Eq. (3), N(¢) may be 
approximated by an exponential function. No great 
error is introduced if the derivative of N is evaluated 
from Eq. (2). If tis<t, and a’ is measured at f>1;, the 
following simple expression is obtained: 


ti= (1—a/a’)t,. (4) 
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A statistical theory is developed, according to which the relative probability of a mode of fission is deter- 
mined by the total excitation energy of its two fragments calculated at the moment just before separation. 
In order to calculate the excitation energy, the well known semiempirical atomic mass formula is corrected 
for its deviations known to be attributed to the effects of nuclear shells. The nuclear level density expression 
is studied empirically with special attention to shell effects. These results are used for a quantitative calcula- 
tion of the relative probabilities of all possible modes of fission. The mass distribution curve of fission prod- 
ucts of U** induced by thermal neutrons is derived and compared with experimental results. Applications of 
the statistical theory to charge distribution, kinetic energy distribution, variations of mass, charge and 
energy distributions with respect to target nucleus and incident energy, prompt neutron distribution, 
spontaneous fission yields, and ternary fission will be discussed briefly. 





I. INTRODUCTION 


HE problem of asymmetric fission has been dis- 
cussed by many authors.' However, there is no 
quantitative calculation leading to a derivation of the 
double-humped mass distribution curve of the ‘fission 
products.” Also there is no unified interpretation of many 
diversified fission characteristics.* 

Calculations of atomic masses by Bohr and Wheeler* 
and by Frankel and Metropolis,’ based on the liquid 
drop model, (L.D.M.) give tne result that the fofal 
energy release is largest for symmetric fission. The 
L.D.M. mass formula (by which we mean the formula 
given by Fermi® and used by Metropolis and Reit- 
wiesner to calculate their mass table’ sometimes dis- 
agrees markedly with experiment. Recent progress on 


? This paper is based on a Ph.D. thesis submitted to the De- 
partment of Physics, University of Chicago, December, 1953. 
Preliminary results have been published in a Letter to the Editor 
[Peter Fong, Phys. Rev. 89, 332 (1953) ]. 

t Now at Department of Physics, Utica College of Syracuse 
eg Utica, New York. 

R. D. Present and J. K. na , Phys. Rev. 57, 751 (1940) ; 

Frenkel, f. Phys. (U.S.S.R.) 10, 533 (1946); A. 2 Dempster, 
— Rev. 2, 431 res S. Frankel and N. Metropolis, Phys. 
Rev. 72, 914 (1947) ; Gast, Phys. Rev. 72, 1265 (1947). 
E. Bagge, Z. Cen! BR ¢™ 565 (1947); M. G. Mayer, Phys. 
Rev. 74, 235 (1948) ; K. H. Kingdom, Phys. Rev. 76, 136 (1949) ; 
G. C. Wick, Phys. Rev. 76, 181 (1949); L. Meitner, Nature 165, 
561 (1950) and Arkiv ry 4, 383 (1952); T. Yasaki and O. 
Miyatake, Phys. Rev. 740 (1950) ; and 80, 754 (1950); 
O. Miyatake, Progr. Theoret. Ph . 7, 285 (1982); D. L. Hill, 
Phys. Rev. 78, 330 (1950) and 9, 197 (1951); J. Jungerman, 
Phys. Rev. 80, 285 (1950); J. A A. Wheeler and D.'L. Hill, Phys. 
Rev. 83, 236(A) (1951); H. G. Thode, Trans. Roy. Soc. Canada 
45, 1 (1951) ; W. J. Swiatecki, Phys. Rev. 83, 178 (1951); T. D. 
Newton, Phys. Rev. 87, 187 (1952) ; D. L. Hill and J. A. Wheeler, 
Phys. Rev. 89, 1102 (1953). 

?C. D. Coryell and N. Sugarman, Editors, Radiochemical 
Studies: The Fission Products (McGraw-Hill Book ‘Company, Inc., 
New York, 1951), National Nuclear Energy Series, Plutonium 
Project Record, Vol. 9; The Plutonium Project, Revs. Modern 
Phys. 18, 513 (1946) or ‘J. Am. Chem. Soc. 68, 2411 (1946). 

® See review article by W. J. Whitehouse, Progr. Nuclear Phys. 
2, 120 (1952), 

*N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 

5S. Frankel and N. Metropolis, Phys. Rev. 72, 914 (1947). 

° E. Fermi, Nuclear Physics Notes (University of Chicago Press, 
Chicago, 1949), pp. 6-8. 

7 N. Metropolis and G. Reitwiesner, U. S. Atomic Energy Com- 
mission Report NP-1980, 1950 (unpublished). 


determination of nuclear masses (Sec. II) enables us to 
calculate the total energy release more accurately. This 
calculation shows that the total energy release of some 
asymmetric modes of fission may be larger than that 
of symmetric fission by 2 Mev (Sec. II). As the total 
energy release is of the order of 200 Mev, the difference 
of 1% at first seems to be insignificant. However, most 
of the energy released is derived from the Coulomb 
potential between the two fragments. The internal 
excitation energy, a small portion of the 200-Mev total, 
is estimated by Brunton® to be of the order of only 20 
Mev. As the Coulomb energy is largest for symmetric 
fission (Sec. IV), the difference in excitation energy 
between asymmetric and symmetric modes will be 
even larger. It will be shown (Sec. VI) that the energy 
of internal excitation of the fission products with a 
mass ratio of about 1.5 is greater than that of sym- 
metrical fission by about 5 Mev. Recent experiments 
on neutron distribution also support this fact (Sec. 
VI). The difference of 5 Mev out of about 20 Mev is 
no longer insignificant. Frankel and Metropolis® calcu- 
lated the shape of the fissioning nucleus at the saddle 
point of the energy on the basis of the Bohr-Wheeler 
formula. They found that this shape is symmetric, but 
does not show a “neck” at which the deformed nucleus 
might break. The calculation by Hill® demonstrates 
that the fission process is slow enough so that the 
surface waves travel from one end to the other many 
times before a definite neck develops and fission occurs. 
It can also be estimated that the process from saddle 
point to separation is sufficiently slow for a nucleon to 
cross the nucleus many times. Therefore, it is possible 
that the fission modes will be determined at a rather 
late stage, probably just before the separation of the 
fragments. Furthermore, because of the slowness of the 
fission process, we may assume that an instantaneous 
statistical equilibrium will be established at any instant 
of the process, from saddle point to separation. Accord- 
ing to this assumption, any relative probability of 


®D. C. Brunton, Phys. Rev. 76, 1798 (1949). 
®D. L. Hill, Phys. Rev. 79, 197 (1950). 
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occurrence is proportional to the corresponding density 
of quantum states. The observed relative probabilities 
of fission modes are thus proportional to densities of 
quantum states of the corresponding nuclear configura- 
tions at the moment when statistical equilibrium is last 
established, presumably the moment just before separa- 
tion. For convenience of calculation we approximate 
the configuration at this critical moment by that of two 
deformed fragments in contact. The density of quantum 
states of this configuration may be calculated; its value 
obviously depends on the excitation energies of the two 
fragments at this critical moment. Larger excitation 
energy corresponds to larger density of quantum states 
and thus to larger relative probability. The density of 
excitation states of a nucleus, usually expressed by an 
exponential function, ¢ exp[2(aE)*], is a rapidly in- 
creasing function of the excitation energy (Sec. III). 
A small change in excitation energy may thus result in 
a large change of the relative probability. That asym- 
metric fission has an excitation energy larger than sym- 
metric fission by 5 Mev leads to a larger relative proba- 
bility for asymmetric fission. In this paper the density 
of quantum states at the critical moment will be calcu- 
lated (Sec. V). This quantity turns out to be a function 
of the mass numbers, charge numbers and Coulomb 
energy of the two fragments, and depends para- 
metrically on the target nucleus, incident particle, and 
bombarding energy. This enables us to derive quanti- 
tatively the mass distribution, charge distribution, 
kinetic energy distribution and many other distribu- 
tions of the fission products, as well as the parametric 
dependence of these distributions on target nucleus, 
incident particle and bombarding energy. The asym- 
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metry in mass splitting will be discussed in detail 
(Sec. VI). Other applications will be discussed briefly 
(Sec. VII) and their details will be published in the 


future. 


II. ATOMIC MASSES IN THE FISSION-PRODUCT 
REGION 

Since the primary fission products are short-lived, 
there are no direct measurements of their masses. The 
mass determination has to rely on indirect methods. 

Calculation of atomic masses usually starts with a 
semiempirical mass formula based on the liquid-drop 
model of the nucleus.” This formula can be written as 
follows: 


M(A,Z)=MatBa(Z—Za)*+6a. (1) 


The first term corresponds to the mass of the beta- 
stable nucleus. The second term corresponds to the 
beta-decay energy. The last term is the even-odd 
energy. The constants in Eq. (1), determined by 
Fermi,® are as follows (all in amu): 


M 4=1.01464A +0.014A !—0.041905Z 4, 
B,=0.041905/Z 4, 
Z4=A/(1.980670+-0.01496244 !), 
1 odd-odd 
0 odd-A 
\—1 


This set of parameters has been used by Metropolis 
and Reitwiesner’ in an elaborate tabulation of atomic 
masses which is widely used. 

This mass formula represents the atomic masses 
fairly well for a wide range of mass numbers. However, 
recent measurements of atomic masses show that local 
deviations from this formula of the order of 10 Mev 
exist. If an accuracy of a few Mev is important these 
deviations have to be corrected. The first term M4 of 
Eq. (1) may be compared with the experimental masses 
of stable nuclei. The second term may be compared with 
the experimental beta-decay energies. Thus corrections 
to M4, Ba, and Z4 may be obtained (6,4 is assumed to 
be correct). It is a common practice to assume M4, Ba, 
and Z, to be continuous functions of the mass number 
A and to determine them by extrapolating known ex- 
perimental values. 

We use the experimentally known beta-decay ener- 
gies" to plot the empirical energy differences of isobaric 
nuclides. These curves may be compared with those 
determined from Eqs. (1) and (2). A comparison of 
these isobaric curves for two mass numbers is shown in 
Fig. 1 as an example. The Z,4 correction AZ4 may be 

”C. D. Coryell, Ann. Rev. Nuc. Sci. 2, 305 (1953). This paper 
gives a comprehensive review of expressions of atomic masses. 

4 Way, Fano, Scott, and Thew, Nuclear Data, National Bureau 
of Standards Circular No. 499 (U. S. Government Printing Office, 


Washington, D. C., 1950), and Supplements. These summarize 
all experimental results of beta-decay energies. 
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Fic. 2. Correction curve for liquid-drop model values of the 
most stable charge Z4. AZ4=Za (experimental)—Za (liquid- 
drop model). 


found directly by comparing the positions of the bot- 
toms of the two curves. The B, value may be checked 
by comparing the curvatures of these two curves. This 
procedure has been applied to isobaric nuclides of 
nearly all odd mass numbers between 71 and 165 
(fission-product region). The odd mass numbers are 
used to avoid the even-odd complication. When no 
magic number is involved, the parabolic approximation 
is generally good, as can be seen in Fig. 1. No noticeable 
deviation of curvature is found. Thus we assume the 
Ba values given by Eq. (2) to be correct. On the other 
hand, the Z, values given by Eq. (2) deviate from the 
actual values considerably. The deviation may be either 
positive or negative, as can be seen in Fig. 1, with a 
maximum of the order of one charge unit. The AZ, 
values, defined as Z4(exp)—Z.a(L.D.M.), for odd mass 
numbers between 71 and 165, are plotted in Fig. 2 
with their estimated errors. When the determination is 
uncertain only limits are given. A smooth curve may be 
drawn as the correction curve of Z4. To determine M 4, 
we compare the values obtained from Eqs. (1) and (2) 
with the mass-spectroscopically determined masses of 
stable isotopes. The data used are those of Duckworth 
et al.” and of Halsted.” Since a stable isotope is usually 
not situated at the bottom of the isobaric parabola, a 
small correction has to be applied to bring the experi- 
mental mass value to that at the bottom of the parabola. 
(For odd-A stable nuclides, Z differs from Z,4 by less 
than 0.5 unit and this correction is usually less than 
0.3 Mev.) The correction AM4, defined as M.(exp) 
—Ma,(L.D.M.), is plotted in Fig. 3 for those isotopes 
whose masses are known experimentally. A smooth 
curve may be drawn as the My, correction curve. The 
curve passes through most of the points except the 
magic number nuclides. In the following we will dis- 
cuss the magic number effects. 

The assumption of continuous values of Mu, Ba, and 
Za has been used many times before. It is a good 
approximation except for cases where magic-number 
nuclides are involved. Therefore, it has to be modified 
in order to include the magic nuclides. Experimental 
evidence indicates that a discontinuity exists at the 

12 Duckworth, Kegley, Olson, and Stanford, Phys. Rev. 83, 
1114 (1951); H. E. Duckworth, (unpublished, 1952); H. E. 
Duckworth and R. S. Preston, Phys. Rev. 82, 468 (1951); H. E. 


Duckworth, Nature 170, 158 (1952). 
8 R. E. Halsted, Phys. Rev. 85, 726 (1952) ; 88, 666 (1952). 


magic numbers. For example, the points corresponding 
to Sn" and Sn™ (50 protons) in Fig. 3 are lower than 
the nonmagic ones of the same mass by about 1 Mev. 
That magic number nuclides are more tightly bound 
than others can be observed also from the abrupt 
change in the neutron binding energies of the order of 
2 Mev at the shell edges.* These suggest that a dis- 
continuous term yw, analogous to the 64 term, may be 
introduced in Eq. (1) to account for the discontinuous 
variation of nuclear binding energy at shell edges. u 
will be between —1 and —2 Mev for magic nuclides 
and zero for others. From Fig. 3 the value of u (50 pro- 
tons) may be estimated to be about — 1.1 Mev. From the 
difference in neutron binding energies,‘ the values of 
uw (50 neutrons) and uw (82 neutrons) are estimated to 
be both — 2.0 Mev. As the discontinuities at magic num- 
bers are attributed to the » term, the mass values after 
removing the u term are expected to vary continuously. 
In Fig. 3 the masses of magic nuclides, after removing 
the uw term, are also given. A continuous smooth curve 
may now be drawn through these points and the non- 
magic nuclides. 

The isobaric curves involving a magic-number nu- 
clide are usually not a smooth parabola, as can be seen 
in Fig. 1(b). If the mass of the magic nuclide is cor- 
rected for the u term, it fits the parabola better. Thus 
the introduction of » seems to be able to account for 
the irregularities associated with magic numbers. Our 
correction curves AZ 4 and AM , are both obtained from 
mass data after removing u. Thus they may be repre- 
sented by continuous curves. 

In summary we may express the corrected mass 
formula (in the fission-product region) as follows: 


M(A,Z)=Ms+AM, 
+Ba(Z—Za—AZa)’+batu, (3) 
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number nuclides, magic-number nuclides and magic-number 


nuclides after adding yu, respectively. 


4M. G. Mayer, Phys. Rev. 74, 235 (1948) ; J. A. Harvey, Phys. 
Rev. 81, 353 (1951); H. E. Suess, Phys. Rev. 81, 1071 (1951); 
H. E. Suess and J. H. D. Jensen, Arkiv Fysik 3, 577 (1951). 
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TABLE I. Comparison of Z4 values of the General Electric Company chart of nuclides and this paper. 








Mass number 75 85 95 105 
Za (G.E. chart) 33.15 36.89 41.88 45.82 
Za (this paper) 33.06 36.91 41.58 45.82 


115 125 135 145 155 165 
49.73 
49.40 


67.29 
67.34 


60.41 
60.16 


63.71 
63.80 


52.24 
52.54 


55.61 
55.67 








where Ma, Ba, Za, and 6, are given by Eq. (2), AMa 
and AZ, are given by Fig. 2 and Fig. 3, respectively 
and yp is given by 

uw (50 neutrons) = —2.0 Mev, 

u (82 neutrons) = —2.0 Mev, 

uw (50 protons) = —1.1 Mev, 


u=0 for nonmagic-number nuclides. 


(4) 


This formula differs from Eq. (1) by the inclusion of 
AM 4, SZ 4, and yu. The yu term is directly related to the 
magic numbers. The AM, and AZ, terms are also 
influenced by the nuclear shells. The dips of the AM, 
curve in Fig. 3 are found at the regions of 50 and 82 
neutrons. (These indicate that nuclear masses are 
generally lower by a few Mev in the broad neighborhood 
of shell edges and reach minimum at magic numbers.) 
AZ, remains nearly constant in the shell-free regions 
but increases when a neutron shell is filling and de- 
creases when a proton shell is filling. As the correction 
terms reflect the shell effects, this formula may be 
regarded as the liquid-drop model formula corrected 
for the shell effects. 

During the progress of this work many papers have 
been published discussing the shell effects on nuclear 
masses. Coryell ef a/.*° introduced discontinuous Z 
values to account for the shell effects. Wapstra!® dis- 
cussed the changes of the beta-stability line near closed 
nuclear shells. Nier ef ai.'7"® used Wigner’s mass 
formula and determined its parameters empirically for 
different regions between the shells. Green et al.!* also 
gave empirical corrections of the liquid-drop model 
mass formula. The general attitude is to introduce 
some new term or some discontinuous parameters to 
account for the abrupt changes at shell edges. 

Empirical determination of the beta-stability line Z4 
has been made by Bohr and Wheeler,‘ Way,” Joliot- 
Curie,” Feenberg,” Kohman,” Sullivan™ and Stehn.™ 
Many of them assumed that the beta-stability line 
passes within 0.5 charge unit through the charge 
numbers of stable nuclei. The Z4 values given by the 


15 Coryell, Brightsen, and Pappas, Phys. Rev. 85, 732 (1952). 

16 A. H. Wapstra, Physica 18, 83 (1952). 

17 Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952). 

18 A. E. S. Green and N. A. Engler, Phys. Rev. 91, 40 (1058) 5 
A. E. S. Green and D. F. Edwards, Phys. Rev. 91, 46 (1953). 

19K. Way, Atomic Energy Commission Report CP-2497, 1944 
(unpublished). 

%T. Joliot-Curie, J. phys. radium (8), 6, 209 (1945). 

21 FE. Feenberg, Revs. Modern Phys. 19, 329 (1947). 

* T. P. Kohman, Phys. Rev. 73, 16 (1948). 

%W. H. Sullivan, Trilinear Chart of Nuclear Species (John 
Wiley and Sons, Inc., New York, 1949). 

“J. R. Stehn, Phys. Rev. 93, 932 (1954). 


General Electric Company Chart of Nuclides™ are 
compared with the present values in Table I. 

The corrected mass formula, Eq. (3), may now be 
used to calculate the masses of primary fission products 
from which we may compare the fofal energy release in 
different modes of splitting. For example, the total 
mass of 4oZr™-+52Te™® is calculated to be 235.91051 
amu and that of ssPd!!®+ .Pd"® to be 235.91288 amu. 
The former is smaller than the latter by about 2 Mev. 
Thus the total energy release in the asymmetric mode 
soZr'™-+ 52Te* is about 2 Mev larger than that in the 
symmetric mode ‘4sPd"'*+ 4,Pd"8. None of these nu- 
clides are magic-number ones. It will be interesting to 
note that if the uncorrected mass formula, Eq. (1), is 
used for calculation, the total energy release in 4gPd"® 
+ 4sPd"* splitting would be calculated to be higher 
than that of 4oZr!-+-52Te!*® by 4.2 Mev. 


III. NUCLEAR LEVEL DENSITY 


The energy level density of a nucleus is usually ex- 
pressed by a formula derived from the statistical model 
of nucleus, 


W(E)=c exp[2(aE)#}. (5) 


The parameters a and ¢, as functions of the mass 
number A, have been determined empirically”®:* by 
using experimental data of slow-neutron resonance 
level spacings. However, the results were considered 
as a rough approximation and good only for odd 
nuclides. As for the even nuclides, there are indications 
that they have smaller densities.*® Recent studies show 
that the magic-number nuclides have abnormal level 
spacings.”” In this section we shall use experimental 
data of fast-neutron capture cross sections’* to deter- 
mine the parameters a and ¢ as functions of A. 


*5 Feld, Feshbach, Goldberger, Goldstein, and Weisskopf, U. S. 
a Energy Commission NYO-636, 1951 (unpublished), 

. 176, 185. 

PP. M. Blatt and V. F. Weisskopf, = of Naval Research 
Report ONR-42, 1950 (unpublished), p 

2” H. W. Newson and R. H. Rohrer, Sen Rev. 87, 177 (1952). 
This paper gives the slow-neutron data. For fast-neutron data, 
see reference 28 below. For level spacing near ground states, see 
F. Asaro and I. Perlman, Phys. Rev. 87, 393 (1952); P. Staehelin 
and P. Preiswerk, Helv. Phys. Acta 24, 623 (1952); P. J. Grant, 
Proc. Phys. Soc. (London) A65, 150 (1952); B. B. Kinsey, 
quoted in reference 31. 

*8 Hughes, Spatz, and Goldstein, Phys. Rev. 75, 1781 (1949). 
This paper gives references to earlier work. . Hughes and 
D. Sherman, Phys. Rev. 78, 632 (1950); Hughes, Garth, and 
Eggler, Phys. Rev. 83, 234 (1951) and “Fast-Neutron Cross 
Sections and Nuclear Level Density” (unpublished); Garth, 
Hughes, and Palevsky, Brookhaven National Laboratory Report 
BNL-103, 1950 (unpublished), p. 24; Garth, Hughes, and Levin, 
Phys. Rev. 87, 222 (1952). Hughes, Garth, and Levin, Phys. Rev. 
91, 1423 (1953). 
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The fast-neutron capture cross section is related to 
the level density by the following formula derived from 
the statistical theory of nuclear reactions” : 


o-= (2n*/k)T Wo, (6) 


where & is the neutron wave number, I’, is the radiation 
width, and W, is the density of levels due to neutrons 
of zero angular momentum. Since the capture cross 
sections used below are due mainly to the contributions 
of neutrons of zero angular momentum,”* Eq. (6) may 
be used to determine Wo. For o,, the capture cross- 
section data of 1-Mev neutrons by Hughes et al.”* are 
used. The values of I’, are taken from the straight-line 
extrapolation of the values of Heidmann and Bethe.” 
The value of & corresponds to the wave number of 1- 
Mev neutrons. From these values we calculated the 
values of Wo for 42 compound nuclei formed by cap- 
turing a 1-Mev neutron. 

In order to determine the quantities a and c occurring 
in Eq. (5), the energies E of the compound nuclei must 
be determined. The ground-state level position varies 
discontinuously from one isotope to the other due to the 
54 and yw terms in Eq. (3); Hurwitz and Bethe* have 
pointed out that these fluctuations may not eixst in 
high excited states. In order to correlate the neutron 
capture cross sections to the neutron binding energies, 
they found it necessary to propose that the energy E of 
the compound nucleus in Eq. (5) is not to be measured 
from the ground state of the excited nucleus but from 
a “characteristic level” of the same which is free from 
the even-odd and magic-number effects and so varies 
smoothly from one isotope to the other. The fluctuation 
of the ground-state level is then attributed to some 
factors which have a strong influence on the ground and 
low-lying states but have little influence on the high 
excited states.*' According to this hypothesis the E 
values so measured are not determined by the binding 
energy of the last neutron of the compound nucleus but 
instead by the total energy content of the initial system 
of the éarget nucleus plus a free neutron. Hurwitz and 
Bethe pointed out that the neutron capture cross sec- 
tion, which is proportional to the level density, actually 
varies according to this pattern. The experiments of 
Harris et al.” show that the level densities of odd-even 
and even-odd /arget nuclei, which correspond to odd-odd 
and even-even compound nuclei, are nearly equal. This 
is in agreement with the prediction of the Hurwitz- 
Bethe hypothesis. Evidence from the magic-number 
nuclei also provides a test in favor of this hypothesis. 
On the basis of these considerations, the Hurwitz- 
Bethe hypothesis will be assumed for the present work. 

The next problem is to determine the position of the 


bad gens Peaslee, and Weisskopf, Phys. Rev. 71, 145 
(1947). 

% J. Heidmann and H. A. Bethe, Phys. Rev. 84, 274 (1951). 

| H. Hurwitz and H. A. Bethe, Phys. Rev. 81, 898 (1951). 

® Harris, Muehlhause, and Thomas, Phys. Rev. 79, 11 (1950), 
and Bollinger, Harris, Hibdon, and Muehlhause, Phys. Rev. 92, 
1527 (1953). 
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characteristic level, which should be smooth and free 
from the even-odd and magic-number effects. Hurwitz 
and Bethe* suggested that the characteristic level 
probably may be represented by a level calculated from 
the liquid-drop model mass formula excluding the even- 
odd energy 64 term. In using our modified mass for- 
mula, Eq. (3), the discontinuous » term should be 
excluded also. Without the 54 and uv terms Eq. (3) isa 
continuous, smoothly varying function of A and Z, 
free from fluctuations due to even-odd and magic- 
number effects and so may be used as the characteristic 
energy level of any nucleus. However, the absolute 
position of the characteristic levels is not determined 
in the previous considerations. This leaves free a 
constant (or nearly constant) term in the expression for 
the characteristic level which has to be fixed by other 
considerations. It has been assumed in the following 
calculations that the characteristic level of all nuclei 
coincides with the ground state of the odd-odd nuclei, 
i.e, 


M°*(A,Z)=Mat+AM, 
+Bz (Z—Z4—AZ4)?+0.036/A? amu, (7) 


where AM , and AZ, are given by Fig. 3 and Fig. 2. 

The excitation energy E of a compound nucleus 
measured from its characteristic level may now be 
calculated as follows: First calculate the energy content 
of the initial system of a target nucleus [by Eq. (3) ] 
plus a free neutron. Then subtract from it the mass of 
the compound nucleus at its characteristic level given 
by Eq. (7). The values of excitation energies E so ob- 
tained and level densities Wo previously determined 
may be put into Eq. (5) to determine the parameters a 
and c. However, for each nucleus we have only one 
equation to determine two parameters a and c. In order 
to determine a and c separately, we make the assump- 
tion that two neighboring nuclides A; and Az have 
essentially the same parameters a, c, and T',. The 
logarithm of the ratio of their neutron capture cross 
sections will then, according to Eqs. (5) and (6), be 
given by 


In[o(A 1)/0(A2) J=2W/a(\/Ei—vV/ Ep). 


Since FE; and E; are known, a can be determined. Un- 
fortunately, this is applicable only when the excitation 
energies of the two neighboring nuclides differ appreci- 
ably. Otherwise, a large error will be introduced. From 
a few pairs of nuclides satisfying this condition the 
parameter a is determined for the corresponding masses. 
A plot of a versus A is made and a straight line may be 
drawn passing through the points. This line may be 
represented by the formula 


a=0.050A, (8) 


which may be considered as a first approximation. 
Using the values of a given by Eq. (8) we can determine 
the values of the other parameter c for the 42 nuclides 
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previously mentioned. A straight line is drawn on a 
logarithmic plot of c versus A. The mass dependence of 
c may be expressed as follows: 


c= 0,380.04, (9) 


This is also a first approximation. Since the parameter 
c, as will be seen later, is less important than the other 
parameter a in this work, we shall assume the ¢ values 
of Eq. (9) to be correct. Using these values, we can 
calculate the values of the parameter a for the 42 
nuclides. The results are plotted against the mass 
number A in Fig. 4. The straight line represents Eq. 
(8). It is seen that Eq. (8) represents the variation of 
a with respect to mass number fairly well. Therefore, 
we shall use Eqs. (8) and (9) for the level density 
parameters a and c. They hold for all types of nuclides, 
even, odd or magic. The discontinuous changes due to 
even-odd and magic-number effects are attributed to 
the change of excitation energy instead of change of 
level density parameters. The linearity of the parameter 
a with respect to mass number also agrees with the 
result of the statistical model of nucleus. 

Equation (5) with its parameters given by Eqs. (8) 
and (9) represents only the density of levels resulting 
from the capture of neutrons of zero angular momen- 
tum. For convenience, it is identified with the density 
of levels of zero angular momentum. To obtain the 
density of levels with different angular momenta we 
use the formula given by Bethe,** 


W(E) = (2j-+1) expl— (j+4)*/2gT ]Wo(E), 
where g and T are given by 
g=3(MR/h?)~A5", 
T=(E/a)}, 


(10) 


(11) 


where M and R are the mass and radius of the nucleus 
of mass number A, and T is the nuclear temperature. 
For a nucleus of mass number 120 excited to 10 Mev, 
this formula gives a most probable value of j to be 
about 10. This formula does not include the multi- 
plicity due to the orientation of the angular momentum 
vector; it will be seen later that the 7 dependence is 
rather unimportant for our purpose. 


IV. INTERNAL ENERGY AVAILABLE AT THE 
INSTANT OF SEPARATION 


Knowing the masses of primary fission fragments and 
the mass of the initial system, we can calculate the 
energy F released in the fission process by the following 
formula: 


F=M*(A,Z)—M(A,,Z1:)—M(A2,Z2), (12) 


where M*(A,Z) is the mass of the excited compound 
nucleus undergoing fission, and M(A1,Z;) and M(A2,Z:) 
are the masses of primary fission fragments in their 
ground states. The sum of A; and A: is A and the sum 


‘3H. A. Bethe, Revs. Modern Phys. 9, 79 (1937). 
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Fic. 4. Mass dependence of the level density parameter a., ] 


of Z, and Z: is Z. F is the total energy release excluding 
the subsequent energy release through beta trans- 
formations of the primary fission products. The mass 
of U*® is taken to be 235.11794+100 amu, which is 
derived from the experimental mass of Pb*** * and the 
mass difference between Pb”* and U™®.* The value of 
M* for fission of U™® with thermal neutrons is 
M (235,92)+-N, which is 236.12692 amu. The masses of 
fission products may be calculated from Eq. (3). Thus 
the energy F released in asymmetric fission 4Zr'” 
+s2Te'** is 0.21641 amu or 201.48 Mev. That of sym- 
metric fission 4gPd!!8+ 4g,Pd"!8 is 0.21404 amu or 199.27 
Mev, about 2 Mev less than that of asymmetric fission. 

We are interested in the excitation energy of the 
fission fragments at the critical moment, approximated 
by two deformed nuclei in contact. Between the two 
fragments there exists a mutual Coulomb energy, C. 
In addition, each of the fragments possesses an amount 
of deformation energy. (According to the L.D.M., a 
deformed nucleus has a larger surface energy and a 
smaller Coulomb energy than the spherical nucleus. 
The net change is a positive quantity, which is the 
deformation energy.) We denote the deformation en- 
ergies by D, (light fragment) and D2 (heavy fragment). 
The sum of D, and D, is denoted by D. The sum of C 
and D is the total potential energy, P, of this nuclear 
configuration, 


P=C+D. (13) 


The difference F—P, denoted by G, is then the energy 
available for internal excitation and center-of-gravity 
motion of the fragments at the critical moment. The 
total internal excitation energy of both fragments is 
denoted by E and the total translational motion energy 
is denoted by k. The above relations may be expressed 
as follows: 
F=P+G 
=C+D+E+k. 


In Sec. V it will be shown that a given G may be di- 
vided in many ways into E and k but in general E>k. 


(14) 


4 Stanford, Duckworth, Hogg, and Geiger, Phys. Rev. 85, 
1039 (1952). 

%M. O. Stern, quoted from R. B. Leachman, Phys. Rev. 87, 
444 (1952). 
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Fic. 5. Most 
probable defor- 
mation shape of 
symmetric fission 
of compound nu- 
cleus U™*, just 
before the frag- 
ments separate, 
calculated on the 
basis of P3(cos@) 
deformation only. 


The maximum value of E is G for the special case of 
k=0. Thus, G may be called the maximum excitation 
energy. The potential energies may be calculated by 
using the liquid drop model. From the potential energies 
the maximum excitation energy G may be calculated. 
From G, as will be shown in Sec. V the relative fission 
probability may be calculated. In the following we 
present a calculation of the potential energy. 

We assume the nuclear matter to be an incompres- 
sible liquid drop with uniform mass and charge density. 
In order to calculate the mutual Coulomb energy and 
deformation energies we have to know the deformation 
shape of each fragment and their relative positions. 
While we assume the fission fragments to be deformed, 
there is no reason to assume a unique deformation 
shape for all fragments. Many deformation shapes may 
be possible and so many sets of values of C, D;, and D2. 
According to the statistical assumption, each deforma- 
tion configuration will occur with a probability pro- 
portional to its density of quantum states. Thus, we 
have probability distributions of C, D,, and D2. The 
most general deformation shape of a liquid drop may 
be represented by a series expansion of the radius 
vector in Legendre Polynomials, 


r(0)=rol 1+a2P2(cosé)+a3P3(cosd)+ - - - ]. 


For simplicity we assume that the deformation of each 
fragment is due to the P; term only and that, at the 
moment just before separation, the two deformed nuclei 
are in contact at their tips and oriented such that their 
axes coincide. This is graphically represented in Fig. 5. 
The P; term is chosen because the corresponding de- 
formed shape roughly approximates the egg-shaped 
fragment resulting from scission of a dumbbell-shaped 
parent nucleus. The shape of one fragment is thus 
specified by a single coefficient a; and its undeformed 
radius ro. We shall use a second index i to specify the 
light fragment (i=1) or heavy fragment (i= 2). 

An approximate formula for the mutual Coulomb 
energy between the two fragments in the foregoing 
specified configuration is 


(15) 


LZ 
ro1(1+0.9314a3:)+702(1+0.9314a32) 





C (a31,032) = 


The derivation of this formula is given in the appendix. 
For numerical calculation ro is taken as 1.5X 10-4}. 
The deformation energies D; and D; may be obtained 


CME EERIE inert er or am 


from an expression by Present and Knipp.** Neglecting 
cubic terms in a3, the deformation energy of the ith 
fragment due to the P; deformation is 


Dj(a3;) =0.7143a37E,—0.2041037E.,°, (17) 


where E,/ and E,,° are the undeformed surface and 
electrostatic energies for the ith fragment. The values 
of E,,° and E,,° are calculated from E£,°=0.0144! amu 
and E£=0,.000627Z?/A* amu according to Fermi’s 
liquid-drop model mass formula.® 

Thus we have expressed P in terms of as; and ago. 
There will be one such potential function P(as1,a32) for 
each mass and charge division. It will be shown in 
Sec. V that the deformation shape which gives mini- 
mum potential energy, and therefore maximum in- 
ternal excitation energy, is the most probable one to 
occur. Consequently for fission leading to given mass 
and charge division the most probable values of Cou- 
lomb and deformation energy are obtained by mini- 
mizing P(a31,a32). The minimum may be found nu- 
merically. Such a calculation is carried out for the 
fission of U**® with slow neutrons. The calculation is 
made at a number of mass splittings each having its 
charge split at the most probable charges (see Sec. V 
for most probable charges). The most probable de- 
formation coefficients a3; and ase thus obtained are 
nearly equal and slowly varying with respect to mass 
number. Thus the most probable deformation shapes 
of the two fragments, disregarding the size proportion, 
are roughly the same and change only little from one 
mass splitting to the other. The most probable as; and 
a32 of symmetric fission are both 0.1975. The corre- 
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Fic. 6. Most probable Coulomb energy C,, of a pair of fission 
fragments from the compound nucleus U** as a function of mass 
ratio of splitting. 


% R. D. Present and J. K. Knipp, Phys. Rev. 57, 751 (1940). 
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sponding deformation shape is given in Fig. 5. The 
most probable Coulomb energy C for different mass 
splittings is calculated and plotted as a function of mass 
ratio of splitting in Fig. 6. It is a monotonically de- 
creasing function and its value for symmetric fission is 
175.2 Mev. The most probable deformation energies 
D, and D, are also calculated and plotted as functions 
of mass number in Fig. 7. They are nearly constant 
with respect to the mass numbers A; and A». Their 
value for symmetric fission is 6.73 Mev. 

The mutual Coulomb energy has a maximum for 
symmetric fission. Therefore, the term C favors asym- 
metric fission. On the other hand, the total deformation 
energy is nearly constant. Therefore, the term D does 
not essentially affect the asymmetry of mass splitting. 
Although these are results of an approximate calcula- 
tion of the potential energies, other approximate calcu- 
lations also lead to the same conclusions. They will be 
discussed in the appendix. 

We have calculated the potential energies at the 
critical moment. After the two fragments separate from 
each other the mutual Coulomb energy becomes the 
kinetic energy of the fragments and the deformation 
energies become internal excitation energies of the 
fragments. Therefore, when the two fragments are 
separated by an infinite distance, the total kinetic 
energy of the fragments will be K=C+ and the total 
internal excitation energies of the fragments will be 
H=D-+E. The distributions of C and D will result in 
distributions of K and H. The latter may be compared 
with experimental information on K and H (Sec. VII). 


V. RELATIVE PROBABILITIES OF FISSION MODES 


The relative probability of a fission mode is assumed 
to be proportional to the density of quantum states. 
It will be seen that the density of quantum states de- 
pends on the mass numbers, charge numbers, and 
deformation shapes of the fission fragments. By integra- 
tion over the deformation shapes we obtain the relative 
probability of the fission mode specified by given mass 
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Fic. 7. Most probable deformation energies Dim of light 
fragment and Dy» of heavy fragment from compound nucleus 
U** as functions of mass numbers A; and Ag, respectively. 
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and charge numbers. By integrating this over the 
charge numbers we have the relative probability of a 
given mass ratio. This is the mass distribution which 
must be compared with the experimental results. 

The nuclear configuration at the moment just before 
separation consists of two deformed nuclei in contact. 
The excitation energy E gives rise to a number of ex- 
citation states and the translational energy k gives rise 
to a number of momentum states. The density of 
quantum states is a product of these two. As the system 
is isolated, its energy, linear momentum and angular 
momentum must be conserved ; we proceed to calculate 
the density of quantum states subject to these 
conditions. 


a. Density of Excitation States 


Consider a system consisting of two thermally inter- 
acting components, each of which has a number of 
quantum states represented by a level density expres- 
sion pi(€1) and p2(€2) respectively. Let the total energy 
of the system be ¢ and the density of quantum states 
of the whole system be V. We have 


v= f p1(€1)p2(e— e:)des. (18) 
0 


Equation (18) may be interpreted as meaning that the 
density of quantum states of a compound system is 
the sum of all partial densities, p:(€:)p2(e—:)de1, each 
corresponding to a partition of energy € into « and ¢, 
between the two components. The statistical assump- 
tion asserts that the partial densities will represent the 
partial probabilities of occurrence of the corresponding 
partition of energy €1: €2. 

The formula for the density of levels of an excited 
nucleus is discussed in Sec. III. It depends on the vol- 
ume of the nucleus, but not on its shape. Since it was 
assumed that the deformed fission fragments have 
normal nuclear density, Eq. (5) is applicable. Let the 
total available excitation energy measured from the 
characteristic levels be EZ. Consider, at first, only ex- 
citation states of zero angular momentum. The density 
of excitation states of the two-nucleus system is, 
according to Eq. (18), 


E 
Qo(E) -f C1 exp[.2 (aE 1)* |ee 
’ Xexp{2[a2(E— Ey) }}dF:. 


(19) 


Conservation of angular momentum is satisfied if the 
fissioning nucleus has zero angular momentum. 
Equation (19) cannot be integrated exactly. As the 
integrand is a rapidly varying function, the integral is 
determined essentially by the integration in the neigh- 
borhood of the maximum of the integrand. The inte- 
grand in this region behaves like a Gaussian; the 
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approximating Gaussian is integrated, and the result is 


(a,a2)' 
Q(E) = 2rte ce EF? exp{ 2[ (ai +a2)E}*}. (20) 
a\+<a,)*/4 


It will be noted that the maximum of the integrand 
corresponds to a partition of E into E; and E» such 
that the two fragments have equal nuclear temperature. 
This is expected from the condition of equilibrium. 

Next we consider the excitation states of higher 
angular momentum, the density of which is given by 
Eq. (10). We consider the case in which the initial 
angular momentum of the compound nucleus under- 
going fission is zero, and there exists no orbital angular 
momentum between the two fission fragments. Con- 
servation of angular momentum requires that the 
resultant of the angular momenta of the two fragments 
must be zero. Thus we have the total density of ex- 
citation states: 


1 1 
9(E)=¥ (2}+1)" exp| —+4)( + ) fou 
i 2gi71 2goT 2 


mn! (gT)'2o(E) 
A,584,5 \47E,+E.\? 
~( ) ( ) (EF) 
A8+A,5% ai:+d2 
A,58A,5 \ 1 (a,a2)$ 
~ovs( ) E} 
A,9344,537 (a,+<a2)? 


Xexp{2[ (ait+a2)E}}}, 


where (1/g)=(1/g:)+(1/gs). It is assumed that 7; 
=T:=T and the summation is approximated by an 
integration. 

For the more general case where the angular mo- 
mentum of the compound nucleus is not zero and 
orbital angular momentum exists between the two 
fragments, it can be shown*’ that the results differ from 
Eq. (21) by a slowly varying factor only. The dominant 
exponential factor remains unchanged. 








(21) 


b. Density of Momentum States 


At the moment just before separation, the momenta 
of the two fragments due to the motion of their centers 
of gravity must be equal and opposite. Let their abso- 
lute values be p. The energy of translational motion & is 


k= (1/2m,)p’+ (1/2mz2) p’, (22) 


where m, and mz are the masses of the two fragments. 
Since the momenta of the two fragments are equal and 
opposite, the number of momentum states of the two- 
fragment system is equal to that of one fragment. 
Therefore the density of momentum states of the 


7 P. Fong, Ph.D. dissertation, University of Chicago, 1953 
(unpublished). 
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two-fragment system is 


4nV 
w(k) =——(2mik)}, 
i 
where m is given by 


mms A\Ao 


m= ~ 


mi+me A itA 4 


c. Total Density of Quantum States 


The total density of quantum states of the two- 
nucleus system is a product of densities of excitation 
states and momentum states. When statistical equi- 
librium is established we may consider the excitation 
and the translational motion as two thermally inter- 
acting components between which the energy may be 
exchanged. The total energy available to the whole 
system is G. Equation (18) gives the total density of 
quantum states of the system 





Q(G)= f Q(G—k)w(k)dk= f Q(E)w(G--E)dE. (25) 


In Eq. (21), Q(£) is expressed in terms of E, measured 
from the characteristic level. G in Eq. (25), being the 
maximum possible value of £, is also to be measured 
from the characteristic level. Thus we have 


G’ A,58A,5/8 \ 4 (aya2)! 
O(G’) ~f ane ) E} 
A 58+ 4 5/8 (a,+<a2)* 


Xexp{2[ (art+a2)E }}}[2m'(G’— E) aE, 





(26) 


where G’ is the value of G measured from the char- 
acteristic level, 


G’=M*(A,Z)—M*(A 1,21) 


—M*(A oZ2) — P(a31,032). (27) 


While the integral of Eq. (25) gives the total density 
of quantum states, the integrand of Eq. (25) gives the 
partial density of quantum states corresponding to a 
given partition of G into E and k. According to the 
statistical assumption, the integrand gives the dis- 
tribution function of E or of k. The most probable 
partition of G can be determined by maximizing the 
integrand. The maximum condition is an equation of 
the fourth order, an approximate solution of which is 


iy G’ \s 
2\ai+a2 


ko is thus the most probable translational energy of the 
centers of gravity of the two fragments at the moment 
just before separation. Equation (28) shows that only 
a small fraction of G, of the order of 0.5 Mev, is given to 
k. This is due to the fact that the partition of energy is 
determined by the number of degrees of freedom. The 


7 1 
“4 [(a+a:)G"} 
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translational motion has only three degrees of freedom 
while the excitation motion has many more. As hp is 
small compared to Coulomb energy C, we shall neglect 
the distribution in translational energy and assume 
that the value of & is given by a single value ko ex- 
pressed in Eq. (28). 

Returning to Eq. (26), we find the integration is 
largely determined by the integrand in the neighbor- 
hood of its maximum and so can be simplified by re- 
placing the slowly varying factors of the integrand by 
their values at the maximum. The remaining exponen- 
tial factor is then integrated. The result is, neglecting 
small quantities, 


A 45/84 5/8 AiAe 





4 } 
A 5/84 A 5/8 A,+Az 


(aia2)* 


(ay+-a2)""/4 


19 1 
cym(i Ew Ee ———— ) 
8 [(a:+a2)G"}! 


Xexp{2[(aita2)G’}}. (29) 
Equation (29) gives the total density of quantum states 
of a two-nucleus system in terms of mass numbers, 
level density parameters and the maximum excitation 
energy G’. This equation will be used to calculate the 
relative probabilities of fission modes. 

The maximum excitation energy G’ depends, accord- 
ing to Eq. (27), on the mass and charge numbers and 
the deformation shapes of the two fission fragments. 
Therefore the relative fission probability depends on 
these quantities and there will be mass, charge, and 
deformation shape distributions. 


d. Coulomb Energy Distribution 


Consider a given mass and charge division (41,2): 
(A2,Z2). Equation (29), which depends on the Coulomb 
energy and deformation energy through G’, gives a 
probability distribution of the deformation shapes and 
so probability distributions of C and D. We shall dis- 
cuss the distribution of C, which, after adding the 
negligibly small ko (less than 1% of C), will give the 
distribution of final kinetic energy of fission fragments 
and may be compared with the experimental results. 

When the mass and charge ratios of splitting are 
fixed Eq. (29) may be simplified to give the probability 
distribution of deformation shapes, 


N (@31,032; A1,42,Z1,Z2) 


19 1 
~ "\9/4 a 
@) (1 8 ene 
Xexp{2[(a:t+a2)G"}'}. (30) 


There will be one such equation for each mass and 
charge division (A1,Z): (42,22). 
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For any deformation shape (a3,a32), Eq. (16) deter- 
mines the Coulomb energy and Eq. (30) gives its 
corresponding probability of occurrence. However the 
correspondence between deformation shape and the 
Coulomb energy is not one-to-one. There exist many 
combinations of a3; and a32 which will give the same 
Coulomb energy C(a31,032). We shall consider only the 
most probable combination of a3; and a32 for a given 
Coulomb energy value (the inclusion of other combina- 
tions will not essentially change the final results). 
This combination may be obtained by maximizing G’ 
with respect to as; and a32 subject to the condition that 
C(as1,032) is constant. The relation between a3; and aye 
for this combination is obtained to be 


Q31 =o ( 1 A286E,.°— 0.4082E 2°) 


aye roo (1.4286E,1°—0.4082E 1°) 





(31) 


This relation reduces the number of independent de- 
formation coefficients to one. Consequently, Coulomb 
energy and deformation shape may be correlated in a 
one-to-one manner. The Coulomb energy distribution 
may be derived as follows: We express the value of G’ 
of Eq. (27) in the neighborhood of its maximum with 
respect to as; as a parabolic function of da3:, the devia- 
tion of a3; from the maximum. Substituting G’ into 
Eq. (30) we get a distribution function in terms of da;:, 
which is roughly a Gaussian function. The latter may 
be translated into a distribution function in terms of 
5C, the deviation of C from the most probable C, 
which again is roughly a Gaussian, 


N(C; A1,A2,21,Z2)~expl— (6C/A)*], 
(dC /ders1) m G’ ; 


1pd2(C+D,+D:2)] 149 
FI ———| | -+[ (a:+a2)G’}} 
dasy" m 4 


(32) 


Mev, 





2 
(33) 


where the subscript m indicates that the values are to 
be taken at the most probable configuration. Equation 
(32) will be the Coulomb energy distribution function. 
The first factor in A depends on the mass and charge 
ratios of division and is nearly proportional to (Z;2Z.)!. 
Thus we have 


A~™const (Z 1Z2) } 


ee 9 1 
x( ) ( oes =) Mev. (34) 
a;+4a, 8 [(ai:+a2)G’}! 


e. Charge Distribution 


Integrating over the Coulomb energy distribution 
curve, we have the total number of quantum states of 
the fission mode specified by a given mass and charge 
division. The area under the Coulomb energy distribu- 
tion curve is proportional to the product of the Gaussian 
width A and the maximum ordinate of the Gaussian 
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curve. We obtain 


N(A4,A2,Z1,Z2) 
(aya)? ( A584 5/8 ) (- AiA, ) 
~ CiCz 
; (ay+a2)/4\ A 5-4 4,88 Ai+Ao 


ZiZ:)MGqry"| 1 —— 
gee [ 2 [(ai+a2)Gm ~ 


yes exp{ ar (a 1 +42)Gm’ }*} ’ 


where G,,’ is the value of G’ calculated for the most 
probable mode in the Coulomb energy distribution, 
G,.'= M*(A 2) ia M°*(A 1,21) = M*‘(A 2,£2) 
—Cn(Z1,Z2)—Dim—Dam, (36) 

where Cy, Dim, and Do, are the most probable values 
of C, D,, and D2 with respect to a3; and a3: for given 
A, As, Zi, and 22. 

The relative probabilities of various charge divisions 
for a given mass division A;:A, may be simplified as 





(35) 


N(Z1,Z2; A1,A2) 
7 1 
~ (Z,Z2)3 tseasinabinecne (Gm 
2 [(ai+a2)Gn’}? 


Xexp{2[ (a:1+¢2)Gn’ }}}. 


There will be a pair of such equations (36) and (37) 
for each given mass division A : A». 

Equation (37) implies that the most probable charge 
division Zp;:Zp2 (nonintegral) is the one having maxi- 
mum G,,’.** Thus the most probable charges may be 
obtained by maximizing Eq. (36) with respect to Z; 
and Z, under the condition Z;+Z.=Z. The variation 
of the total deformation energy with respect to charge 
division Z,:Z: for fixed mass division can be shown to 
be very small. Thus Din+Do may be regarded as 
constant. C,,(Z1,Z2) is given by 
Co (Z1,Z2) = ZZ /{roi[1+0.9314a1m | 

+roof 1+0.9314a32m ]}, (38) 
where azim and azo, are the most probable values of 
a3; and ae. AS azim and a@32m, determined in Sec. IV, 
are nearly constant, we have roughly 

Cn(Z1,Z2)012Z1Z2, (39) 
where ¢i2 is a constant with respect to charge division. 
The value of cz varies from 0.0889 mMU to 0.0910 
mMU when the mass ratio varies from 1.00 to 2.33. 
Using the mass formula Eq. (7) we have the most 
probable charges, by maximizing Eq. (36), 


Ba;(Za,+AZ a1) — Bao(Za2+AZ a2) +Z(Bar— 3 C12) 
on Bayt Bao—Ci2 
Zp2= Z—Zp. (40) 


% The factor (Z,Z:)* is slowly varying and may be regarded as 
constant as far as the determination of the maximum is concerned. 


10/4 


(37) 
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With the most probable charges known, the excita- 
tion energies of all other modes of charge division may 
be related to that of the most probable mode as follows: 


Gn! (21,22) = Gn’ (Zp1,Zp2) 
ep (Bay+ Bao—cy2) (AZ)?, (41) 
where AZ is given by 
AZ=|Z,:—Z| =|Z2—Zp>|. (42) 
We call AZ the charge displacement, the magnitude of 
which indicates how far the charge division Z,:Z, 
deviates from the most probable division Zp;:Z px. 

The charge distribution function, giving relative 
probability as a function of charge displacement, may 
be derived by substituting Eq. (41) into Eq. (37). For 
AZ small, Eq. (37), neglecting small terms, gives 
roughly a Gaussian curve in AZ, 

N (21,22; A 1,4 2)~exp[— (4Z/5)*], 


where the width 6 is 


Ra 1 (7) 
[Bart+Bas— C12}! a1+4d2 


charge units. (44) 


(43) 








1 
x {1~- 
4 [(a:+42)Gm'(Zp1,Zp2) |! 
f. Mass Distribution 


Integrating the number of quantum states over all 
possible charge distributions, we finally obtain the 
total number of quantum states at the moment of 
fission for any mass ratio A,: A». This quantity we wish 
to identify with the relative probability of this mode of 
fission. Using the same method of integration as in the 
Coulomb energy distribution, we have 


(ayd2)* A 15/34 5/8 
N (A 1,4 2) ~ C162 ( ) 
(a;+a2)"9/4 A ,5/8+- 4 45/8 


x( AjA2 ) (Zp:Zp2)* 
Ait+Az2 


(Bay+Bao—¢12)* 
19 1 
X (Gum nan(1-——_____ ) 
4 [ (@1+@2)Gonm’ } 


Xexp{2[(ai+42)Gmm’ }*}, 


where Ginm’ is the value of G,,’ calculated for the most 
probable charge distribution, 


Ginn’ = M*(A,Z)—M*(A 1,2p1)— M*(A2,Zp2) 
—Cn(Z01,Z 72) — Dim (46) 


Cn(Zv1,Zp2) is given in Fig. 6. Din and Dm, are given 
in Fig. 7. Equation (45) gives the mass distribution of 
the primary fission products. The dominant factor in 
Eq. (45) is the exponential one which does not change 








(45) 


Dom. 
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from Eq. (20) on. This term varies by a factor of 10. 
The (Gnm’)'* factor varies by a factor of 10 while all 
other factors together vary by a factor of 2. As the 
value of a;+a2 in the exponent is constant, the mass 
distribution is essentially determined by the maximum 
excitation energy Gmm’. That the fission probability is 
determined mainly by the excitation energy, a rather 
small portion of the energy released in fission, is due to 
the fact that most of the degrees of freedom of the 
system are associated with this part of the fission energy. 


VI. ASYMMETRIC FISSION 


The experimental mass distribution curve has two 
pronounced peaks indicating the asymmetric splitting 
in fission. We shall derive, using Eq. (45) and Eq. (46), 
the mass distribution curve of U** undergoing fission 
with slow neutrons and compare it with the experi- 
mental results. 

The curve for the maximum excitation energy Gin’ 
versus mass ratio A;: Az is calculated according to Eq. 
(46) and is plotted in Fig. 8. The value of Gm’ at sym- 
metric fission is 6.86 Mev and that at the peak (asym- 
metric fission) is 11.97 Mev. With the Gm’ values 
known, Eq. (45) gives the mass distribution of primary 
fission products. However, the emission of prompt 
neutrons changes the mass numbers slightly. The aver- 
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Fic. 8. Curve a: Maximum excitation energy Gmm’ as a function 
of mass ratio of splitting of compound nucleus U**, Curve b: Maxi- 
mum excitation energy calculated according to the original liquid 
drop model mass formula without corrections AM4 and AZa. 
Curves c and d: The contribution to Gmm’, due to the correction 
term AMa, from the light and heavy fragments, respectively. 
Curve e. The contribution to Gm’ due to the correction term AZ 4. 
Curve a is the sum of curves }, c, d, and e. 
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Fic. 9. Calculated mass distribution curve of fission products 
of U* induced by thermal neutrons, compared with experimental 
data. 


age number of prompt neutrons emitted by a given 
fragment (of the order of 1) may be calculated from the 
values of the final excitation energy H. Changing the 
mass numbers accordingly, we obtain the mass dis- 
tribution of the final fission products. The result is 
plotted in Fig. 9 and is compared with the observed 
yields of final fission products. The experimental data 
are taken from the summary of radiochemical data by 
Coryell and Sugarman? and the summary of mass- 
spectroscopic data by Glendenin ef al. The double- 
humped shape is reproduced and the agreement is 
generally satisfactory. 

As the relative probability, given by Eq. (45), is a 
monotonically increasing function of the maximum ex- 
citation energy Gmm’, the pronounced peaks of the mass 
distribution curve are essentially due to the peak of 
the Gnm’ curve in the asymmetric fission region. It is 
important to note that, if the mass corrections AM, 
and AZ, were not included in the liquid-drop model 
mass formula, the peak of the Ginm’ curve would be 
found at symmetric fission and symmetric fission would 
be the most probable. Thus the “cause” of asymmetric 
fission must be related to AM 4 and AZ 4. We may divide 
the excitation energy into parts, separating the con- 
tributions due to AM, and AZ, from the energy 
calculated by using the original liquid-drop model mass 
formula. The Gmm’ curve in Fig. 8 is thus resolved into 


* Glendenin, Steinberg, Inghram, and Hess, Phys. Rev. 84, 
860 (1951). 
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four components: curve b represents the value of Ginm’ 
calculated according to the original liquid-drop model 
mass formula without corrections, curves c and d 
represent the contribution to Gmm’ of the correction 
AM 4 applied to light fragments and heavy fragments 
respectively, and curve e represents that of the cor- 
rection AZ,4. When we add up all four curves we have 
the curve a which is calculated according to the cor- 
rected mass formula. The peak of curve a in the asym- 
metric fission region is due to the superposition of peaks 
of curves c, d, and e in the asymmetric region. The 
peaks in curves c and d are due to the extra stability of 
nuclear masses in the broad neighborhood of 50-neutron 
and 82-neutron shell edges. The peaks in curve d are 
due to the change of the beta-stability line as a result 
of the 50-neutron, 50-proton, and 82-neutron shells. In 
this sense nuclear shell structure is the “cause” of 
asymmetric fission.“-® 

Many other factors contribute to the determination 
of mass distribution through Eq. (45) and Eq. (46). 
They do not essentially affect the asymmetry of split- 
ting. Equation (46) contains the following: 

(1) The mass of the fissioning nucleus. M*(A,Z) is 
a constant. A different value merely pushes the maxi- 
mum excitation energy curve up or down while the 
peak in the asymmetric region remains unshifted. 

(2) Masses of fission fragments. As mentioned above, 
these are mainly responsible for asymmetric fission. In 
our calculation, the excitation energy obtained is based 
on the masses of fragments at characteristic levels. If 
based on mass values at the ground-state levels, the 
excitation energies of fission fragments with 82 and 50 
neutrons (in the peak yield region) will be even higher 
by 2 Mev, and those of fragments with 50 protons (in 
the symmetric fission region) will be also higher by 1 
Mev. The net result is a small perturbation of the 
shape of the maximum excitation energy curve. The 
pronounced peak in the asymmetric region remains the 
same. Thus the use of characteristic levels is not 
critically related to the prediction of asymmetric fission. 

(3) Coulomb energy. The Coulomb energy expres- 
sion used here is calculated with some simplifying 
assumptions of nuclear deformation. Its main feature is 
that it is a monotonically decreasing function of the 
mass ratio because of the Z:-Z2 dependence. Therefore 
the Coulomb energy term in Eq. (46) favors asymmetric 
fission. However, unlike the AM 4 and AZ, terms, which 
favor the asymmetric fission rather abruptly in a par- 
ticular mass ratio region, this term favors asymmetric 
fission rather uniformly over the whole mass ratio 
scale. Thus, it is not essentially responsible for the 
occurrence of a pronounced peak in a limited mass 


“ The relation between shell structure and asymmetric fission 
has been suggested and discussed by Mayer,“ Meitner,® and later 
many others from different points of view. 

41M. G. Mayer, Phys. Rev. 74, 235 (1948). 

QL. Meitner, Nature 165, 561 (1950), and Arkiv Fysik 4, 383 
(1952). 
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ratio region. As mentioned in the appendix, other 
assumptions of deformation lead to Coulomb energy 
curves nearly parallel to each other. Therefore, the 
main feature remains the same and we may conclude 
that the deformation assumption is not critically re- 
lated to the prediction of asymmetric fission. 

(4) Deformation energy. The total deformation 
energy used here is nearly constant with respect to the 
mass ratio of splitting. Thus, it plays no essential part 
in the determination of asymmetric fission. Its intro- 
duction merely causes the maximum excitation energy 
curve to shift downward without essentially changing 
its shape. 

The main factor involved in the calculation of rela- 
tive probabilities by Eq. (45) is the level-density 
expression and the formula for the total density of 
quantum states. As the density of quantum states is a 
monotonically increasing function of the excitation 
energy, a calculation using a different expression for 
the density will give merely a different scale of the 
ordinate of the mass distribution curve. The asymmetry 
will remain. 

In conclusion, we may say: Because the nuclear 
masses are smaller by a few Mev in the broad neigh- 
borhood of shell edges“ (due to the correction terms 
AM. and AZ,), fission fragments in these regions 
(which happen to be in the asymmetric fission region) 
will have larger excitation energies. As the density of 
quantum states is a rapidly increasing function of the 
excitation energy, a small increase in excitation energy 
may cause a large increase in relative probability. 
Thus, we have a pronounced asymmetric splitting in 
fission. 

As the explanation of asymmetric fission hinges on 
the result that asymmetric modes have larger excitation 
energies than symmetric modes, it is helpful to find 
direct experimental evidence supporting this result. 
The recent work of Fraser and Milton“ shows that 
fission modes in the peak yield region have larger 
prompt neutron emission probabilities than symmetric 
fission. From the difference of prompt neutrons, it can 
be estimated that the excitation energy in the peak 
yield region is larger than that of symmetric fission by 
about 6 Mev. This value is about equal to our calculated 
difference. Radiochemical results by Coryell,“* Tewes 
and James,“* Schmitt and Sugarman,“ and Steinberg 
and Glendenin* also indicate smaller neutron emission 
probability for symmetric fission. 


* The nuclear mass surface is affected by nuclear shell structure 
in two ways: (1), A local discontinuity from nonmagic to magic 
nuclides of the same mass number; (2), A broad depression of the 
surface in the neighborhood of shell edges affecting a few nucleons 
on both sides of the edge. It is the latter effect that is related to 
asymmetric fission. 

“ J. S. Fraser and J. C. D. Milton, Phys. Rev. 93, 818 (1954). 

“© C. D. Coryell (private communication). 

“© H. A. Tewes and R. A. James, Phys. Rev. 88, 860 (1952). 

*R. A. Schmitt and N. Sugarman, Phys. Rev. 89, 1155 (1953). 
P b S P. Steinberg and L. E. Glendenin, Phys. Rev. 95, 431 
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VII. OTHER APPLICATIONS 


Other applications of the statistical theory will be 
discussed briefly. Preliminary results have been given 
in reference 39. Details will be published in the future, 


a. Charge Distribution 


Equation (43) gives a charge distribution curve of 
primary fission products which is approximately a 
Gaussian with a width given by Eq. (44). Typical 
half-width at half-maximum has been calculated to be 
0.6 charge unit. The beta-decay chain lengths of the 
pair of primary fragments have a ratio around 1.1 for 
the most probable charge division. Experimental evi- 
dence seems to indicate that the width is about 0.8 or 
1.0 charge unit and that the chain lengths are equal.” 


b. Kinetic Energy Distribution 


The average value of Coulomb energy given in Fig. 6 
is 171.7 Mev. This may be compared with the experi- 
mental value of the average kinetic energy of a pair of 
fission fragments, 167.1 Mev.” The energy-versus-mass- 
ratio curve in Fig. 6 is nearly parallel to the experi- 
mental curve®! and the discrepancy in the region of 
mass ratio 1.1 to 1.2 has been discussed.” Typical 
calculated values of the width of the kinetic energy 
distribution curve are 5 Mev (half-width at half- 


maximum). The experimental value® after correction 
for dispersion is about 7 Mev. 


c. Variation of Distributions with Respect to 
Target Nucleus 


The peak in the maximum excitation energy curve is a 
result of the superposition of the dips of the curves in 
Fig. 2 and Fig. 3. When the mass number of the target 
nucleus changes, these dips shift apart to form a new 
superposition pattern. Consequently, there will be 
changes in peak position and width of the mass dis- 
tribution curve. 


d. Variation of Distributions with Respect to 
Incident Energy 


When fission is induced by particles of high energy, 
Eq. (28) predicts little change in kinetic energy, a fact 
which has been confirmed experimentally.* Therefore, 
the excess energy must go into excitation. When the 
excitation energy is high, the small differences, of the 
order of a few Mev, between its values for different 
modes of fission, become less important. Therefore, at 
high energy, symmetric and asymmetric fission will 
have comparable probabilities. All rare modes of fission 


#L. E. Glendenin, Office of Naval Research Report ONR-35, 
1949 (unpublished). 

% R. B. Leachman, Phys. Rev. 87, 444 (1952). 

51 —. C. Brunton and G. L. Hanna, Can. J. Research A28, 190 
(1950); Phys. Rev. 75, 990 (1949). D. C. Brunton and W. B. 
Thompson, Can. J. Research A28, 498 (1950); Phys. Rev. 76, 
848 (1949). 
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will become more probable. However, the most prob- 
able modes will remain to be most probable. This 
means that the widths of all distribution curves will be 
increased while the peaks of all distribution curves 
remain unshifted. This prediction has been corroborated 
by a large number of experiments.’ 


e. Prompt Neutron Distribution 


The distributions of excitation energy E and de- 
formation energy D determine the distribution of final 
excitation energy H. As H is the energy available for 
neutron emission, the distribution of prompt neutron 
may be derived. The most probable value of H has 
been calculated to be 26.5 Mev, which may be com- 
pared with the average value estimated by Brunton.® 
Brunton’s value should be changed to 22.5 Mev accord- 
ing to the correct number of prompt neutrons emitted 
per fission. The distribution of prompt neutrons with 
respect to mass ratio of splitting has been discussed in 
Sec. VI. 


f. Spontaneous Fission Yields 


In spontaneous fission the absolute value of excita- 
tion energy will be less than that of thermal neutron 
fission by an amount nearly equal to the neutron bind- 
ing energy. Therefore, the same differences of excitation 
energy among fission modes will now have a more 
pronounced effect on relative probability. Consequently, 
the rare modes will become even rarer. This prediction 
has been corroborated by experimental facts.™ 


g. Ternary Fission 


Occasionally, an a@ particle is emitted in the fission 
process. The calculation shows that the total excitation 
energy will be lessened by a few Mev due to the emis- 
sion of an a-particle. As a result the corresponding 
relative probability will be decreased by a few orders 
of magnitude. The observed rate of such events is one 
in 400 binary fission events.™ 
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APPENDIX. MUTUAL COULOMB ENERGY OF TWO 
DEFORMED FRAGMENTS IN CONTACT 


The mutual Coulomb energy between two deformed 
fragments, like the ones in Fig. 5, will be calculated 
approximately. 

The potential at a point P due to a uniform charge 
sphere Ze is Ze/D, where D is the distance from P to 
the center of the sphere O. Let the direction OP be 
chosen as the polar axis and assume the sphere to be 
deformed according to the following formula: 


r=ro1+a3P3(cos#) |. 


When a; is small compared to unity, the potential at 
P will be increased by an amount 6V given by 


sy Ze f f roa3P3(cosé)dS 
(4x /3)r¢) J (D?-+-re?—2Dro cos6)! 








3 To 8 Ze 
Ob 
i 3a 2D 


This accounts for the linear term of a; and we shall 
limit ourself to this approximation. The effect of de- 
formation on the potential at P is the same as that due 
to a shift of the “charge center” of the sphere from O 
to O’ with the distance between O and O’ equal to 
(3/7)roas(ro/D)*. The mutual Coulomb energy of the 
two deformed spheres in Fig. 5 may be expressed 
approximately as follows: 
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C=Z,2Z2¢/(01',02'] 
=Z,Z2¢*/{[01,02]—[01,01']—[02,02'}} 


= 21038 / \[ru(t-+an)+ra(1-+on)] 


3 ( To1 ) 3 ( To2 2 
re ee eee . 
7 [02',01] 7 ee | 
ro1/(O2',01] and 12/[0;',02] vary slowly with respect 
to a3; and age, and they appear in small terms in the 
denominator. Thus we may regard them as constants. 
Their values may be determined by successive approxi- 
mation. Both of them are approximately 0.4 for a’s 
in the neighborhood of their most probable values. By 
numerical substitution of this value, the above equation 
reduces to Eq. (16) of Sec. IV. 

The above method may be used to calculate the 
mutual Coulomb energy of two fragments deformed 
according to any Legendre polynomial provided that 
the deformation is small. The deformation energies of 
these fragments (up to the Ps term) may also be ob- 
tained from the expression by Present and Knipp.* 
Thus the maximizing procedure of Sec. IV may be 
repeated to obtain the most probable values of mutual 
Coulomb energy and deformation energies. The results*” 
of calculation based on several alternative assumptions 
of deformation show that: the relative variation of the 
most probable Coulomb energy C with mass ratio is 
nearly the same in all cases but the absolute value of C 
depends on deformation assumption sensitively; the 
most probable deformation energies D; and Dz are 
nearly constant with respect to mass number in all 
cases and their absolute values vary within a few Mev 
for different assumptions of deformation. 

For the relative probabilities of fission modes, the 
relative variation of C and D from one fission mode to 
another is important, and this is insensitive to the 
assumption to the type of deformation. Thus our 
assumption that fragments are deformed according to 
P;(cos@) only, though an oversimplified one, is sufficient 
for the purpose of comparing relative probabilities. 
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The directional angular correlation of the 909-1850-kev y—~+ cascade in Sr8* has been measured with 
a coincidence scintillation spectrometer using NaI detectors. For a dilute YCl; aqueous solution source, 
the observed correlation function, after correction for the finite angular resolution of the detectors, is given 
by W(6)=1—(0.0699+0.0025) P2(cosé). The theoretical correlation function for the sequence 3(D)2(Q)0 
is W(6)=1—0.07143P2(cos@); hence it is concluded that both of the transitions in the cascade are pure 


multipoles. 





I. INTRODUCTION 


HE energy levels of Sr®* have recently been 
studied in detail by means of large-crystal 
coincidence scintillation spectrometry! and by direction- 
polarization and angular correlation measurements.” 
From these and previous internal conversion coefficient 
measurements,’ the spins and parities of the initial and 
intermediate levels of the 909-1850-kev y—vy cascade 
have been obtained. 

Therefore in this case the y—y directional angular 
correlation measurement becomes a very sensitive 
method for determining the purity of the transitions 
in the 909-1850-kev y—vy cascade. This paper is the 
report of an attempt to measure this angular correlation 
as precisely as is possible at the present time. One 
previous measurement* of the correlation had indicated 
that the 909-kev transition is an electric dipole with 
0.015% to 0.002% magnetic quadrupole admixture, 
and another® had indicated that the largest admixture 
permitted by the data is 0.001%. In the case of the 
present experiment, if one were to take the least- 
squares value of the coefficient of P2(cos@) plus the 
standard deviation as the value of A» corresponding to 
the largest admixture permitted by the data, this would 
lead to an admixture of 0.0025%. 


II. EXPERIMENTAL METHOD 


The directional angular correlation of the 909-1850- 
kev cascade was measured with data taken automat- 
ically at 19 angular positions by a coincidence scintilla- 
tion spectrometer using Nal detectors which has been 
previously described.* The source was a dilute aqueous 
solution of yttrium chloride. The window of one differen- 
tial analyzer was set on the full-energy peak of the 
909-kev 7 ray, and the window of the other was set on 
the full-energy peak of the 1850-kev y ray. Since only 
these two y rays and the crossover are present in the 
decay of Y**, the angular correlation under these 


1 Lazar, Eichler, and O’Kelley, Phys. Rev. 101, 727 (1956). 
9a. R. Bishop and J. P. Perez, y Jorba, Phys. Rev. 98, 89 
1955 
3 F. R. Metzger and H. C. Amacher, Phys. Rev. 88, 147 (1952). 
4 Rolf M. Steffen, Phys. Rev. 90, 321 (1953). 
5 Varma, Saraf, and Todd, Phys. Rev. 91, 484(A) (1953). 
* E. D. Klema and F. K. McGowan, Phys. Rev. 91, 616 11953). 


conditions is measured in a clean manner and needs no 
correction for interfering radiation. 

Because of the fact that the accurate centering of the 
source on the axis of rotation of the movable detector 
is of importance in the measurement of the true 
angular correlation coefficients,’ the source holder was 
positioned on the axis of rotation by measurement of 
the distance to the movable detector at various 
positions. This adjustment was checked by measuring 
the counting rate of the movable detector at different 
positions. We estimate that the maximum uncertainty 
in the source position is 0.001 in.; this value leads’ 
to a maximum uncertainty in the counting rate at a 
given angle of the order of 0.1%. Because of this 
uncertainty, we feel that a total of 10° counts is about 
the useful limit in this experiment—this number of 
counts corresponds to a statistical standard deviation 
of the coefficient of P2(cos@) of about twice that due to 
the uncertainty given in the foregoing. In taking the 
coincidence data the source, which was 25 microliters 
of solution in a hole } in. in diameter, was rotated in a 
random manner after each run. 

A total of 10® coincidence counts were obtained in 
the present experiment. The true coincidence counting 
rate was of the order of 0.7 count/sec, and the random 
rate was about 25% of this. 


III. ANALYSIS OF DATA 


In performing a precise angular correlation measure- 
ment, it is of importance that the number of terms taken 
in the Legendre polynomial expansion representing 
the data be determined by the data themselves, 
because the precision of the determination of the 
coefficients will be less than the maximum obtainable 
from a given amount of data if an incorrect number of 
terms is used in the least-squares fit. In addition, for 
a fixed amount of data to be taken in a given experi- 
ment, there is an optimum number of runs into which 
the data should be divided for their statistical analysis. 
If too few runs are used, there will be too few estimates 
of the coefficients available for one to determine whether 
the results actually follow the expected statistical 
distribution. If too many are used, each estimate will 


7 Ernst Breitenberger, Phil. Mag. 45, 497 (1954). 
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be relatively unprecisely determined, and again it will 
be difficult to determine the statistical distribution of 
the results. Furthermore, when too many runs are used, 
the F-ratio test as given below to determine the 
significance of the P,4(cos@) term will have poor sensi- 
tivity because of the large variation of ¢ from run to 
run. 

The data obtained as indicated in the preceding 
section were divided into a series of 20 runs, and each 
run was analyzed following the method indicated by 
Rose.* The correlation function obtained, after correc- 
tion for the finite angular resolution of the detectors, is 


W (0) = 1— (0.0685+0.0028) P2(cosé) 

— (0.0045+-0.0042) P4(cosé). 
The data were next fitted by an expansion out to 
P2(cos@). This fitting yielded the correlation function 
given by W (@)=1— (0.0699+0.0025) P2(cos#). Next the 
following ratio was evaluated for each of the 20 runs: 


(> a? m—l=8 ; 0?) m—l=7 


(€*) m—tm7 





where the »v*’s are the squares of the residuals and é is 
®*M. E. Rose, Phys. Rev. 91, 610 (1953). 
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the mean square residual as given in Eqs. (27) and (28) 
of reference 8; m is the number of angles at which data 
are taken, and / is the number of coefficients in the 
Legendre polynomial expansion. The values of these 
ratios were then compared to a table of the F distribu- 
tion.’ From this statistical comparison it was deter- 
mined that the P,(cos#) term did not contribute 
significantly to the correlation function. 

Thus the correlation function best representing the 
present data is given by W(@)=1— (0.0699+-0.0025) 
X P2(cos@). Since the theoretical correlation function 
for the sequence 3(D)2(Q)0 is given by W(6)=1 
— (0.07143) P2(cos@), it is concluded that within the 
accuracy of the present experiment both of the transi- 
tions in the cascade are pure multipoles. This result is 
in agreement with the measured conversion coefficients® 
of the two gamma rays in the cascade. 
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Theory of the 0+ States of O'*} 


RICHARD A. FERRELL AND WILLIAM M. VISSCHER 
University of Maryland, College Park, Maryland 
(Received December 27, 1955) 


The usual shell-model interpretation of the 6.06-Mev 0* level of O'* as two-nucleon excitation is replaced 
by one-nucleon excitation. The large excitation energy for an individual nucleon is greatly reduced for special 
linear combinations of the excited shell-model configurations, because of a resonance effect arising from the 
degeneracy and from the large off-diagonal matrix elements. The state of collective compressional-dilational 
oscillation of the nucleus is shown to be a particularly favorable such linear combination, and the results of 
an explicit calculation indicate that the resonance effect is strong enough to account for the 6.06-Mev 
level. It is also proposed to interpret the 6.91-Mev 2* level as a superposition of one-nucleon excited con- 


figurations corresponding to spheroidal deformation. 


HE shell model, which satisfactorily accounts 
for many of the observed regularities in the light 
nuclei, has generally been regarded as inadequate to 
explain the low-lying excited states of the O'* nucleus.! 
The first excited state, which is 0* and falls at 6.06 Mev,? 
has been particularly difficult to understand. Because 
of its even parity it cannot be interpreted as simply an 
excitation of one nucleon from the filled 1p shell to 
the vacant 2s-1d shell lying next above. Excitation of 
two 1p nucleons to the 2s—1d shell does, however, yield 
even parity states. Therefore, it has generally been 
t Research supported by the Office of Naval Research and by 
the National Science Foundation. 
1D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 
ma and T. Lauritsen, Revs. Modern Phys. 27, 77 


attempted to represent the even-parity O'* excited 
states by such configurations. Aside from the difficulties 
in the level sequence, these interpretations lead to too 
high an excitation energy to be tenable for the low-lying 
states. Each nucleon requires 10-15 Mev for promotion 
into the next shell, leading to a total of 20-30 Mev for 
two-nucleon excitation. The coupling energy among the 
two excited nucleons and the two residual holes is un- 
likely to be sufficiently negative to reduce the net ex- 
citation energy to less than 10 Mev. The 6.06-Mev 0+ 
level, especially, seems much too low for such an ap- 
proach to be successful. 

We regard the difficulty in accounting for the 0+ 
states in O'* as not intrinsic in the shell model, but 
rather as due to an improper choice of shell-model 
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configuration. The configurations arising from the 
excitation of one nucleon into the next shell of the same 
parity have basically the same excitation energy as the 
configurations of two-nucleon excitation, discussed 
above. Excited states arise, for example, by replacing 
one of the 1p radial wave functions in the ground-state 
Slater determinant by a 2 radial wave function, but 
leaving the angular factors, as well as those for spin 
and isotopic spin, the same. Similarly, one of the 1s 
radial wave functions can be replaced by a 2s radial 
wave function. These possibilities yield a total of 16 
different orthogonal configurations. The diagonal 
element of the Hamiltonian, evaluated for any one of 
these excited configurations, is, in the oscillator model, 
roughly 2/w, or of the order of 30 Mev. Therefore, these 
configurations cannot individually represent a low- 
lying excited state. The energy of a linear combination 
of the sixteen configurations is, however, greatly 
lowered by a resonance among the configurations. This 
effect results from the high degree of degeneracy present 
and from the large off-diagonal matrix elements of the 
Hamiltonian, evaluated with these configurations as a 
basis. The interaction of the configurations is illustrated 
in Fig. 1. The dashed lines labeled (a) indicate the 
interaction of an excited 2p nucleon with another 
nucleon in the 1p core. The 2 nucleon can fall back 
into the hole in the 1p core, and at the same time pass 
on its excitation to the 1p nucleon, causing the latter to 
be promoted to the 2 level. Similarly, (4) illustrates 
the exchange of excitation from the p to the s shell. 
There are also exchange terms in the off-diagonal 
elements which can be illustrated in a similar fashion. 

Rather than attempt to diagonalize the 16X16 
energy matrix which the foregoing approach yields, one 
can be guided by the success which Griffin® has had 
in predicting for the O'* nucleus a relatively low-lying 
state of collective compressional-dilational vibration, 
the so-called “breathing mode”. Following Hill and 
Wheeler, and representing the nucleon coordinates 
by 2, he writes the states of collective oscillation as 


W(x) = f $o(x,) f:(a)da, (1) 


where 


Do (x,a) = Po (e~*x,0) -exp(— 24a). (2) 


(x,0) is the Slater determinant of one-nucleon wave 
functions u;(x). The u;(x) are, in principle, solutions 
of the Hartree-Fock equations. o(x,0) represents the 
O'* ground-state configuration. Various values of the 
scale parameter, a, represent various configurations of 
dilation and compression. The state of collective oscilla- 
tion is thus taken to be a linear superposition over these 
configurations. The coefficients, fi(a), and the as- 
sociated energy eigenvalue can be found from applica- 
tion of the Rayleigh-Ritz variational principle, but we 

3J. J. Griffin, Ph.D. thesis, Princeton University, 1955 (un- 


published). 
4D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 
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Fic. 1. Interaction of various one-nucleon excited states. 


want to point out here an alternative procedure. 
Equation (1) can be written in terms of shell-model 
configurations by expanding ®o(x,a) in powers of a. 
Denoting 0°6o(x,a)/da"|an0 by Bo, one obtains 


2 1 
v= > (— [ fle)aria oo. 
n=0 \n! 


If one introduces the expressions u;(x,a)=u,;(e~*x) 
exp(—3a/2) and ui“ =0"u;(x,a)/da"|q.0, it follows 
that So” is a sum of many Slater determinants, each 
of which is the result of replacing one or more of the 
u; by u;, where v<n. Since the effect of the dif- 
ferentiation on the x; is to introduce more radial nodes 
into the one-nucleon radial wave functions, it is clear 
that some or all of the terms in #9") represent excited 
configurations in the shell model. The wave functions 
for the ground state and first excited state are partic- 
ularly simple, and are given approximately by Vo=®o, 
and by 


(3) 


V1 =C,09, (4) 


where ¢; is a normalization constant. 

Thus, the wave function for the first excited level of 
collective oscillation is simply one particular linear 
superposition of excited shell model configurations. 
Approximating the u,; by oscillator wave functions, 
we find that differentiation with respect to the scale 
parameter affects the one-particle wave functions as 
follows: 

4, =_— (3/2)3a2., 
Up) = — (5/2) ue». 


The breathing-mode first excited state wave function 
has therefore the expansion 


burns 17/5\! 16 
Vi=— ¥ + ( -) D4, 
2 i=5 


2\/6 =1 6 


(7) 


where the normalization constant has been fixed as 
—1/6, and the %; are an orthonormal set representing 
s and p excitation for i=1,---,4 and i=5,---,16, 
respectively. Thus, in the breathing mode, the proba- 
bility of finding an excited p nucleon is five times the 
probability of finding an excited s nucleon, 





Res 


Fic. 2. Mixing of the con- 
figurations of one-nucleon and 
two-nucleon excitation. 
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The resonance effect discussed above can be ex- 
hibited explicitly by direct computation of the expecta- 
tion value of the energy. In the approximate expression 
above for the diagonal elements (which, if desired, 
can of course be improved upon by calculating from 
first principles), ## depends on the radius assumed for 
the O'* nucleus. We have assumed the radii of the 
O', O'8, and N!* nuclei to be all equal, and have em- 
ployed oscillator wave functions to evaluate the 
Coulomb energy difference between the O' and N™® 
ground states. Equating this to the experimental 
Coulomb energy difference gives an O"* root-mean- 
square radius of 2.51X10-" cm, and a value for the 
diagonal matrix element of 24#=29.7 Mev. Only the 
central forces contribute to the breathing mode reson- 
ance energy. We chose the Gaussian shape for the inter- 
action potential and determined the range, the strength, 
and the exchange coefficients from the following five 
pieces of low-energy experimental data: p-p effective 
range and scattering length, vanishing singlet odd- 
state phase shift, a-particle binding energy, and stability 
of the O'* nucleus at the root-mean-square radius 
given in the foregoing. The two-nucleon interaction 
determined from these conditions happens to have 
vanishing spin exchange coefficient and is given by 


V=—51.9 Mev(0.317+-0.500P+0.183PQ) 
Xexp[—r?/ (1.732 10-%cm)*], 


where P and Q are the space and spin exchange oper- 
ators, respectively. The contribution to the resonance 
energy which this force makes, acting within the s shell, 
is —2.7 Mev. We have found, further, that the reso- 
nance between the s and p shells yields — 5.6 Mev, while 
the resonance within the shell, since there are more 
nucleons there to interact, gives the major contribution 
of —12.3 Mev. The total resonance energy is — 20.6 
Mev, yielding a net excitation energy of (W1,(H — Eo)¥;) 
=9.1 Mev. 

Thus we see that the shell model is capable of describ- 
ing the states of collective oscillation, and predicts an 
excited state at an energy much lower than it is gener- 
ally thought capable of doing. The above result of 9.1 
Mev is clearly an overestimate for the first excited 
0* energy, since it can be lowered by relaxing the strict 
specification of the wave function given by Eq. (7) to 
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permit an arbitrary ratio between the coefficients of 
the two separate sums. The s and # shells are then no 
longer required to “breathe” together, but can dilate 
by different amounts.’ Such a generalized wave func- 
tion can also describe the mode of vibration in which the 
two shells oscillate out of phase with one another. The 
first excited level for this type of oscillation will lie 
considerably higher than that for the in-phase oscilla- 
tion, however. 

An additional lowering of the 0* excited states results 
from the fact that they cannot be pure breathing modes, 
due to the mixing into the wave function of states of 
excitation of two 1p nucleons into the 2s-1d shell. 
Figure 2 illustrates how these states mix with the p- 
excitation part of the breathing-mode wave function, 
as a result of the interaction between the excited 2 
nucleon and one of the nucleons in the 1 core. For the 
$-excitation a similar sort of mixing can occur. The effect 
of this mixing is to lower the energy still further, and 
it seems likely that the 6.06-Mev level in O'* can be 
quantitatively accounted for. The next 0* state at 11.25 
Mev is probably to be interpreted as the breathing mode 
in its second excited state, with admixtures of other 
shell-model configurations. The second excited breath- 
ing-mode wave function is given by 


Y= cof By + (Hp Ho) Ho J. 


The pair-emission lifetime of the 0* state provides 
another experimental check of the correctness of our 
description.*:’? The matrix element of the monopole 
operator >> >r,”, calculated with the breathing mode 
wave function VW; is about twice the experimental value. 
The deviation of the true wave function from W, 
discussed above, will serve to reduce the matrix element, 
because the admixed states of two-nucleon excitation 
will not contribute except by reducing the amplitude 
of VY}. 

The other O'* even-parity states of /=2 and J=4 
can be interpreted as primarily spheroidal collective 
oscillations and treated in the shell model in a manner 
similar to that above. If @ is taken to be the parameter 
describing a spheroidal deformation, with a=0 cor- 
responding to the undeformed ground state of O"*, then 
differentiation of the ground-state wave function yields 
a superposition of states of one-nucleon excitation, in 
which either a 1s nucleon has been excited to the 1d 
shell or a 1p nucleon to the 1f shell. 

5 B. Jancovici, Compt. rend. 240, 1608 (1955), has investigated 
the static effect on the O'* ground-state energy of independently 
dilating the s and / shells. He finds that stability occurs for an 
s shell contracted about 15% relative to the # shell. Note added in 
proof.—Jancovici’s expression for the exchange integral K is in 
error and should be multiplied by the factor \1/Ao. This causes the 
two shells to be much more nearly equal in size. 

®L. I. Schiff, Phys. Rev. 98, 1281 (1955), discusses the data 
relevant to this transition, and the predictions of various theoret- 
ical models. 

7P. J. Redmond (private communication) has drawn attention 
to the fact that the lifetime of an excited s proton is in good agree- 


ment with the measured value. See also P. J. Redmond, Phys. 
Rev. 101, 751 (1956). 
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Proton-Induced Reactions in Na?*, Al?’, and Si*® 


BERNARD L. COHEN 
Oak Ridge National Laboratory,* Oak Ridge, Tennessee 


(Received January 9, 1956) 


Cross sections and excitation functions were measured for various reactions in Na, Al®’, and Si® induced 
by 32-Mev protons from the Berkeley linear accelerator. These are compared with measurements by 
Reynolds and Zucker for reactions induced by 26-Mev N* ions in B®, N¥, and O"*; the same compound 
nuclei at the same excitation energies are involved. The N™-induced reactions in which nearly equal-mass 
nuclei are emitted have much larger cross sections than the corresponding proton-induced reactions; this 
indicates that the former do not proceed by fission of a compound nucleus. Various spallation reactions were 
observed to have comparable cross sections in the two types of bombardments. 





INTRODUCTION 


N contrast to the situation among the heavy ele- 

ments, nuclear fission in light elements is a highly 
endothermic process and hence would be expected to 
be a highly improbable mode of decay for a compound 
nucleus. However, Reynolds and Zucker,' in their 
studies of nuclear reactions induced by 26-Mev N" ions 
bombarding light elements, have reported several re- 
actions in which the disintegration products are of 
approximately equal mass, as well as a great many in 
which neutrons, protons, and alpha particles are 
emitted, as in the familiar spallation-type reactions. 
They and the present author? have compared the ex- 
citation functions for some of the spallation reactions 
with those of proton-induced reactions in which the 
same compound nucleus is involved, and found con- 
vincing evidence that those nitrogen-induced reactions 
are of the compound nucleus type. It is the purpose of 
this work to extend these studies to other cases, in- 
cluding several in which approximately equal-mass 
products were found in the nitrogen reactions. 


EXPERIMENTAL 


Bombardments were made with the 32-Mev proton 
beam of the Berkeley linear accelerator.’ The activities 
produced were determined by absolute beta counting 
with end-window geiger counters calibrated with a 
Ra D+E standard. Corrections for absorption, back- 
scattering, etc. were made by the methods of Zumwalt.‘ 
The integrated current was determined by measuring 
the charge collected in a Faraday cup. In cases where 
the materials bombarded were powders, they were 
wrapped in aluminum foils using manual spreading 


* Operated by the Union Carbide Nuclear Company for the 
U. S. Atomic Energy Commission. 

1 Reynolds, Scott, and Zucker, Proc. Natl. Acad. Sci. 39, 979 
(1953); H. L. Reynolds and A. Zucker (private communication). 
The author is greatly indebted to Dr. Reynolds and Dr. Zucker 
for communicating their results prior to publication. 

2H. L. Reynolds and A. Zucker, Phys. Rev. 96, 1615 (1954); 
Cohen, Reynolds, and Zucker, Phys. Rev. 96, 1617 (1954). 

’ The author is greatly indebted to Dr. L. W. Alvarez and J. D. 
Gow, University of California Radiation Laboratory, for the use 
of the UCRL linear accelerator and for their generous assistance 
and many courtesies. 

4L. R. Zumwalt, Atomic Energy Commission Report MDDC 
1346 (unpublished). 


techniques; thus there was some question about the 
uniformity in thickness. Different foils were used in 
each run, so that errors due to such variations would 
average out. The reproducibility of the data indicate 
that the thicknesses were uniform to within about 
20%. 

The nuclei studied were Na™, Al?’, and Si?*, which 
were bombarded as sodium metal and NaCl, as alu- 
minum metal, and as isotopically enriched® silicon 
metal and SiOz. 


RESULTS 
A. Sodium-23 


Na* bombarded by protons produces the same com- 
pound nucleus, Mg”, as is produced by nitrogen ions 
bombarding B”; 26-Mev nitrogen ions give the same 
compound nucleus excitation as 29.0-Mev protons. In 
the nitrogen bombardments, the activities found! were 
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Fic. 1. Excitation function for Na*¥(p,2an)O". 


5 Enriched stable isotopes were obtained from the Stable 
Isotope Division of this Laboratory. The author is greatly in- 
debted to Dr. P. S. Baker for preparing the silicon metal from the 
oxide. 
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Fic. 2. Excitation function for Na*(p,pna)F". 


2.1-min O", 112-min F'’, 10-min N®, and 20-min C#, 
all with cross sections at 26 Mev between 5 and 100 
millibarns. In the proton bombardments, only O'* and 
F'8 were found; the excitation functions for these are 
shown in Figs. 1 and 2. They can be explained as due to 
the spallation reactions (p,2an), which has an energetic 
threshold at 18.7 Mev, and (p,da) or (p,pna) which 
have thresholds at 19.5 and 21.8 Mev, respectively. The 
cross sections at 29 Mev are in reasonable agreement 
with those for the corresponding nitrogen-induced 
reactions. 

The upper limits for the N" and C" activities found 
are about 0.2 mb, which is less than one-twentieth the 
cross section for the corresponding nitrogen-induced 
reactions. 


B. Aluminum-27 


Al’ bombarded by protons produces the same com- 
pound nucleus, Si’*, as nitrogen ions bombarding N"; 
a proton energy of 29.0 Mev gives the same compound 
nucleus excitation as 26-Mev nitrogen ions. In the 
nitrogen bombardments, the activities found! were 
2.1-min O" and 10-min N", both with cross sections of 
about 5 millibarns at 26 Mev. In the proton bombard- 
ments, a 2-min activity was found with cross sections 
of 0.15 mb at 30 Mev, and 0.06 mb at 23 Mev. The latter 
is probably due to an impurity, so that if the impurity 
is assumed to contribute equally to the 30-Mev cross 
section, the O"* cross section is about 0.1 mb. This may 
be a valid measurement since it was obtained both with 
ordinary 2S aluminum and with very high purity 
aluminum.® (The 23-Mev cross section was 50% higher 


® The author is indebted to J. G. Gow for supplying the high- 
purity aluminum. 
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with the former.) It would be difficult to explain even 
such a small cross section as due to (p,3am) since that 
reaction has a threshold at 29.1 Mev; it may be that 
this is a fission reaction (energetic threshold = 16.4 Mev). 
At any rate, the cross section is at least 50 times 
smaller than that for the corresponding nitrogen 
reaction. 

A weak 10-min activity was found in the proton 
bombardment, but its cross section decreases with 
increasing energy. It is easily explained by the known 
copper impurity. The upper limit for the cross section 
for the N® activity is 0.05 mb, which is a hundred times 
smaller than the corresponding nitrogen cross section. 


C. Silicon-29 


Si*® bombarded by protons yields the same compound 
nucleus, P®, as nitrogen ions bombarding O'*; 26-Mev 
nitrogen ions give the same compound nucleus excita- 
tion as 27.5-Mev protons. In the nitrogen bombard- 
ments, the activities observed! were 112-min F!® and 
2.3-min Al**. In the proton bombardment, the Al** 
activity was produced in great abundance by the (p,2) 
reaction; the excitation function is shown in Fig. 3. 
Extensive side investigations were made to insure that 
the activity was not due to 0 produced by (p,pm) on 
oxygen impurities. 

The cross section for F'* production at 30 Mev was 
found to be 0.30.2 mb. This can be explained by a 
(p,3a) reaction, which has a threshold at about 23.5 
Mev, although it may be due to the fission reaction 
which has a threshold at 16.3 Mev. This cross section is 
about one-thirtieth of that of the corresponding ni- 
trogen-induced reaction. 
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Fic. 3. Excitation function for Si®(p,2p)AP*. 





PROTON-INDUCED REACTIONS IN 


CONCLUSIONS 


The principal conclusion from comparing these 
measurements with the nitrogen reaction measurements 
of Reynolds and Zucker! is that the nitrogen reactions 
leading to two products of nearly equal mass do not 
represent a fission of a compound nucleus. Presumably, 
some direct interaction is involved. 

A detailed discussion of the comparison between the 
excitation functions for these proton and nitrogen- 
induced reactions is presented elsewhere.’ 

7H. L. Reynolds and A. Zucker, Phys. Rev. 101, 166 (1956). 
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Self-Consistent Field Calculation of the Nuclear Boundary Diffuseness 


James D. TaALMAN* 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
(Received November 16, 1955) 


A lower limit to the nuclear boundary diffuseness parameter c, defined by fitting to the density a function 
of the form p=po{1+exp[(r—a)/o]}~, has been estimated by carrying out the first stage of a self-consistent 
field calculation. The result is in agreement with present experiments, but it is expected that succeeding 


calculations will yield an appreciably larger result. 


N order to obtain an estimate of the diffuseness of 
the nuclear boundary, the first stage in the calcula- 
tion of a self-consistent nucleon distribution has been 
carried out. A nonsaturating model of the nucleus was 
used, in which an attractive two-body Yukawa force 
between all pairs of nucleons was assumed. The calcu- 
lation was performed for a nucleus of atomic weight 
150. Since Coulomb forces were not taken into account, 
no check is made on the suggestion of Teller and 
Johnson! that neutrons and protons do not have the 
same distribution within the nucleus. The preliminary 
results suggest that the nuclear boundary may be even 
more diffuse than indicated by present experiments.? 
In the first stage of the calculation, it is assumed that 
the nucleons are uniformly distributed in a sphere of 
radius 
a= A*X1.5X10-" cm. 


The over-all nuclear potential is assumed to result from 
a two-body potential of the form*® 


V (i,t 2) = (3)40e?| r1—12| tenet, 
x= 2.5mc/e?, (1) 


where the factor } occurs as the average value of the 
Majorana exchange operator over all pairs of nucleons. 


* International Business Machines Corporation Predoctoral 
Fellow 1955-1956. 

1M. H. Johnson and E. Teller, Phys. Rev. 93, 357 (1954). 

2D. S. Saxon, Brookhaven National Laboratory Report BNL- 
331 (C-21) (unpublished), p. 37. 

7H. Feshbach and J. Schwinger, Phys. Rev. 84, 194 (1951); 
H. H. Hall and J. L. Powell, Phys. Rev. 90, 912 (1953). 


For a distribution of nucleons p(r), the potential due 
to this interaction is 


V(0)=208 f jee [e-eip(eae. (2) 


For a spherically symmetric distribution, the integra- 
tion over angles can be performed to give 


807? F 
len f p(r’) sinhxr’r’dr’ 
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Kr 


+ sinhar f eolrivar| (3) 
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Fic. 1. Energy level diagram obtained in the first stage 
of the self-consistent field calculation. 
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Fic. 2. Original uniform nucleon distribution (shown by broken 
line) and the first approximation to the self-consistent distribution. 
The dots indicate calculated points. 


If p(r)=3A/4ra® for r<a and p(r)=0 for r>a, the 
radial integration gives 


V(r) = — (3ACe/2x2a') 
X {1—[[(e/r)+ (1/cr) Je~** sinhxr}, r<a 
= — (3ACe/2x7a') 
X (xa coshxa—sinhxa)e~*"/xr, r>a (4) 
where C= 40. 


In order to approach a self-consistent field and 
density, the wave functions for particles in this field 
were calculated using a finite difference approximation. 
A mesh of 48 intervals with Axr=0.25 was used. In all, 
ten wave functions were calculated, and an energy 
level scheme as shown in Fig. 1 was obtained. 

A new nucleon distribution, shown in Fig. 2, was 
calculated using the wave functions obtained from the 
original potential. In self-consistent field calculations 
it is usual to average over the angular dependence. 
In this case the radial distribution only was calculated 
and the wave functions were normalized radially, i.e., 


J wora=t, (5) 


where y¥(r)/r is the radial factor of the nucleon wave 
function, and y(r) is the solution of the one-dimensional 
Schrédinger equation. The nucleon distribution is 
given by 

e(r)=Lwil¥s(r) |’, (6) 


where w; is the number of nucleons in the ith level. 
The levels are filled according to the shell-model 
assignments for a nucleus of 62 protons and 88 neutrons. 
Because of the deficit of protons the three highest levels, 
3s, 2d, and 1h, are not filled but contain respectively 
2, 10, and 18 neutrons, with the 2d level also containing 
4 protons. 

It is customary to define a boundary diffuseness 
parameter o by fitting to the density a function of the 
form 


p= po{1+exp[ (r—a)/o}}, (7) 


in which aand¢ are, respectively, measures of the nuclear 
radius and boundary diffuseness. The parameters giving 
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the best fit are a= 7.1 10-" cm and ¢=0.59X 10-" cm. 
As shown in Fig. 3, the calculated distribution is 
approximated quite well by a function of the form of 
(7) with these parameters. 

The over-all nuclear potential resulting from the new 
nucleon distribution has been calculated and is shown 
in Fig. 4 together with the original potential. It is 
observed that this potential drops off less sharply than 
the original one, and hence one would expect the next 
stage in the calculation to yield an appreciably more 
diffuse boundary. One also observes that the radius 
has decreased from 8.0X10-%cm to 7.1X10-% cm. 
This is probably due to the instability against collapse 
of the assumed model. 

Saxon’ gives an experimental value for o of 0.54 10-" 
cm which agrees well with the result of the first approxi- 
mation. However, as has been pointed out, one would 
expect the next stage in the calculation to give a some- 
what larger value for o and hence it cannot be concluded 
that the result agrees well with experiment. 

Other estimates of the nuclear boundary diffuseness 
have been made by Green‘ and Swiatecki.’ Green 
considers a square potential with an exponentially 
diffuse tail and calculated the diffuseness necessary 
to give the observed neutron and proton binding 
energies. His results are given in terms of a parameter 
6 (the tail length to the e~ point divided by the inner 
radius). This parameter is not readily comparable to ¢ 
but his result of 0.13<6<0.3 does not seem inconsistent 
with the present result. Swiatecki estimates the diffuse- 
ness from the surface energy. His estimate that the 
diffuseness region is between 6X 10-" and 8X 10-" cm 
thick is considerably larger than that obtained here. 

It is possible to estimate the total nuclear binding 
energy by calculating the sum of the potential energy 
of the new nucleon distribution and the total kinetic 
energy of the nucleons. The former contribution is 


if f p(e)V (—nidoleaddrudrs=3 f o(a)Vi(e)dr, (8) 


where V,(r) is the average potential calculated from 


p 
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Fic. 3. Calculated nucleon distribution together with the fitted 
distribution of the form p=po{1+exp[(r—2a)/o]}~ shown by the 
broken line. 


4A. E. S. Green, Phys. Rev. 99, 1410 (1955). 
5 W. J. Swiatecki, Phys. Rev. 98, 203 (1955). 





SELF-CONSISTENT FIELD CALCULATION 


the new nucleon distribution. The second contribution is 


> Wi, Ty) = 4 (Wi,E i)— (Vi, V opi) 


i=1 


A 
=> E- 


i=l 


f p(t)Vo(r)dr, (9) 


where V 9(r) is the original potential. Evaluation of these 
expressions gives, for (8), —4280mc? and for (9), 
—3950mc?+-7950mc’, or a total binding energy of about 
140 Mev, which is much too small. 

This discrepancy may be due to an inadequacy in the 
model used or to the neglect of exchange in the energy 
calculation. The use of antisymmetrized wave functions 
to overcome the latter defect does not, however, alter 
the nucleon distribution, so that the result obtained 
here is not necessarily in error. In any event, one would 
expect the boundary diffuseness to be chiefly deter- 
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Fic. 4. The original nuclear potential Vo(r) and the nuclear poten- 
tial obtained from the new nucleon distribution, V;(r). 


mined by the force range, which is a relatively certain 
parameter. 

The author wishes to thank Professor E. P. Wigner, 
who proposed this calculation, for his guidance. 
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Decay of Ca‘® and Sc**} 


D. W. Martin, J. M. Corx,* anp S. B. Burson 
Argonne National Laboratory, Lemont, Illinois 


(Received January 6, 1956) 


Ca* has been found to decay with a half-life of 8.9-0.2 minutes. It emits two principal beta components 
of energies 2.12+0.10 and about 1.0 Mev in coincidence, respectively, with gamma rays of 3.07+0.05 and 
4.04+0.06 Mev. The intensity ratio of these two branches is 8.5:1. The intensity of a possible ground-state 
beta branch is less than 1%, and that of a possible 0.98-Mev gamma transition between the 3.07- 
and 4.04-Mev levels is less than 3%. These data indicate that these excited states are respectively the 
single-particle 3 and fy levels available for excitation of the twenty-first proton in Sc. Sc is found to 
emit in turn a single beta component of energy 1.80+-0.10 Mev. 


I. INTRODUCTION 


NTIL recently little was known of the decay of 
Ca*® except for a report! that it emitted beta rays 
of 2.7 Mev with a half-life of 8.5 min. The daughter Sc 
has been reported? to emit a single beta ray of 2.00 Mev 
with a half-life of 57 min. The decay of Ca seemed 
to be of particular interest from the point of view of 
the single-particle model since the daughter Sc® nucleus 
has a closed shell of 28 neutrons and one proton outside 
the closed shell at 20. Beta-decay systematics*® indi- 
cated that there should be about 5 Mev of energy 
available for the decay. It seemed possible that one 
might see in this case the relatively pure single-particle 
excited states available to the twenty-first proton and 
expected to lie 3 Mev or more above the ground state. 
t This work was carried out under the auspices of the U. S. 
Atomic Energy Commission. 
* University of Michigan, Ann Arbor, Michigan. 
1E. der Mateosian and M. Goldhaber, Phys. Rev. 79, 192 
CED Koester, Z. Naturforsch. 9a, 104 (1954). 
3K. Way and M. Wood, Phys. Rev. 94, 119 (1954). 


A very recent report‘ has verified that this is indeed 
the case. Two gamma rays of 3.10 and 4.05 Mev were 
observed with intensities in the ratio 9.0:1. This is 
consistent with the belief that the excited states from 
which they originate are the p; and fy levels respec- 
tively, while the ground state is f7/2. One additional 
gamma ray was observed at 4.68 Mev with intensity 
indicating that 0.38% of the decays passed through the 
corresponding level. There was found to be no direct 
beta transition to the ground state. The highest energy 
beta component, leading to the 3.10-Mev excited state, 
was reported to be 1.95 Mev, giving a Q-value for the 
decay of 5.05 Mev. The half-life was reported to be 
8.75 min. The daughter Sc*® was found to decay 
with a period of 57.2 min and emit a single beta ray 
of 2.05 Mev.® 

4O’Kelley, Lazar, and Eichler, Phys. Rev. 102, 223 (1956). 

5 Note added in proof.—See also M. McKeown and G. Scharff- 
Goldhaber, reported in Nuclear Level Schemes A =40-92, edited 
by K. Way et al. (U. S. Atomic Energy Commission "Report 


TID- 5300, 1955). A gamma ray of 3.00 Mev is reported to be in 
coincidence with a beta ray of 2.0 Mev. 
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Fic. 1. Decay scheme of Ca® and Sc*®. 


Simultaneous independent studies at this Laboratory 
have led to results in essential agreement with the above, 
except for some discrepancy in the beta-ray energies. 
The improved results obtained since our preliminary 
report® are briefly summarized below. 


Il. EXPERIMENTAL RESULTS 


The gamma-ray spectrum was studied using 2}-inch 
cubic NaI(Tl) crystals and the Argonne 256-channel 
pulse-height analyzer. The spectrum observed in a well- 
collimated arrangement indicated only two gamma rays 
of energies 3.07+0.05 and 4.04+0.06 Mev and intensity 
ratio 8.5:1. The 4.68-Mev gamma ray reported by 
O’Kelley et al.,> was at first overlooked, but on closer 
examination the data are consistent with its existence. 
Our data indicate an energy 4.70.1 Mev and an in- 
tensity representing 0.8% of the decays. The entire 
pulse spectrum was found to decay with a half-life of 
8.9+0.2 minutes, except for a low-energy continuum 
due to Sc bremsstrahlung. Calibration was based on the 
4.45-Mev gamma ray of a Po—Be source, and on the 
gamma rays and sum peak of Na™. 

Pulse distributions taken in coincidence with each of 


§ Martin, Burson, and Cork, Phys. Rev. 100, 1236(A) (1955). 


CORK, 


AND BURSON 


the several peaks associated with these two gamma rays 
yielded no pulses above the random coincidence rate 
other than those due to annihilation quanta and back- 
scattered Compton quanta. In particular, the intensity 
of a possible 0.98-Mev gamma ray in cascade with the 
3.07-Mev radiation does not have an intensity in excess 
of about 3% of the latter. 

Beta-gamma coincidence absorption curves were ob- 
tained in which the beta rays were detected by an 
anthracene crystal. Beta rays of 2.12+0.10 Mev were 
found to be coincident with the 3.07-Mev gamma ray, 
and others of about 1.0 Mev were in coincidence with 
the 4.04-Mev gamma ray. The source was left undis- 
turbed until the Ca activity had disappeared, after 
which the absorption curve of the beta rays of the Sc*® 
daughter was obtained. The result gave an energy of 
1.80+0.10 Mev. The discrepancy between these results 
and those of O’Kelley et al.,* in the relative energies of 
the Sc and Ca beta rays is well outside quoted errors. 

Anthracene pulse distributions of the beta rays were 
in qualitative agreement with the absorption: results. 
From these distributions, the intensity of a possible 
5.2-Mev ground-state beta branch can be asserted to 
be less than one percent. Log/t values deduced from 
this fact and from the gamma-ray intensities indicate 
that all three transitions to the 3.07-, 4.04-, and 4.7-Mev 
levels are allowed, while the ground-state transition is 
at least 2nd forbidden. Also, the Sc beta transition is 
allowed. All these statements are fully consistent with 
the level assignments shown in Fig. 1. The assignments 
shown are just those predicted by the single-particle 
model, and are identical with those of O’Kelley et al. 
The lack of a strong 0.98-Mev transition between the 
4.04- and 3.07-Mev levels indicates that their assign- 
ments cannot be interchanged. Crude single-particle 
estimates’ of transition probabilities predict that a 
0.98-Mev M1 transition would be several times as 
probable as a 4.04-Mev £2 transition. 

The Q-value of the decay obtained from our results is 
5.19+0.12 Mev. 

Thanks are expressed to Dr. O’Kelley, Dr. Lazar, 
and Dr. Eichler for communication of their results in 
advance of publication. 


7V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 
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Angular Correlation in Os!**+ 


V. R. Pornis,* V. S. Dusey,f anp C. E. MANDEVILLE 
Bartol Research Foundation of The Franklin Institute, Swarthmore, Pennsylvania 


(Received January 12, 1956) 


The quantum radiations of Re!** have been examined with the aid of coincident scintillation spectrometers. 
In addition to those already known, gamma rays have been detected at energies of 1300 and 1770 kev. 
The spatial correlation function of the 480 kev-150 kev cascade has been determined and corresponds to 
a 2-2-0 scheme with E2 heavily mixed (99.56%) in M1 in the case of the 480-kev transition. 





INTRODUCTION 


HE radiations of the 18-hour Re'** have been 

previously studied with coincident Geiger 
counters! and beta-ray spectrometers,? and McMullen 
and Johns’? have proposed a decay scheme which 
includes seven gamma rays. In the present investiga- 
tion, the gamma-ray spectrum has been viewed with 
scintillation counters, and a correlation study has been 
carried out to determine the spin values of the first 
and second excited states of Os'**. 


THE MEASUREMENTS 


The 18-hour rhenium was formed by irradiation of 
four separate samples of metallic Re by slow neutrons 
for a period of two hours each in the Brookhaven pile. 
Owing to the short exposure time, little of the 96-hour 


Re'®* was produced. Measurements were usually 
commenced within ten hours after cessation of exposure 
and were continued for approximately thirty-six hours 
thereafter. 

The energy distribution of the gamma rays of Re'** as 
measured in a scintillation spectrometer of NaI(T]) is 
shown in Fig. 1. Absorbers were employed to reduce 
the intensity of the 150-kev gamma ray which is far 
more intense than the other quantum radiations 
present. Suppression of its intensity made possible 
utilization of a strong source for detection and study 
of weak radiations of higher energies. 

Photopeaks are present at energies of 150, 480, 630, 
820, 910, 1130, 1300, 1600, and 1770 kev. The same 
spectrum as observed sixteen hours later is also shown. 
From the extent of decay of the ordinates of the curve 
at all energies, it is clear that all gamma rays present 
have the same lifetime (about eighteen hours). It was 
noted that the relative heights of the various photopeaks 
were independent of the source to crystal distance, 


t Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

* Permanent address, Gwalior (M. B.) India. 

t On leave of absence from Agra College, Agra, India. 

1 Mandeville, Scherb, and Keighton, Phys. Rev. 74, 888 (1948). 

2L. C. Miller and L. F. Curtiss, Phys. Rev. 70, 983 (1946); 

L. J. Goodman and M. L. Pool, Phys. Rev. 71, 288 (1947); Cork, 
Shreffler, and Fowler, Phys. Rev. 74, 1657 (1948); ); Beach, Peacock, 
and Wilkinson, Phys. Rev. 76, 1585 (1949) ; Richmond, Grant, 
and Rose, Proc. Phys. Soc. (London) 65A, "484 (1952); M. W. 
Johns, Can. J. Phys. 31, 225 (1953); C. C. McMullen and M. W. 
Johns, Phys. Rev. 91, 418 (1953). 


showing that none resulted from additive simultaneous 
detection of two or more gamma rays of lower energy. 

All the gamma rays previously re, orted by McMullen 
and Johns were detected in the present investigation. 
In addition, gamma rays were also observed at energies 
of 1300 and 1770 kev. The previously reported? complex- 
ity of the peak at ~630 kev was studied with application 
of coincidence techniques. Using channel widths of 
one volt, one channel of the coincidence spectrometer 
was fixed at 150 kev whereas the other channel was 
moved through the region of energy extending from 
470 to 700 kev. The 480-kev gamma ray was found to 
be coincident with the 150-kev gamma ray as shown in 
Fig. 2(A). In Fig. 2(B), the peak of the coincidence rate 
appears to be shifted to an energy greater than 630 kev, 
indicating the presence of more than one gamma ray. 
From the gamma-gamma coincidence rate, it was 
possible to estimate that the 660-kev transition had 
an intensity of less than 2% of the 630-kev 
transition. The conversion coefficients of the 630- and 
680-kev gamma rays have been neglected in making 
this comparison of intensities. The relative intensities of 
the unconverted quantum radiations have been 
estimated, taking into account absorption of the 
radiations in all materials intervening between the 
source and the crystalline Nal(Tl), the variation with 
energy of the detection efficiency of the crystal, and the 
similar variation of the photopeak to Compton cross- 
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Fic. 1, Energy spectrum of the gamma rays from Re!®. 
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Fic. 2. Gamma-gamma coincidences in the decay of Re!®*"with 
one counter fixed at the photopeak of the 150-kev radiation. 


Curve A, with the moving counter in the region of 480 kev; 
Curve B in the vicinity of 660 kev. 


section ratio. The relative intensities of the gamma 
rays are given in Table I. 

The angular correlation of the 480 kev-150 kev 
cascade has been measured using pulse-height selection 
in either channel. The lifetime of the 150-kev transition 
has been reported* to be 6.5X10-" sec; so an unper- 
turbed correlation would be expected. Since the 
nucleus of Os'** is even-even in character, and since the 
cross-over transition of the 480 kev—150 kev cascade is 
present, the spins of the first and second excited states 
might be expected to be each 2+. The resolving time 
of the coincidence circuit employed in the correlation 
study was 0.2 ysec. The fixed counter was set at the 
photopeak of the 150-kev gamma ray, and counts 
falling in a channel width of a single volt were accepted. 
The other counter was so arranged as to count in a 
4-volt channel width pulses falling in the photopeak 
of the 480-kev gamma ray. 

The source was metallic rhenium contained in a small 
carbon cylinder which was sufficiently thick to stop all 


TABLE I. Energies and relative intensities of the 
gamma rays of Re'®, 








Relative 
intensity 


Gamma-ray 
energy (kev) 


150 101.0 
12.0 
16.0 











3 A. W. Sunyar, Phys. Rev. 95, 626(A) (1954). 
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beta rays of Re'**. The use of carbon as an absorber 
for beta rays minimized production of external brems- 
strahlung. The distance of the source from the face of 
each crystal was 6 cm, and the half-angle of the detect- 
ing system was 12.5 degrees as measured with the use 
of the annihilation radiation of Na”. Measurements 
were carried out at five angles, the moving counter 
being placed at intervals of 22.5 degrees between the 
angles of 90 and 180 degrees with the axis of the fixed 
counter. Coincidences and single counts were accu- 
mulated at each angle over a period of five minutes at a 
time. By moving through the range of angles repeatedly, 
decay corrections were eliminated. Gamma rays of 
energy greater than 480 kev are also coincident with 
the 150-kev radiation. Compton recoils of these gamma 
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Fic. 3. Angular correlation function of the 480 kev-150 kev 
cascade in the de-excitation of Os'**. On the interval extendin; 
from 157.5° to 180°, the curve of the E2—M1 mixture (99.56% 
£2) is coincident with the observed curve corrected for resolution 
of the detectors. Curve A, least-squares fit of observed points; 
Curve B is Curve A corrected for angular resolution of the 
detectors and replotted; Curve C, theoretical correlation function 
for decay scheme 2(£2)2(£2)0. Curve D is expected for 2(99.56% 
E2, 0.44% M1)2(E2)0. 


rays may also contribute to the coincidence rate, but 
this effect has been minimized by utilization of pulse 
height selection. Between seven and nine thousand 
coincidences have been collected at each angle. 

The results of the angular correlation measurements 
are shown in Fig. 3. The observed points are shown 
along with their indicated statistical errors. A “least 
squares” fit of the data yielded the function 


W (6)=1—0.97 cos*6+-1.08 cos‘#. 


The probable errors of the terms in cos@ are less than 
five percent. When this equation is modified for angular 
resolution, the correlation function becomes 


W (6) =1—1.20 cos*6+-1.34 cos‘. 


The curves of the two preceding equations are plotted 
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in Fig. 3 along with the theoretically expected correla- 
tion function of a 2—2—0 spin sequence and pure 
quadrupole-quadrupole transitions. The observed anisot- 
ropy at 180°, 0.14, is greater than would be expected 
for such a cascade of transitions. Accordingly, a 
theoretical correlation function with the first emitted 
gamma ray a mixture of £2 in M1 to the extent of 
99.56%, has been plotted and appears to agree well 
with the observed correlation function corrected for 
finite angular resolution. Thus it is concluded that the 
480-kev gamma ray is a mixture of £2 in M1 with the 
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aforementioned percent of mixture. The mixing ratio 
was found to be positive, corresponding to a phase 
difference of 180° between the matrix elements of the 
two types of transition. 
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Gamma Radiation from Inelastic Scattering of Fast Neutrons 


by Isotopes of Tellurium, Nickel, and Copper* 
Rotr M. SINcLair 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 
(Received January 9, 1956) 


Gamma radiation from 4.4+0.1 Mev neutron bombardment of separated isotopes was observed with a 
single crystal NaI(T1) spectrometer. Gamma rays assigned to inelastic scattering are (energies in Mev): 
Te, 0.68+0.02, 1.38+0.04; Te!*, 0.76+0.02; Te™, 0.834+0.02; Ni5*, 1.0140.01, 1.4640.02; Cu®, 
0.65+0.01, 0.97+0.01, 1.34+0.03, 1.430.05; Cu®, 1.12+-0.02. A 1.35+.0.02 Mev gamma ray is assigned 
to Ni® by elimination. Relative yields of the gamma rays are given and their assignment to various excited 
states of the target nuclei is discussed. 


INTRODUCTION correlations of these gamma rays with quantities 
measured by other experimental methods. 

Gamma ray energies and yields can be used, together 
with general arguments based on nuclear systematics, 
to locate the excited states. These assignments cannot 
be unambiguous unless other data on the approximate 
location of the levels, preferably from measurements of 
the scattered neutron spectra, are available. The 
gamma ray energies can then be used to locate these 
levels accurately. 


HE study of fast neutron scattering by observa- 
tions of the de-excitation gamma rays has 
received considerable attention in the past few years. 
The technique has proved useful for monoisotopic 
elements with widely spaced excited states, so that the 
various gamma rays can be resolved with the commonly 
used scintillation counters. The use of enriched isotopes 
as scatterers now makes possible the study of poly- 
isotopic elements for which the gamma rays from the 
various isotopes in an elemental scatterer cannot be 
resolved because of instrumental overlap. The isotopic 
assignments that can be made allow more positive 


EXPERIMENTAL 


The experimental method has been described 
previously.! Neutrons of energy 4.4+0.1 Mev were 


TABLE I. Isotopic composition (percent) and weight (grams) of tellurium samples.* 








Tels 
Sample 
No. if 


0.042 
0.097 
0.027 
0.480 
0.502 
12.84 
82.32 
3.69 


8.72 


Tels Tei Tem 


Sample Sample 
No, 15 No, 2! 


0.013 0.039 
0.020 0.032 
0.020 0.020 
0.052 0.030 
0.077 0.051 
0.513 0.164 
21.07 1.88 
78.23 97.78 


4.65 3.35 


Tels 
Sample 
No. 14 


<0.001 
0.096 


Tels 
Sample 
No. 2¢ 


Tels 
Sample 
No, 2¢ 


<0.030 


Normal 
Te 





0.090 
2.47 
0.89 
4.74 
7.03 
18.72 
31.75 
34.27 


45.7 


0.045 
0.055 
0.043 
0.247 
1.33 
93.46 
3.95 
0.852 


3.19 


oo: 


co 
me NANE 
tin ROO R WE. 


7 
Weight 








* Other elements are present in negligible amounts. » Oak Ridge National Laboratory Lot No. CA296(ar). * FE644(a). 4 DX510(a). * FE645(a) 
f DX511 (a). © CA298(a). » DX512(a). ' FE647(a). 


* Assisted in part by the joint program of the Office of Naval Research and the U. S. Atomic Energy Commission. 
1R. M. Sinclair, Phys. Rev. 99, 1351 (1955). 
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TABLE II. Isotopic composition (percent) and weight 
ms) of nickel samples.* 





Normal Ni 


67.8 
26.2 


Isotope 


Ni5® 


Ni* sample> 


99.94 
Ni® 0.06 
Ni® vir 


1. 
a 
5. 





Ni* 
Weight 


21.182 4 








* Other elements are present in negligible amounts. 
> Oak Ridge National Laboratory Lot No. FJ669(a). 


TaBLE III. Isotopic composition (percent) and weight 
(grams) of copper samples.* 








Normal Cu 


69.09 
30.91 
43.5 


Isotope Cu® sample> 
Cu® 99.5 


Cu® 0.5 
Weight 32.682 


Cu® samplee 


2.60 
97.41 
9.953 











* Other elements are present in negligible amounts. 
> Oak Ridge National Laboratory Lot No. GT849(a).e GT850(a). 


produced by the bombardment of a deuterium gas 
target by deuterons accelerated in the Westinghouse 
electrostatic generator. A 1} in. X1} in. cylindrical 
NalI(TI) crystal, 6292 photomultiplier, and conventional 
electronics measured gamma radiation from various 
scatterers. The crystal was shielded from the neutron 
source by a 10-in. tungsten wedge. This spectrometer 
was calibrated with gamma rays of known energy from 
radioactive sources: Na” (0.511 Mev and 1.277 Mev), 
Cs? (0.662 Mev), and Sb™ (1.71 Mev).?~ In each 
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Fic. 1. Pulse-height curve obtained with normal tellurium 
sample. Neutron energy=4.4+0.1 Mev. Analyzer channel 
width= 1.0 volt. 


2 Muller, Hoyt, Klein, and DuMond, Phys. Rev. 88, 775 (1952). 
3D. E. Alburger, Phys. Rev. 76, 435 (1949). 
4N. H. Lazar, Phys. Rev. 95, 292 (1954). 
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case, gamma rays were chosen on each side of the one 
being measured, and the spectrometer calibration curve 
was interpolated linearly. 

Relative yields of the gamma rays were obtained by 
comparing the photopeak areas and correcting for the 
isotopic abundances, scatterer masses, and the energy- 
dependent photopeak efficiency of the spectrometer.® 
No corrections were made for multiple neutron scatter- 
ing or possible anisotropy of the gamma rays. 

Isotopically enriched samples of tellurium, nickel, 
and copper were obtained on loan from the Stable 
Isotopes Research and Production Division, Oak Ridge 
National Laboratory. Each sample was in the elemental 
form, asa block 1 in. X1 in. with a thickness determined 
by the amount and density. In the cases when two 
samples of a given isotope were furnished, they were 
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Fic. 2. Pulse-height curve obtained with Te!®* samples. Neutron 
energy = 4.4+0.1 Mev. Analyzer channel width= 1.0 volt. 


placed together to form a thicker 1 in. X1 in. scatterer. 
The sample having the greater enrichment of the isotope 
being studied was placed nearer the NalI(TI) crystal. 
Tables I-III give the results of mass spectrographic 
analyses of the samples, as reported by Oak Ridge 
National Laboratory. Also shown are the compositions 
and weights of normal isotopic scatterers used for 
comparison. 


RESULTS 


Figures 1-4 show typical pulse-height curves obtained 
with the normal and enriched tellurium samples. No 
gamma rays could be detected from the small Te!” 
sample. 

Table IV lists the energies and yields of the gamma 
rays assigned to neutron inelastic scattering. Radiation 


~ § Woodbury, Tollestrup, and Day, Phys. Rev. 93, 1311 (1954). 
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of ~0.51 Mev was observed from all the samples, and 
is presumably annihilation radiation. No other gamma 
rays were detected. Some weakly excited gamma rays 
reported previously*.’ could not be observed from these 
small samples. The figures for the relative isotopic 
cross section for production of each gamma ray are 
normalized for each element. Errors quoted are twice 
the probable errors of the average of a number of 
measurements, to allow for systematic errors. 


DISCUSSION 
Tellurium 


Other observers using normal tellurium report gamma 
rays of energy 0.72, 1.10, 1.43, and 2.30 Mev.® All the 
curves using Te scatterers, a C scatterer, and those 
using no scatterer showed a peak at ~ 1.05 Mev in the 
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Fic. 3. Pulse-height curve obtained with Te!* samples. Neutron 
energy =4.4+0.1 Mev. Analyzer channel width= 1.0 volt. 


present work, which is ascribed to neutron interactions 
in the NaI.* Another background peak at ~1.7 Mev, 
present on all the curves, masked any radiation from 
the second states in Te!* and Te. 

The gamma rays from Te'*® correspond in energy to 
ground-state transitions from the first and second 
excited states, which are known from studies®® of the 
decay of I'**. This other work has shown, however, that 
when the second level is formed by electron capture, it 
decays to the first state by emission of a 0.74-Mev 
gamma ray about ten times as often as by the cross over 

6 Scherrer, Allison, and Faust, Phys. Rev. 96, 386 (1954). 

7R. B. Day, International Conference on Peaceful Uses of 
Atomic Energy, A/Conf.8/P/581, 1955 (to be published), and 
references cited therein. 

8M. L. Perlman and Joan P. Welker, Phys. Rev. 95, 133 (1954). 


® Koerts, Macklin, Farrelly, van Lieshout, and Wu, Phys. Rev. 
98, 1230 (1955). 
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Fic. 4. Pulse-height curve obtained with Te!™ samples. Neutron 
energy =4.4+0.1 Mev. Analyzer channel width= 1.0 volt. 


to the ground state. In the present work, this 0.74-Mev 
radiation would be expected to be (0.2/0.6) 103 
times as intense as the 0.68-Mev gamma ray. The 
photopeak from the latter has only a small tailing on 
the high side, which can be accounted for by the Te'® 
present in the sample. Any 0.74-Mev gamma ray from 
Te"* can be, at most, a few percent as intense as the 
0.68-Mev radiation. This suggests that the 1.38-Mev 
gamma ray observed here is not a transition from the 
2+ second state in Te”®. Yet there is no a priori 
reason why the excitation of the 2+ second state in 
Te!¢ by fast neutrons should not be comparable to that 
of the 2+ first state. The reason for this anomaly is 
not apparent. 

The 0.76- and 0.83-Mev gamma rays from Te”* and 
Te are assigned to transitions from the first excited 
states. These agree with the values of 0.75 Mev and 
0.85 Mev for these states found by Coulomb excitation 


TaBLE IV. Gamma radiation from neutron inelastic scattering. 








Relative isotopic cross section 
(normalized to the most intense 
gamma ray from each element) 
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using 6.5 Mev alpha particles. Figure 5 shows the 
energy of the first levels of the various tellurium 
isotopes, as determined by these and other experiments, 
and illustrates the behavior expected as the number of 
neutrons approaches 82." 


Nickel 
The previously reported®7-” 1.35-Mev and 1.46-Mev 
gamma rays were both observed from a normal nickel 


#0 G. M. Temmer (private communication). 

4 P. Stahelin and P. Preiswerk, Nuovo cimento 10, 1219 (1953); 
G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 

#2R. M. Kiehn and C. Goodman, Phys. Rev. 95, 989 (1954). 
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sample, while only the latter was emitted by the Ni** 
sample. The 1.46-Mev gamma ray is therefore assigned 
to Ni*® and the other, by elimination, to Ni®. These 
confirm assignments’ made on the basis of energy 
comparison with the known first levels in Ni**® at 
1.453 Mev™ and Ni®™ at 1.3325 Mev." The 1.01-Mev 
gamma ray, detected from both the normal nickel and 
Ni®® samples, is tentatively assigned to the second- 
first state transition in Ni®*. 


Copper 


The gamma rays observed from Cu® and Cu® have 
been reported previously.*’ The present isotopic 
assignments again confirm those made by energy 
comparison’ as ground-state transitions from known 
states in Cu® at 0.669, 0.968, 1.326, and 1.410 Mev® 
and in Cu® at 1.12 Mev.® 
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A gamma ray of energy 510+2 kev and approximate intensity 7X 10~ quanta per decay is emitted in 
the alpha decay of Rn™. A gamma ray of energy 542-+2 kev and approximate intensity 2.510‘ quanta 
per decay is emitted in the alpha decay of Rn™. The intensities are considered accurate only to within a 


factor of two. 


HE alpha spectra of the radium and thorium 

emanations have been reported as simple, and 
no gamma rays were observed in the decay of these 
isotopes. Presuming that weak gamma rays, if present, 
might easily have escaped previous observations, we 
investigated the decay of Rn™ and Rn™ by the follow- 
ing arrangement. The emanation was left to accumulate 
in an air volume of a few cubic centimeters above a 
solution containing about one millicurie of radio- 
thorium or radium, respectively. In the case of radio- 
thorium, owing to the short half-life of the emanation 
(54.5 seconds) it was important to spread the solution 


t Work supported by the U. S. Atomic Energy Commission. 


in a thin layer on the bottom of a wide vessel, to allow 
the emanation to diffuse out of the liquid before decay. 
By opening a stopcock, the emanation could be quickly 
transferred through a long capillary tube to a previously 
evacuated, flat glass vessel placed immediately above 
an Nal(TI) crystal 2 in. in diameter and 1 in. thick. 
Visual examination and photographs of the pulses on 
an oscilloscope screen immediately revealed in either 
case a gamma-ray photopeak of about 0.5-Mev energy. 

With Rn™, the gamma ray decayed with the half-life 
of the emanation, indicating that it was emitted either 
in its decay, or in the decay of the short-lived (0.14- 
second) daughter nucleus, Po”*. To distinguish between 





DECAY OF Rn??? 


these alternatives, we performed a similar experiment, 
using a cylindrical glass tube 8 cm long, closed at 
either end by metal electrodes. One electrode was 
placed immediately above the scintillating crystal. 
By measuring the intensity of the 238-kev line of ThB, 
we found that the effect was enhanced by a factor of 
four when a potential difference of 1000 volts was applied 
to the electrodes, the one in contact with the crystal 
being the cathode; whereas a decrease of the effect by 
a factor of three was observed by reversing the polarity. 
These results are consistent with the geometry of the 
apparatus, if one assumes that all the active deposit 
occurs as positive ions and is collected at the cathode. 
Since the collection time of the ions at the pressure of 
about 10-cm Hg used in these experiments is short 
compared with the 0.14-second half-life of Po®!® (ThA), 
the intensity of the effect will be strongly influenced by 
the electric field if the line is emitted in the decay of 
Po*!®, whereas it will remain unaffected if the line is due 
to the decay of Rn*°. Experiments showed no change to 
within the statistical error of 10%, indicating that 
the line is emitted in the decay of Rn™®. 

In the case of Rn’, the intensity of the line remained 
constant for the first two minutes, showing that the 
gamma-ray is emitted in the decay of Rn” and not in 
the decay of the 3.05-minute daughter nucleus, Po*!® 
(RaA). After a longer time, the rapid growth of the 
strong lines of RaB and RaC made observations 
difficult. 

To measure the intensities of the lines, we compared 
them with the known intensities of lines of the decay 
products. In the case of Rn”, the channel of the 
scintillation spectrometer was set to cover the photopeak 
of the line, and the counts above background taken 
for three minutes after the emanation had been admitted 
to the glass vessel. After the emanation had completely 
decayed, the almost constant intensity of the 238-kev 
line of ThB was recorded. For this line the number of 
quanta per decay is known to be 0.7. Knowing the 
half-lives of the isotopes involved and the approximate 
efficiencies and percentages of pulses in the photopeak 
for each of the lines, we evaluated the intensity of the 
Rn™ line as 2.5X 10~ per decay. Owing to uncertainty 
of these correction factors under the poor geometry 
used, this value may be considered accurate only to 
within a factor of two. 

In the case of Rn”, the photopeak of the radon line 
was compared with that of the 352-kev line of RaB. 
Both lines were measured simultaneously using two 
single-channel pulse analyzers, readings being taken 
every 30 seconds for 3 minutes after the emanation had 
been admitted into the vessel. The intensity of the 
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RaB line increased with time in excellent agreement with 
calculations based on the known mean lives, while 
the intensity of the radon line remained constant. 
From the count of the RaB line in the first three 
minutes, the equilibrium intensity (too strong to be 
directly measured) was calculated. The uncorrected 
ratio of the intensities of the RaB and radon lines was 
1200. When one corrects for the aforementioned 
factors, this ratio becomes 700. The absolute intensity 
of the 352-kev line of RaB is not accurately known. 
However, it is clear from the work of Ellis! and Muller, 
Hoyt, Klein, and DuMond,’ that: (1), the gamma-ray 
spectrum of RaB mainly consists of three strong lines 
at 242, 295, and 352 kev; (2), all or nearly all beta 
decays lead to excited states; (3), the conversion 
coefficients of these three lines are low. Attempts to 
observe coincidences between any pairs of these lines 
showed us that they are not in cascade. We conclude 
that the sum of the intensities of the three lines is 
approximately one. An estimate obtained from an 
incompletely resolved scintillation spectrum showed 
that the intensity of the 352-kev line is about the same 
as that of the two other lines together, hence about 0.5. 
This value would yield an intensity of 7X10~ for the 
radon line. In view of many uncertainties in the correc- 
tion factors, the result may also be in error by a factor 
of two. 

Energy measurements were performed on oscilloscope 
photographs and, more accurately, by means of a 
20-channel Atomic Instrument Company pulse ana- 
lyzer, using the annihilation radiation and the 609-kev 
line of RaC as standards. The results are 542+2 kev 
for the Rn” line and 510-+2 kev for the Rn™ line. 

Within the accuracy of our experiments, the energy 
of the radon line could not be distinguished from that 
of the annihilation radiation. Although positron emission 
in alpha decay seems unlikely, we tested the radiation 
for coincidences. The totally negative result proves that 
it is a nuclear gamma ray. 

In either decay, the observed energy almost certainly 
corresponds to the first excited state in Po” and 
Po*'8, respectively. The position of these levels fits the 
trend of the energy of the first excited state as function 
of neutron number in that region, as indicated by the 
two Po isotopes, Po* and Po”, for which excited 
states were previously known.’ Failure to observe 
higher energy lines in either case indicates that excita- 
tion of higher levels must be weaker by at least a 
factor of ten. 

1C. D. Ellis, Proc. Roy. Soc. (London) A138, 318 (1932); 
A143, 350 (1934). 


2 Muller, Hoyt, Klein, and DuMond, Phys. Rev. 88, 775 (1952). 
3G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 
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The continuous gamma-ray spectra (inner bremsstrahlung) accompanying orbital electron capture in 
Ni®, A*’, and Fe® have been studied with the use of a scintillation spectrometer of NaI(T!). The shape of 
the spectrum of Ni® has been found to correspond to a second forbidden spectrum (AJ=2, No) and is 
distinctly different from that of an allowed one. The parameter, A, of the correction factor, C2.,7, is 
approximately 0.33; the value of A;;/7;;, for a pure tensor interaction, is (—6). The probability of emission 
of a photon of energy greater than 100 kev has been shown to be 1.4+-0.4 times the theoretical value 

The spectrum of A*’ has an allowed shape at energies as low as ~35 kev, and the ratio of emission 
probabilities Piexp)/Pitheoret) is 1.05+-0.25 for the region of energy lying above 35 kev. The spectrum of 
Fe* has been compared with the calculations of Glauber and Martin. In this case, the value of Prexp)/Ptheoret) 


is 1.1+0.3 at higher energies. 





INTRODUCTION 


HE inner bremsstrahlung of the electron capture 
process have been investigated in the case of 
several activities.'~? Since the experimentally observed 
spectra of Cs, Ge”, and Fe®> have been shown*~’ to 
be in disagreement with the early theory of Morrison 
and Schiff, further theoretical studies have been 
carried out by Glauber and Martin. Their calculations 
are in better agreement with experimental observations. 
The spectra of A*’ and Fe®* have been investigated 
previously.'~* It has been generally concluded that the 
characteristics of the spectrum of A® are in good 
agreement with theory® in the energy region extending 
from 300 kev to the end point. The spectrum of Fe*® 
has been studied by Madansky and Rasetti.® At 
quantum energies below ~30 kev, a sharp rise in 
intensity was enountered which is similar in nature to 
the effects observed®:’ in Cs"! and Ge”. From a con- 
sideration of the lifetime of the decay (8X 10* yr) and 
the ground-state orbitals of Ni® (3/2) and Co™ (f72), 
as predicted by the shell model, the transition is 
expected to be second forbidden. In the measurements 
of Emmerich ¢ al., no significant deviation of spectral 
shape from that of an allowed transition was observed 
in the energy interval extending from 300 kev to 1060 
kev. 

In the present investigations, the gamma-ray spec- 
trum of Fe®® has been compared with the calculations 
of Glauber and Martin® who have chosen more exact 
wave functions for the electrons than the plane waves 


ft Assisted by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 
* Research Fellow, Bartol. Present address: Department of 
—_ Energy, Government of India, Apollo Pier Road, Bombay 
, India. 
‘1H. Bradt et al., Helv. Phys. Acta 19, 222 (1946). 
? D. Maeder and P. Preiswerk, Phys. Rev. 84, 595 (1951). 
*C. A. Anderson and G. W. Wheeler, Phys. Rev. 90, 606 (1953). 
‘Emmerich, Singer, and Kurbatov, Phys. Rev. 94, 113 (1954). 
5 L. Madansky and F. Rasetti, Phys. Rev. 94, 407 (1954). 
* B. Saraf, Phys. Rev. 94, 642 (1954). 
7B. Saraf, Phys. Rev. 95, 97 (1954). 
® P. Morrison and L. I. Schiff, Phys. Rev. 58, 24 (1940). 
*R. J. Glauber and P. C. Martin, Phys. Rev. 95, 572 (1954). 


of earlier calculations. They have also calculated the 
extent of contributions resulting from the capture of 
the s- and p-electrons of the L-shell. 

The probability of radiative capture has been meas- 
ured in the case of the three elements under discussion 
in this paper. Special attention has been given to 
determination of the detection efficiency of the crystal 
for the continua, taking into account source volume, 
etc. The actual disintegration rates were determined 
by noting the number of K-capture events in a propor- 
tional counter. 


NICKEL-59 


The half-period® of Ni® is approximately 8X 10‘ 
years. It is therefore difficult to obtain a source of 
sufficient specific activity that the inner bremsstrahlung 
spectrum can be readily studied. If naturally occurring 
nickel is irradiated by thermal neutrons, two long-lived 
activities, Ni® and Ni®, are produced. The decay of 
Ni® proceeds with emission of negatrons of end-point 
energy 65 kev. No gamma rays are associated with this 
activity. In order to investigate the low energy region 
of the gamma-ray continuum of Ni®, it is necessary to 
reduce to a minumum the amount of Ni® present, 
since the bremsstrahlung associated with the beta 
rays might interfere with the measurements. With 
this fact in mind, a sample of nickel, enriched in Ni*® 
to the extent of 99.94%, was obtained from the Iso- 
topes Division of the U. S. Atomic Energy Commis- 
sion at Oak Ridge. This material was irradiated in the 
Arco pile for a time of 15 days. The resulting source 
contained several activities other than Ni®, e.g., 
Co®’, so that a thorough chemical purification was 
necessary. Practically all the active impurities were 
removed by precipitations with various carriers such 
as Fe, Co, Cu, etc. Finally, Ni was precipitated by 
addition of dimethylglyoxine. Five successive precipita- 
tions were performed, and the material was finally 
converted to NiO. 


% Brosi, Borkowski, Conn, and Griess, Phys. Rev. 81, 391 
(1951). 
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ELECTRON CAPTURE DECAY OF Ni*®®, 


The radioactive source used for the study of the inner 
bremsstrahlung of Ni® was formed by pressing 743 mg 
of powdered NiO into an aluminum ring of inner 
diameter 1.8 cm and thickness 0.3 cm, which was 
covered on either side with aluminum foil of thickness 
7 mg/cm?. A cylindrical crystal of NaI(Tl), 3.5 cm 
in diameter and 3.5 cm in height, was used for detection 
of the gamma-ray spectra. The source of Ni® was 
placed at a distance of 2 mm from the crystal surface, 
coaxial with the crystal itself. Absorbing thicknesses 
of 35 mg/cm? of Al,O; and 23 mg/cm? of Be intervened 
between the source and the crystal. The pulse-height 
spectrum of the inner bremsstrahlung of Ni®, as 
observed in this geometry, is shown in Fig. 1, curve A. 
Most of the experimentally obtained points have a 
statistical accuracy of two to three percent, except 
near the end point where the statistical errors become 
as great as 6%. In computing the probable errors, 
the presence of the background count was properly 
taken into account. 

The theoretical investigations of Glauber and 
Martin’ and the experimentally observed shapes of the 
spectra*’ of Cs!!, Ge”, Fe®5, and A®’ show that devia- 
tions of spectral shape from the allowed form of 


N(x)«x(1—x)?, x=E/Ep, 


where E is the quantum energy, and £, the total 
disintegration energy, occur only in the region of 
energies near that of the K x-rays. According to the 
evidence cited above, the spectral distribution to be 
expected for Ni® would be proportional to x(1—-)? in 
the region of energy extending from ~50 kev to the 
end point at 1060 kev. Emmerich, Singer, and Kurbatov‘ 
have investigated the shape of the gamma-ray spectrum 
of Ni® in the interval of energy between 320 kev and 
the end point, finding no deviation from the expected 
distribution. With the aforementioned theoretical and 
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Fic. 1. Curve A, observed plus-height distribution of the 
gamma rays of Ni®. Curve B, theoretical shape of the allowed 
transition for an end-point energy of 1060 kev, modified to take 
into account the experimental conditions. 
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Fic. 2. Modification of the theoretically predicted spectral 
shape for Ni® to resemble that expected to be observed. For 
details, see text. 


experimental results in mind, a detailed comparison 
of the gamma-ray distribution of Ni® with the expres- 
sion x(1—«)? has been carried out. The measurements 
have been extended to very low quantum energies, and 
a comparison of the observed spectrum of Ni® with the 
form x(1—.x)* has been effected. Such a comparison can 
be made by distorting the theoretically expected 
spectrum to take into account the experimental con- 
ditions; or conversely, the experimentally determined 
distribution can be corrected for the effects of the 
various absorption processes and geometrical factors 
which are encountered in the course of detection of the 
quantum radiations. In analyzing the results under 
discussion in this paper, both types of analysis have 
been carried out. 

The procedure for working out the experimentally 
observable pulse-height distribution from the theoret- 
ically calculated spectrum for Ni® is illustrated in 
Fig. 2. The theoretically obtained spectrum for an 
allowed transition of the form x(1—<)? is represented 
by curve A, assuming an end-point energy for Ni® of 
1060 kev. The same distribution, corrected for variation 
of detection efficiency as a function of quantum energy, 
is shown as curve B. The spectral intensities of curve B 
have been decomposed into two curves to show full- 
energy absorption and Compton absorption. The 
resulting distributions are shown in curves C and D. 
The area under curve C has been properly reduced to 
take into account escape of the x-rays of iodine. The 
contribution resulting from x-ray escape to the region 
of low energy is shown in curve E. The final pulse- 
height spectrum is shown in curve F. In altering, as 
in the foregoing, the theoretically expected spectrum 
to conform to the experimental conditions, the Gaussian 
distribution of pulse heights relating to a single quantum 
energy has not been taken into account. This correction 
has been adjudged significant only in the region of the 
iodine escape peak and near the end point of the 
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spectrum. In the particular counting arrangement 
employed, the full-energy peak of the 662-kev gamma 
ray had a full width at half-maximum of 8% in 
energy. The following paragraphs describe in more 
detail the operations performed to obtain the curves of 
Fig. 2. 

In order to determine how the detection efficiency of 
the crystal varied with quantum energy for the source 
geometry employed, a series of careful measurements 
were performed wherein monoenergic gamma-ray 
emitters such as Tl (430 kev), Cs’ (662 kev), Co** 
(810 kev), etc., were studied over the volume of 
the source. The detection efficiencies were determined 
by moving point sources along the axis perpendicular 
to the face of the crystal and outward from the same 
axis radially. The variations with energy of the over-all 
efficiency for detection of radiation emitted from the 
entire source volume was found to be within 3% 
of that of a point source at a distance of 0.4 cm from 
the crystal surface and on the axis of the crystal. The 
energy-dependent crystal detection efficiency for a 
point source on the axis of the crystal is given by 


1 a 
a-——| f sind (1— e~*#4 seot) dg 
(1—cos8)LJ'y 
8B 
+f sinO(1—¢-#(> eseb—a “yaa, 


where L is the crystal length, 2b the crystal diameter, d 
the source to crystal surface distance, and wz the linear 
absorption coefficient in NaI(Tl) for a gamma ray 
of energy E. The angles a and @ are, respectively, 
tan—[b/(d+L) ] and tan(6/a). This integral has been 
graphically evaluated and the results are shown in Fig. 
3. The detection efficiencies so deduced have been 
employed in obtaining curve B of Fig. 2. 

The ratio of the number of pulses in the full-energy 
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Fic. 3. Detection efficiency of the crystal as a function of quantum 
energy for a source distance of 0.4 cm along the crystal’s axis. 
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absorption peak to the total number of pulses of all 
sizes generated in the crystal has been previously 
determined*® at a number of gamma-ray energies for 
the particular crystal dimensions employed in these 
measurements. For a given gamma-ray energy, the 
value of this ratio was found to remain unchanged 
over the source volume. The ordinates of curve B of 
Fig. 2 were multiplied by this ratio to obtain curve C 
of the same figure. The area included between curves 
Band C has been redistributed in the form of Compton 
contributions to give curve D. The transformation of 
area X into area X’ is indicated in Fig. 2. The length of 
the strip X’ is determined by the maximum energy of 
the Compton recoil electron which can be knocked on 
by a quantum having the mean energy of the strip X. 
Observation of pulse height distributions arising from 
the monoenergic gamma rays of Mn™ (840 kev), 
Cs"87 (662 kev), Ru’ (498 kev), TI?” (430 kev), and 
Cr®! (320 kev) have shown that the assumption of a 
rectangular shape for the Compton distribution is 
justified. Curve £ of Fig. 2 follows from calculations for 
very poor geometry as given by Axel." Curve F, the 
resultant of all of the above cited modifications of the 
theoretically expected distribution to conform to the 
experimental conditions, is shown as curve B in Fig. 1. 
A comparison of the shapes of curves A and B of Fig. 1 
shows that if the observed and calculated spectral 
intensities are taken to be equal at low energies, a 
difference of as much as a factor of 2 develops at higher 
energies. Thus, there is definite evidence that the shape 
of the distribution for Ni® differs from that of an 
allowed spectrum. 

It is of interest to obtain from the experimental 
observations the exact shape of the energy spectrum 
of the photons which are emitted in the decay of Ni®. 
Before calculating the distribution it is necessary to 
consider to what extent the experimental observations 
may have been influenced by backscattering in the 
thick source itself. Compton scattering within the source 
will produce an appreciable number of pulses in the 
energy region extending from 150 kev to 300 kev. The 
number of pulses falling in this energy region were 
observed as the source backing was increased by adding 
successively three copper foils, each of thickness 120 
mg/cm?*. The data were extrapolated to zero absorber 
thickness to obtain results free of the effects of back- 
scattering. It was found that this correction attained a 
maximum of 3% at ~ 200 kev. 

To construct the energy distribution of the photons 
from the experimental observations, it is convenient to 
refer to the various curves shown in Fig. 2. Curve A, 
the observed distribution of Fig. 1, can be taken as 
corresponding to curve F of Fig. 2. In Fig. 2, it is seen 
that curve C and curve F coincide at high energies. 
Thus, a curve corresponding to curve B can be cal- 
culated for this energy region where coincidence occurs. 


4 P. Axel, Brookhaven National Laboratory Report BNL-271, 
1953 (unpublished). 
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From the difference in area between this latter curve 
and the observed pulse-height distribution, the high- 
energy porton of a curve corresponding to curve D of 
Fig. 2 can be constructed. Subtracting the area under 
this curve from the observed pulse-height distribution, 
the curve corresponding to curve C of Fig. 2 can be 
extended to lower energies. By utilizing this newly 
developed portion of this curve, the entire process was 
carried out repeatedly until the curve resembling curve 
B was constructed over the entire energy range. From 
this curve, a curve corresponding to curve A of Fig. 2 
can be calculated. These data are shown as “experi- 
mental points” in Fig. 4. The calculated allowed 
spectrum for Ni® is also shown. The areas under the 
array of points and under the allowed spectrum have 
been made equal on the energy interval extending from 
100 kev to the end point of the spectrum. The ordinate 
values of the experimental points give the absolute 
quantum intensity along the spectrum. The measure of 
the absolute disintegration rate which is required to 
calculate the absolute gamma-ray emission will be 
described subsequently. The corrected observed emis- 
sion is greater than the calculated absolute intensity 
of the allowed spectrum; therefore, it was necessary to 
multiply by 1.4 the ordinates of the allowed spectrum so 
as to equalize the area beneath it with that of the 
corrected observed distribution indicated by the points. 
The theory of bremsstrahlung spectra of forbidden 
transitions has been investigated by Cutkosky,” who 
has shown that as in the case of beta spectra, the shape 
of the inner bremmsstrahlung spectrum is of importance. 
The factor by which the allowed spectrum must be 
modified to give the forbidden shape is of the form 


Cas, r(x) ~?+A(1—x)?, 
where x has been previously defined and 
Aijst+(aZ/R)(3Tij+iRis) 7 
“| Aij+(aZ/2R) (37 ;+iR:;) 





The notation is that of Uhlenbeck and Konopinski." 
The second forbidden spectrum corresponding to 
\=0.33 is shown in Fig. 4 where the observed intensity 
at energies greater than 100 kev has been distributed 
according to the forbidden shape. If a pure tensor 
interaction is assumed, the value of A;;/7;; is found to 
be (—6). This result is to be compared with the 
positive values obtained from a study of negatron 
emitters." 

The spectrum of Ni® was further investigated at 
quantum energies of less than 100 kev. An attempt was 
made to estimate self-absorption in the source by 
interposing additional absorbers of copper and extra- 
polating to zero absorber thickness. Because of the 


2 R. E. Cutkowsky, Phys. Rev. 95, 1222 (1954). 
( 8 rf E. Uhlenbeck and E. J. Konopinski, Phys. Rev. 60, 308 
1941). 

“TD. C. Peaslee, Phys. Rev. 91, 1447 (1953). 
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Fic. 4. The points give the observed gamma-ray distribution 
for Ni® corrected for experimental effects. They are to be compared 


with an allowed spectrum of the form x(1—x)* and with the 
spectral shape to be expected for a second forbidden transition. 


low counting rate, only qualitative results were obtained. 
It appears that the bremsstrahlung spectrum of Ni® 
begins to increase in intensity at 40 kev and is continu- 
ing to rise at 25 kev. 

To obtain an estimate of the absolute intensity of 
the bremsstrahlung of Ni®, it is necessary to measure 
the source strength, the number of electron capture 
disintegrations per unit time. A proportional counter 
was used for this purpose. This counter had a cylindrical 
aluminum cathode of diameter 7.6 cm, of length 30 cm, 
and of thickness 0.038 cm. The anode was of tungsten 
wire. A circular hole of diameter 1.27 cm in the center 
of the cathode served as a window. The cathode was 
fixed within a brass chamber and electrically insulated 
from it. This outer shell was so arranged that the 
radioactive source could be mounted within it and the 
distance between the source and the cathode window 
accurately adjusted. A small source of NiO (area 0.25 
cm?, weight 1.27 mg) was placed upon Scotch tape and 
covered with a thin film of formvar. The source was 
placed at a distance of 2 centimeters from the cathode 
opening. The gas filling of the counter was a mixture 
of argon and methane, the ratio of the partial pressures 
being 4:1. The total number of counts in the peak of 
the cobalt K x-ray line was recorded at several different 
pressures of the gas mixture. To calculate the total 
number of K-electron capture disintegrations per unit 
time, the following factors were taken into account: 
(1) the solid angle subtended at the source by the 
aperture in the cathode; (2) the fluorescence yield'® of 
the K x-rays of cobalt; (3) absorption'® of the x-rays 
of cobalt in the source of NiO; (4) escape of the K 
x-rays of argon; (5) absorption of the x-rays of cobalt 
in the gas mixture between the source and the window 
of the cathode; and (6) absorption within the counter, 


that is, the efficiency of the counter. 


16 E. H. S. Burhop, The Auger Effect (Cambridge University 
Press, Cambridge, 1952). 
16 A Compton and S. K. Allison, X-Rays in Theory and 


Experiment (D. Van Nostrand Company, Inc., New York, 1935). 
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Fic. 5. Proportional counter spectra of the x-rays emitted 
in the decay of Fe® and Ni®. 


The absorption coefficient of the counter mixture was 
determined for the manganese K x-rays in the studies 
of Fe® to follow. The value of the absorption coefficient 
for the Co K x-rays was calculated from the simple 
equation 

he/us’ = (E'/E)*, 


where E and E’ are the energies of the Co and Mn 
K x-rays. 

The absence of any beta activity such as that of 
Ni® is indicated by the curve of Fig. 5. No counts in 
excess of background were detected on either side of 
the Co x-ray at any of several gas pressures. Taking 
into account the variation of peak width with quantum 
energy, the peak corresponding to the x-rays of Co 
emitted in the decay of Ni® is found to be somewhat 
wider than that to be expected when calculated from 
the width of the manganese x-rays. This additional 
width may result from the fact that the K, and Kg 
lines of Co are more widely separated than are the K 
lines of Mn. With this consideration in mind, the 
intensity of any Ni K x-rays present is estimated to 
contribute less than 4% of the area under the 
x-ray peak. The K x-rays of Ni would be emitted in 
the course of absorption of the beta rays of any Ni® 
which might be present in the thick source of NiO. 
From the Co x-ray intensity, the source strength of 
the 743 mg of NiO used in the gamma-ray measure- 
ments was estimated to be (9.41.5) 10® disintegra- 
tions per second. 

As previously indicated, the absolute probability of 
photon emission per disintegration per kev of quantum 
energy is shown in Fig. 4 in the energy interval extend- 
ing from 100 kev to the end point. It has been estimated 
that systematic errors in the source strength determina- 
tion and the absolute gamma-ray emission result in a 
probable error of 25% in the calculated probabil- 
ity of radiative capture. Thus, the ratio of the radiative 
capture probability in the second forbidden transition 


of Ni® to the same probability for an allowed transition 
is 1.4+0.4. 

The half-life of Ni® has been measured by several 
workers.!-!7 The reported values range from 7.5X 104 
to 8X 105 years. Although in the present investigation 
the half-life measurement was not the purpose, from 
the data available in regard to neutron flux and 
capture cross section, the half-period was computed to 
be (1.00.25) 10° years which agrees best with the 
value of reference 10. 


ARGON-37 


Gaseous A*’, produced by the Ca“(n,a)A*’ reaction, 
was obtained from Oak Ridge. The glass container was 
cylindrical in shape, of inner diameter 2 cm, of length 
4 cm, with a break-off seal at one end. This source was 
placed at a distance of 3 cm from the surface of the 
crystal, and coaxially with the axis of the crystal. 
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Fic. 6. The points are a plot of the observed pulse height 


distribution of A*’. The curve is of the allowed form x(1—-x)?, 
modified to take into account experimental effects. 


The pulse-height spectrum, observed in the above 
described geometry, is shown in Fig. 6. It was necessary 
to consider the effect of the geometrical configuration 
of the source upon the detection efficiency. The varia- 
tion of the counting rate with distance from the axis 
of the crystal in a plane 4 cm from the crystal surface 
was observed for a number of different quantum 
energies, and it was concluded that the variation of 
efficiency within the limits of the radius of the source 
and the energies contained in the spectrum of A*’ is 
not more than 4%. Thus, to a first approximation, 
the source may be considered a line source extending 
from 3 cm to 7 cm before the crystal and on its axis. 
The efficiency of the crystal was calculated from the 
expression given earlier for values of point source 
distance of 0.0, 0.4, and 1-7 cm. The results are shown 
in Fig. 7 for gamma-ray energies of 150, 250, 400, 600, 

17 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
497 (1953). 
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and 1000 kev. Because of the use of the graphical 
method of integration, the ordinates of the curves 
of Fig. 7 might be in error by as much as 2%. In 
Fig. 8 is shown the variation of the counting rate with 
the position of a point source on the crystal axis for 
the several quantum energies of Fig. 7. These curves are 
lettered A through E£ in order of decreasing quantum 
energy. These counting rates were obtained by multiply- 
ing the efficiency curves of Fig. 7 by the solid angle 
subtended by the crystal surface at the position of the 
source. Curve F shows the variation of solid angle 
alone with distance. The areas of Fig. 8 which are 
bounded by the counting rate curves, the distance axis, 
and the two ordinates at the source limits, are propor- 
tional to the integral values of the counting rates 
arising from a line source emitting gamma rays of the 
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Fic. 7. Detection efficiency of the crystal of NaI(T1) (diameter 
3.5 cm, length 3.5 cm) as a function of the source distance along 
the axis of the crystal. 


various quantum energies. The area bounded by curve 
F is proportional to the total intensity of radiation 
incident upon the crystal. The ratio of the area under 
any particular curve to the area under curve F gives the 
efficiency factor for any given quantum energy. The 
efficiency factor so calculated is shown in Fig. 9. 
Modification of the theoretical spectrum of the form 
x(1— x)? and an end-point energy of 820 kev is shown 
in Fig. 10. The procedure followed in obtaining the 
various curves of Fig. 10 has been previously described 
in the discussion of the spectrum of Ni*®. The solid 
curve of Fig. 6 is a reproduction of curve F of Fig. 10. 
The ordinates of the curve have been determined by 
distributing the observed intensity between 200 kev 
and the end point according to the shape of curve F, 
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Fig. 10. The agreement between the experimentally 
observed points and the modified theoretical curve is 
satisfactory. The excess over the theoretically expected 
values in the vicinity of 170 kev might be explained by 
(1) Compton scattering of photons by the glass envelope 
of the source, or (2) backscattering from the phototube 
and the surroundings. The spectrum was observed in 
the region of energy extending from 150 to 300 kev with 
addition of glass of a thickness about equal to that of 
the walls of the source containers. From these measure- 
ments, it was concluded that the effect (1) above must 
account for at least half the excess at low energies. 
Thus, it can be concluded that the quantum continuum 
of A*’ is of the form «(1— x)? in the energy region 
extending from ~35 kev to the end point. 

The strength of the source of A*” was determined by a 
proportional counter. The active gas was diluted by 
inert argon to a pressure of 75 cm Hg in a volume of 2 
liters. A small quantity of this mixture was admitted 
to a pressure of 1 mm into the proportional counter. 
The total pressure was subsequently increased to 40 
cm Hg by addition of argon and methane. Counts 
corresponding in energy to the K and L x-rays of 
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Fic. 9. Crystal detection efficiency for the distributed source of A?’, 
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Fic. 10. Modification of the theoretically calculated spectrum for 
A*’, of form x(1—-x)* and end point 820 kev. 


chlorine were recorded. From a consideration of the 
absorption coefficient of argon for these x-rays, it was 
possible to conclude that the counting rate arose almost 
entirely from Auger electrons. The results were cor- 
rected for the fluorescence yield (0.92). To correct for 
end effects of the sensitive volume of the counter, the 
counting volume was separated into two parts by 
dividing the wire into two parts held together by a 
small glass bead. The ratio of the two volumes so 
created was 2:1. End effects were eliminated by taking 
the difference count of the two sections. The source 
strength obtained from the measurements described 
above was (2.1+0.2)10* disintegrations per second. 
From this measurement and estimates of the absolute 
gamma-ray intensity, the ratio of the observed probabil- 
ity of emission to the theoretical value, in the region of 
agreement is calculated to be Prexp)/P (tbeoret) = 1.05 
+0.25. 

In a recent investigation,'* Lindqvist and Wu have 
also noted good agreement between the observed 
spectrum of A*’ and the theoretical calculations. 


TRON-55 


A source of Fe®' was obtained from Oak Ridge. The 
sample was converted to Fe,O; (about 5 mg in weight), 
deposited upon a thin film of mica, and covered over 
with formvar. At the time of the measurements, the 
source was approximately one and one-half years of 
age and contained no detectable trace of Fe®®. The 
radioactive material was placed at a distance of one 
centimeter from the surface of the crystal and on its 
axis. The experimentally measured points are shown in 
Fig. 11. They have been corrected for resolution, 
efficiency of the crystal in the geometry employed, 
iodine K x-ray escape, and absorption of the soft 
quanta in Al,O; and Be. The correction for Compton 
effect is negligible for the quantum energies emitted in 


18 T, Lindqvist and C. S. Wu, Phys. Rev. 98, 231(A) (1955); 
100, 145 (1955). 


the decay of Fe*®. The theoretically calculated spectrum 
of Glauber and Martin® is represented by the solid 
curve which is seen to be in excellent agreement with 
observation at energies greater than 100 kev. At lower 
energies, the measured spectral intensity is lower than 
calculated. This reduction may be related to the effect 
of screening upon p-electron capture as has been 
suggested.° 

The strength of the source of Fe®® was measured in a 
manner described in the case of Ni**. A strong source 
of Fe» was mounted in the side of the counter, at a 
distance of 7.6 cm from the cathode entrance. The 
counts arising from the K x-rays of Mn were recorded 
as a function of the gas pressure. The number of x-ray 
counts detected in such a geometry is given by the 
expression 


N= Noe-#4h(1— edie), 


where yu is the mass absorption coefficient, d the density 
of the gas, /,; the length of the entrance channel of the 
counter, /, the diameter of the counter, and No the 
number of photons emitted in the solid angle subtended 
at the source by the aperture of the counter. For the 
geometry employed, /,=/,.=7.6 cm. The counting rate 
will be a maximum when 


pdl,=log,2. 


Thus, » could be determined. 

After the measurement described in the foregoing, 
and after all gamma-ray studies had been completed, 
the source of Fe*> was dissolved in HCI and diluted to a 
volume of 5 cc. A carefully measured volume of 0.2 cc 
of this solution was used as a small source of Fe*®. 
This source was mounted at a distance of 3.5 cm from 
the aperture in the cathode of the counter, and the 
counting rate was observed at various pressures. Thus, 
the source strength could be calculated. The total 
source strength was found to be 7.2 10’ disintegrations 
per second. In the region of agreement of the theoret- 
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ical curve with the experimental pvints, the ratio of the 
observed radiative capture probability to the theoret- 
ically calculated one was found to be 1.10+0.25. 
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Elastic Scattering of 340-Mev Protons by Deuterons* 


OWEN CHAMBERLAIN AND Davip D. CLARKT 
Department of Physics and Radiation Laboratory, University of California, Berkeley, California 
(Received December 19, 1955) 


The differential cross section for the elastic scattering of 340-Mev protons by deuterons has been measured 
at eight angles from 30° to 150° in the center-of-mass system. A coincidence counting system using scintil- 
lation counters detected both product particles, the elastic effect being separated from the inelastic through 
identification of the scattered deuterons by photographically recorded pulse heights produced in a counter 
telescope. The resulting cross section is, at 30°, 2.2 mb/steradian; 40°, 0.89; 50°, 0.39; 70°, 0.11; 90°, 0.047; 
110°, 0.042; 130°, 0.047; and 150°, 0.099, in center-of-mass units. The total (statistical and systematic) 
errors range from 15 to 24%. The total elastic cross section is estimated to be 6.0+1.2 mb. Problems of 
interpretation using the impulse approximation are discussed; the sticking factor is calculated for three 
different »-p potentials. At scattering angles of 30° and 40° there appears to be very little interference 
effect between n-p and p-p scattering. The interference is perhaps slightly destructive. 


I. INTRODUCTION 


HE role of nucleon-deuteron scattering in the 
attempt to learn more about nuclear forces is 
threefold. First, it gives data on the scattering of 
nucleons by a simple nuclear system. Second, we expect 
that between the scattered waves from the two compo- 
nents of the deuteron there will be interference effects 
that will give us information as to the relative phases 
of the nucleon-nucleon scattering amplitudes. Third, 
as targets consisting of neutrons do not exist, neutron- 
deuteron scattering is our closest approach to n-n 
scattering, and a comparison of n-d and p-d scattering 
can answer the question of whether or not nuclear forces 
are charge-symmetric. Moreover, though nucleon- 
deuteron scattering is a three-body problem, theoretical 
treatment—at least for small angles of deflection—is 
possible at the higher energies by use of the impulse 
approximation. 
Experimental work to date in the higher energy 
region has been that of Ashby! (32-Mev p-d scattering; 
21 Mev available in the center-of-mass system); 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. A portion of this research was 
submitted as a thesis by one of us (D.D.C.) in partial satisfaction 
of the requirements for the Ph.D. degree at the University of 
California. 

t Now at Department of Engineering Physics, Rockefeller Hall, 
Cornell University, Ithaca, New York. For the major portion of 
~ research, a U. S. Atomic Energy Commission predoctoral 
ellow. 

1V. J. Ashby, University of California Radiation Laboratory 
Report UCRL-2091 (unpublished). 


Chamberlain and Stern? (192-Mev d-p; 63 Mev in c.m. 
system) ; Cassels, Stafford, and Pickavance® (145-Mev 
p-d; 95 Mev in c.m. system); and Schamberger* (240- 
Mev p-d; 156 Mev in c.m. system). The 90-Mev n-d 
(59 Mev in c.m. system) case has been studied both by 
Powell’ with cloud-chamber techniques and very 
recently by Youtz® with counters. The pick-up region 
(near 180°) of p-d scattering has been the subject of 
Bratenahl’ at energies from 95 to 138 Mev, and of 
Teem and Kruse® at 95 Mev. 

The experiment described here was undertaken be- 
cause of the usefulness of any additional high-energy 
scattering data, and in particular because the impulse 
approximation becomes increasingly valid with higher 
energy. The proton beam energy used was 340 Mev, 
the available energy in the center-of-mass system being 
218 Mev. 


II. GENERAL METHOD 


The process of measuring the cross section consisted 
of the measurement of the four quantities: D(@), the 
number of elastic p-d scattering events observed per 


20, Chamberlain and M. O. Stern, Phys. Rev. 94, 666 (1954). 

3 Cassels, Stafford, and Pickavance, Nature 168, 468 (1951). 

‘R. D. Schamberger, Phys. Rev. 85, 424 (1952). 

5W. Powell, University of California Radiation Laboratory 
Report UCRL-1191 (unpublished). 

*B. L. Youtz, University of California Radiation Laboratory 
Report UCRL-2307 (unpublished). 

7A. Bratenahl, University of California Radiation Laboratory 
Report UCRL-1842 (unpublished) ; Phys. Rev. 92, 538(A) (1953). 

5 J. M. Teem and U. E. Kruse, Phys. Rev. 95, 664(A) (1954). 
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unit integrated beam at the deuteron laboratory scat- 
tering angle 0; NV, the number of target deuterons per 
cm? measured in the direction of the beam; n, the 
number of beam protons per unit integrated beam, and 
0, the solid angle subtended at the target by the defining 
counter. The laboratory differential cross section is 
then 


a(0)=D(0)/NnQ. (1) 


The heart of the experimental problem is the method 
of detecting the events. A commonly used detection 
system for a scattering process involving two charged 
particles comprises (a) a “defining” counter, which 
determines the scattering angle under study and the 
solid angle accepted, (b) a “conjugate” counter, the 
angular position of which depends upon the kinematics 
of the process and the solid angle of which must be 
sufficient to include all partners of particles striking 
the defining counter, and (c) coincidence and scaling 
circuits. At the energy used here, however, this system, 
though effective in reducing general background and 
in aiding in identification of the process, is insufficient 
by itself to separate elastic p-d events from those 
inelastic ones in which the deuteron in the target is 
broken apart and two fast protons and a neutron 
emerge. 

Inelastic events are troublesome because the angle 
between the two emergent protons is distributed over a 
broad range of values that includes the angle character- 
istic of the elastic events. The broadness arises from 
the internal motion of the deuteron, as may be seen 
from an impulse treatment of the kinematics of the 
inelastic process (see Appendix). An oversimplified 
picture is that of the beam proton incident upon a 
moving target proton. Furthermore the ratio of inelastic 
to elastic cross sections, though dependent on 9, is 
always large, being of the order of ten at some angles. 
Consequently it is kinematically possible for inelastic 
events to produce coincidences in counters set at the 
proper angles for observing elastic scattering ; moreover, 
a non-negligible fraction of the total number of events 
recorded at such angles will be inelastic ones. 

Satisfactory separation of the two types of events 
can be achieved by a detection system which (in 
addition to detecting both emergent particles in coinci- 
dence) identifies the scattered deuterons as deuterons. 
This can be done by measuring two or more parameters 
of the particle, such as specific ionization, energy, range, 
momentum, etc. Each combination of parameters has 
advantages and disadvantages; for this experiment, 
specific ionization and energy were chosen. This system 
affords adequate separation of protons and deuterons, 
and the equipment necessary is light-weight and 
physically compact. The principal practical difficulties 
in its application arise from the requirement that the 
stopping power of the counter telescope used must be 
adjusted to the range of the deuteron to be detected; 
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for very small and very large deuteron ranges the 
method ceases to be feasible. 

In the system employed, the specific ionization is 
approximately measured by the pulse height produced 
in a counter that is thin compared to the range of the 
deuteron, and the total energy by the pulse height 
from a counter thick enough to stop the particle. These 
pulse heights are displayed on an oscilloscope screen 
and photographed. 


Ill, APPARATUS 


Figure 1 shows a schematic top view of the apparatus 
located in the bombardment area and a simplified block 
diagram of the electronic circuits. The source of the 
340-Mev protons was the scattered external proton 
beam of the 184-inch Berkeley cyclotron. Beam extrac- 
tion, collimation, and integration (the latter done with 
ionization chamber, condenser, and electrometer) were 
accomplished in essentially the same way with virtually 
the same equipment as that used by Chamberlain, 
Segré, and Wiegand® in their -p scattering experi- 
ments. The targets employed were several pairs of 
deutero-polyethylene [(CD.),] and carbon disks, the 
carbon targets being of thicknesses giving in most cases 
nearly the same number of carbon atoms per cm’, and 
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Fic. 1. Schematic top view of apparatus in bombardment area 
with simplified block diagram of electronic circuits. Telescope I 
of text depicted. Counters are: 1, defining; 2, specific ionization ; 
3, energy; 4, “pass-through” ; 5, conjugate. Further details in text. 


* Chamberlain, Segré, and Wiegand, Phys. Rev. 83, 923 (1951). 
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in the others about the same stopping power, as the 
corresponding CD, targets. A typical CD, target was 
0.13 g/cm? thick. 


A. Counters 


The deuteron counter-telescope had four different 
forms, dependent upon deuteron range. Telescope I, 
used for most angles (70° through 150° center-of-mass 
angles; deuteron ranges greater than 7 g/cm? of copper), 
consisted of four scintillation counters, which in the 
order seen by an incident particle were: a defining 
counter furnishing a signal for the coincidence circuit, 
a thin counter (“dE/dx counter”) to measure the 
specific ionization, a thick counter (“energy counter”) 
to measure the total energy, and a “pass-through” 
counter to give a signal when an energetic background 
particle did not stop in the energy counter. This last 
was included to aid in the reading of the film, as a 
major portion of the background protons were of large 
range compared to the elastic deuterons. Telescope IT, 
for 40° and 50° (c.m. system) (1.2 and 2.5 g/cm? range), 
consisted of three scintillation counters: one serving 
the double function of defining and dE/dx counter, 
one to measure the energy, and one as a pass-through 
counter. The first counter employed stilbene as the 
scintillator; as it was very thin, the light output was 
small, and the pulse-height resolution poor, making 
somewhat uncertain the separation of protons and 
deuterons. For comparison, Telescope ITI, being identi- 
cal to II except for the substitution of a NaI crystal in 
place of the stilbene, was later employed at 40° and 50°. 
Telescope IV, used at 30° (c.m. system) (0.45 g/cm? 
range), consisted of only one plastic scintillation 
counter; here separation of elastic and inelastic effects 
was carried out by other than dE/dx and E identifi- 
cation, which for several reasons—principally the short 
range—was not feasible. The method of separation is 
described below in the section on experimental pro- 
cedure. 

For some angles aluminum absorber was added to 
the telescopes to decrease the range of the incident 
deuteron. An aluminum absorber wedge was also used 
to bring the deuterons, whose energy varied with angle 
across the face of the defining counter, to approximately 
the same energy before entering the pulse-height 
counters. The wedge and absorber were placed between 
counters No. 1 and No. 2 in Telescope I, and in front 
of the entire telescope in Telescopes II and ITI. 

The areas of the counter faces were chosen so that 
only a negligible fraction of the deuterons entering the 
defining counter would be scattered out of the energy 
counter by multiple Coulomb scattering before stop- 
ping, even when the maximum amount of absorber was 
present. The dE/dx-counter thickness was chosen so 
that (a) the range bite was not so large as to make the 
energy loss unrepresentative of the specific ionization 
(and thus spoil the separation of deuterons from 
protons), and (b) the energy loss was not so small that 
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_ Fic. 2. Schematic diagram of Telescope I. Scintillator dimen- 
sions and intercounter spacings approximately to scale. All 
counters when viewed end-on were square, except pass-through 


counter, which was circular. Thicknesses in g/cm? copper equiva- 
lent. 
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the Landau effect and statistical fluctuations in the 
number of photoelectrons released from the photo- 
cathode would decrease the pulse-height resolution of 
the counter to a point that would mask the separation. 
Ideally the energy counter should have sufficient depth 
to stop the desired deuterons. However, the maximum 
deuteron range encountered in the experiment was 
44.7 g/cm? of copper, and it was not thought practical 
to construct a counter with good pulse-height resolution 
with that large a stopping power. Consequently, the 
energy counter in Telescope I was only 15 g/cm? 
copper equivalent in depth. 

Figure 2, which is a schematic drawing of Telescope I, 
indicates the general nature of the counters employed; 
the scintillator dimensions and intercounter spacings 
are drawn approximately to scale. The phosphor used 
in all counters, except those which have been otherwise 
described, was a liquid one developed by Kallmann”; 
0.3% p-terphenyl and 0.001% diphenylhexatriene (by 
weight) dissolved in phenylcyclohexane. 

Accurate pulse-height distribution curves for mono- 
chromatic particles incident on the counters were not 
taken for all counters. However, it may be stated that 
under the operating conditions encountered, the pulse- 
height counters had distributions of about 15% full 
width at half maximum, except for the stilbene and 
the plastic counters, which had about 25%. 

For the other coincidence counter, designated as the 
conjugate counter or proton counter, at different times 
either a stilbene or a liquid-phosphor counter was used. 
All photomultiplier tubes were magnetically shielded. 


B. Electronic and Photographic Apparatus 


Figure 1 depicts a simplified block diagram of the 
electronic circuits. Omitted from the figure are: (a) a 
second coincidence circuit fed by signals from the 
defining and conjugate counters but with one input 
delayed with respect to the other by 6X 10-* sec (by a 


#0 H. Kallmann and M. Furst, Phys. Rev. 81, 853 (1951). 
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length of coaxial cable) so that the output furnished a 
continuous monitor of the accidental coincidence rate"; 
(b) distributed amplifiers that were necessary at several 
points; and (c) scalers reading the outputs of both 
coincidence circuits, the number of sweeps triggered 
on the Tektronix model 517 oscilloscope, and the 
individual counting rates in the coincidence counters. 

The coincidence circuits employed were at different 
times a germanium diode circuit or a circuit essentially 
that of Garwin.” The effective resolving time of either 
circuit, which was limited by the width of the input 
pulses, was about 2X 10~* sec. 

The sweep of the oscilloscope was triggered by either 
the direct or delayed coincidence output as desired, 
and the number of sweeps was monitored by a scaler 
connected to the “gate output.” It was found impossible 
to adjust the trigger amplifier control so that the 
number of sweeps exactly equaled the number appearing 
on the coincidence scaler. However, the deuteron 
counting rate as seen on the film was found to be 
insensitive within statistics even to rather large dis- 
screpancies in the two readings. This merely implies 
that the deuterons were well on the counting plateau. 

The signals from the pulse-height counters were 
taken from the anode or last dynode of the phototubes 
(depending upon the sign of pulse desired), suitably 
delayed with respect to one another to separate them 
on the oscilloscope trace, and fed to the signal input of 
the oscilloscope through a common delay which con- 
trolled their position on the sweep. Regulated power 
supplies were used throughout the pulse-height circuits, 
and the stability as checked by a pulse generator was 
excellent. 

A brass hood coupled the oscilloscope face to a 
General Radio 35-mm oscilloscope camera, in which 
the film was moved continuously at an adjustable rate 
of about 1 foot per minute. The aperture used was //1.5. 
Easily developable traces were produced on Eastman 
Linagraph Pan film even at writing speeds of 200 cm 
per microsecond. The film was developed either in 
Eastman D-19 or concentrated Atkinson A-72 devel- 


oper. 
IV. EXPERIMENTAL PROCEDURE 


A. Procedure for Taking Data 


For each day’s. run, following alignment of the 
apparatus with the beam, the counters were set to 
observe p-p scattering from a CH; target, and a series 
of adjustments and tests of the electronic gear was 
carried out. Among these were the following. The 
coincidence rate due to hydrogen was observed as a 
function of the relative delay of one coincidence input 
with respect to the other (for both direct and delayed 
outputs) to check timing. The direct coincidence rate 

1 The fine structure of the proton beam determines the delay 
necessary. The particles emerge in bursts of about 0.5X10-* sec 


in duration with peaks separated by 6X 10- sec. 
2 R. L. Garwin, Rev. Sci. Instr. 24, 618 (1953). 
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was further observed to obtain counting plateaus with 
respect to phototube voltages by varying the voltage 
on each coincidence counter in turn. The beam intensity 
was then varied, and the coincidences per unit inte- 
grated beam (“integrator volt,” or “I.V.”’) were plotted 
vs beam intensity. This test revealed whether there 
was any systematic difference between the delayed 
coincidence rate and the actual accidental rate. The 
last adjustment made using the CH, target and p-p 
scattering was to observe on the oscilloscope the pulses 
produced in the pulse-height counters by these protons 
of known (calculated) energy, and to set the gains of 
amplifiers in the pulse-height system so that the pulses 
from deuterons to be recorded later in the day would 
be neither too small to be accurately read nor large 
enough to saturate any amplifier. A few of these p-p 
scattering pulses were recorded on film to furnish 
energy-loss calibration points. To determine the beam 
energy a “Bragg curve” was taken—the ratio of 
readings from two thin ionization chambers placed in 
the beam vs the amount of copper absorber inserted 
between the chambers. 

When these preliminary operations had been accom- 
plished, the CD, and associated carbon targets were 
put into place, the counters set at the desired angles 
and distances from the target, and elastic p-d scattering 
data recorded. For each angle film was exposed for 
each of the three targets (CDs, carbon, and no target, 
or “blank”) with triggering of the oscilloscope at 
different times from the direct and the delayed coinci- 
dence outputs—six arrangements in all. The bulk of 
running time was spent on CD» and carbon targets 
with direct triggering. 

Intermittent checks on the gain stability of the 
pulse-height system were made with a pulse generator 
or by reverting to a short run of p-p scattering. Two 
alterations were made in counter geometry to aid in 
establishing that the effect, the whole effect, and nothing 
but the effect was being measured. One consisted in 
increasing the solid angle subtended by the conjugate 
counter to check the adequacy of the solid angle 
normally employed, which was calculated for each 
scattering angle from simple geometrical considerations 
of beam diameter, defining-counter size and position, 
angular settings of counters, target angle to beam, and 
(to allow for multiple scattering) target thickness and 
proton and deuteron energies. Because of low counting 
rates and consequent large statistical errors, this test 
was not conclusive. Nevertheless, because the formulas 
used in calculating the solid angle were based on 
similar formulas used in previous work by Chamberlain 
and Stern, and by Chamberlain, Segré, and Wiegand, 
and because a liberal safety margin was allowed, we 
do not believe that more than a few percent of the 
proton partners to elastic deuterons striking the defining 
counter were not counted. The second alteration in 
geometry was to verify that the deuteron counting 
rate was peaked at the included angle for elastic events, 
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as calculated from relativistic kinematics, and zero to 
either side. Figure 3 shows the deuteron counts per 
integrator volt as a function of the angular setting of 
the proton counter. The peak is seen to exist and to be 
at the expected angle. A further identification of the 
elastic process was obtained by comparison of the 
calculated and observed deuteron energies, the latter 
as shown by the pulse heights. 


B. Procedure in Reading Film 


The developed film was read on a microfilm viewer, 
on the screen of which was superimposed a lucite grid 
with rulings every two mm. Typical pulse heights on 
the viewer were 10 to 60 mm high, and could be read 
to 1 mm. Figure 4 shows a typical section of film from 
Telescope I. A single high-energy proton or deuteron 
produced a pattern of two pulses (or three, if it had 
been energetic enough to pass through the energy 
counter) ; the relative spacings of the pulses were deter- 
mined by the artificial delays introduced for that 
purpose. When spurious pulses due to other particles 
were present on the sweep (as in the next-to-lowest 
sweep in the figure) the spacings and position of the 
pattern indicated which pulses should be read. 

The heights of the pulses from the dE/dx and energy 
counters were tabulated for each pattern (and the 
presence or absence of the pulse from the pass-through 
counter was recorded). The pair of numbers was plotted 
as a point on graph paper with dE/dx pulse height as 
ordinate and energy pulse height as abscissa. Patterns 
without a pass-through pulse were plotted as dots, and 
those with one as crosses. Figure 5 shows typical results 
(for Telescope I) when a little more than one hundred 
points were plotted: a CD» target was in the beam in 
this case. The general features of the plot are as follows: 
(a) a band identifiable as the locus of protons, (b) an 
“island” due to a group of nearly monoenergetic 
deuterons (from elastic p-d events), (c) a tail consisting 
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Fic. 3. Elastic peak as shown by the variation of the number 
of deuterons from CD, per integrator volt versus angle of proton 
counter with respect to beam. Deuteron counter was fixed at 54°. 
Angles in laboratory system. 
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Fic. 4. Typical section of film, showing shape and spacing of 
pulses: d indicates a deuteron, » a proton, b a blank sweep (no 
particle) and x a pass-through (a particle not stopped in the 
energy counter). 


almost entirely of points from patterns including a 
pass-through signal (crosses), and (d) a few widely 
scattered points. 

The collection of deuterons from p-d events into an 
island despite the variation of the deuteron energy 
across the finite width of the defining counter was 
accomplished by a wedge of aluminum absorber, as 
mentioned previously. 

The tail is due to protons that are too energetic to 
be stopped in the energy counter; they produce a 
dE/dx pulse height that is proper for their energy, but 
a pulse height from the energy counter that is much too 
low for their energy. A very energetic deuteron of course 
falls into a similar tail belonging to the deuteron locus. 
Furthermore, the deuteron and proton tails would 
coincide in part. 

Some of the widely scattered points are due to 
particles that scatter out of the counters and thus do 
not lose in the counters the proper amounts of energy, 
and some probably to the simultaneous passage through 
the telescope of two scattered particles. The probability 
of the latter type of event was very small at the counting 
rates employed; the duration of the pulses was short 
enough so that only when two or more particles were 
scattered into the telescope during the same burst (of 
0.5 10-* sec duration) would their pulses be super- 
imposed so as to appear as a single pulse. Some of the 
widely scattered points may be tritons, though none 
have been positively identified as such. 





O. CHAMBERLAIN 





\ 
\ . 
\ 


eX . 
~\\ DEUTERON ISLAND 
S 


SEPARATION LINE 
. 


8 


dE/dx - MM ON VIEWER 
nr 
°o 


PROTON LOCUS 











4 
40 60 
ENERGY - MM ON VIEWER 


Fic. 5. Typical plot of data from film taken with Telescope I, 
for 70° center-of-mass scattering. See text for explanation of 
features of the plot. 


Blank sweeps such as in Fig. 4 can be attributed to 
products of the bombardment having such short range 
that they cannot reach the pulse-height counters. 
Typically about 6% of the identifiable particles ob- 
served in the telescope were deuterons. 

The analysis to separate deuterons from protons was 
carried out by four different methods: A, for the 
70°-110° range of center-of-mass scattering angles, and 
for 40° and 50° when using Telescope III; B, for 40° 
and 50° when using Telescope II; C, for 130° and 150°. 
At 30°, an entirely different procedure was involved 
and will be discussed separately below. 

Method A was employed when the plots were similar 
to Fig. 5, in which the deuteron island and proton locus 
are well separated. The procedure was to read all 
sweeps until the position of the loci became evident, 
and subsequently to read only those pulse patterns 
whose dE/dx pulse put them near the island. This saved 
considerable time, as most particles observed were 
high-energy protons. The location of the island was 
checked against an expected position calculated on the 
basis of the p-p scattering data. It was necessary to 
choose, on the basis of all sweeps read, the outlines of 
the island on the graph which would be considered to 
include all elastic p-d deuterons. While the separation 
of protons and deuterons was reasonably unambiguous, 
the presence on the deuteron locus of a few deuterons 
of varying energies due to the carbon portion of the 
target made it unreasonable to count all observed 
deuterons on the locus as coming from elastic p-d 
scattering. Despite the smallness of the number of 
deuterons, the grouping was close enough that the 
outlines of the island could be drawn without much 
difficulty. Islands of larger sizes were tried, and it was 
found that the number of deuterons in the added area, 
after subtraction of carbon counts and accidentals, was 
zero within statistical error. The outline on Fig. 5 shows 
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the island chosen in one case. (This outline was drawn 
on the basis of many more points than are shown in 
the figure.) With the island thus chosen, the number 
of deuterons for each of the six arrangements of target 
and triggering was counted. 

Method B was employed because the poorer pulse- 
height resolution in Telescope II made the separation 
somewhat ambiguous. Let us consider again the method 
of plotting points on a graph of dE/dx pulse height 
versus energy pulse height. The proton and deuteron 
loci are approximately parallel curves. If a group of 
equally spaced curves parallel to the proton curve is 
drawn in, and the distribution of points in the “chan- 
nels” thus created is tabulated, the result is an approxi- 
mate mass spectrum of the particles seen by the 
telescope. Figure 6 shows, for example, the mass spec- 
trum obtained with a portion of data from Telescope I. 
The data from Telescope II were treated as follows: 
first, data from p-p scattering were used to determine 
the proton locus and draw in the channels; Fig. 7(C) 
shows the spectrum obtained. CD, data were also read 
and plotted as a mass spectrum using the same channels 
[ Fig. 7(A) ]. The proton portion of the latter was then 
removed by subtracting the proton curve C normalized 
with suitable weighting to a best fit with the spectrum 
in channels zero through minus 3 of the CD, data. 
The resulting deuteron spectrum [Fig. 7(B) ] was inte- 
grated to obtain the number of deuterons. The same 
treatment was applied to the other arrangements of 
targets and triggering. Because of the uncertainties 
involved, the systematic error due to the separation 
method has been taken larger for method B than for A. 





rvs} 
wv  . ve = © t t , t 


NUMBER OF PARTICLES 
> 
o 














ee ee ee ee ee ee 


Se ee Pe ee 
CHANNEL NUMBER 





Fic. 6. “Mass spectrum” for a portion of data 
taken with Telescope I. 
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Method C was employed for 130° and 150° because 
for these angles the deuterons to be observed had ranges 
of 36 and 45 g/cm? copper, respectively. The amount of 
absorber in the telescope that would be necessary to 
cause these deuterons to stop in the energy counter was 
considered excessive. Consequently, only about one 
inch of aluminum absorber was used; the desired 
deuterons were thus allowed to fall on the “tail” of the 
deuteron locus. Because of the partial overlap of the 
proton and deuteron tails, there was the possibility 
that some of the inelastic protons could be confused 
with the deuterons. Hence absorber was placed in front 
of the proton counter to reduce the amount of observ- 
able inelastic scattering, and film data were then taken 
not only with the proton counter at the proper angle 
to observe the elastic events, but also at angles to either 
side, to evaluate the amount of inelastic scattering 
included. After the initial survey, only sweeps with 
pass-through pulses needed to be read. Energy calibra- 
tion and the choice of deuteron island were carried out 
similarly to the same steps in method A. The number 
of points found in the island when the proton counter 
was set at other angles than the elastic angle was found 
to be zero within statistics after the subtraction of 
contributions due to accidentals and carbon. We there- 
fore felt justified in considering that all the apparent 
deuterons at the elastic angle were indeed deuterons, 
and the statistical counting errors were computed on 
that basis. However, the systematic error in the sepa- 
ration of protons and deuterons has been taken some- 
what larger for these angles than for method A. 

For the 30° measurement (method D), Telescope IV, 
consisting of only one counter, was employed. Because 
of the short deuteron range (0.45 g/cm? copper) the 
dE/dx-and-E method was not feasible. Instead, use of 
a thin target and a defining counter of small angular 
aperture as the proton counter made the desired 
conjugate deuterons nearly monoenergetic; the deu- 
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Fic. 7. “Mass spectra” for a portion of 40° center-of-mass data 
taken with Telescope II. (A) With CDz target, showing both 
protons and deuterons. (B) Same, but with protons subtracted 
by method explained in text. (C) Proton spectrum used in 
subtraction (from -p scattering). 
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teron counter stopping power was chosen so that these 
deuterons would just be stopped in the counter. Their 
pulse heights were then larger than those produced by 
protons of any velocity. Satisfactory application of this 
detection system was aided by the large elastic cross 
section, and the relatively small ratio of inelastic to 
elastic cross sections, at this angle. Pulses from this 
single counter were photographed under p-p scattering 
conditions as well as with the other targets. A plot of 
the number of pulses in each pulse-height interval vs 
pulse height showed for CD, a peak at the high end 
attributable to deuterons. Film was taken with several 
different thicknesses of thin absorber preceding the 
counter to test the method; data taken with the 
arrangement that gave the best separated peak were 
those used in computing the cross section. However, 
the systematic error assigned to this separation method 
was taken larger than that for the dE/dx-and-E 
approach. 


V. REDUCTION OF DATA 


A. Subtraction of Effects Due to Carbon and 
Accidental Coincidences 


It had been initially expected that the number of 
deuterons from the carbon in the polyethylene would 
be very small, since the cross section expected for 
pickup at 340-Mev bombarding energy is very low, 
and especially since the detecting apparatus used 
required a coincidence of the deuteron with a charged 
particle at an angle with respect to the deuteron that 
was characteristic of p-d scattering (94° to 137° lab in 
this experiment). However, such deuterons were found 
in non-negligible quantities. Two mechanisms were 
considered possible for this effect. One was that the 
beam proton is able to knock a complete deuteron out 
of the carbon nucleus. The second, thought more likely, 
was that a nucleon-nucleon collision takes place inside 
the carbon nucleus, and that the recoil or deflected 
particle in emerging from the nucleus picks up a 
partner at the surface to form a deuteron. The pick-up 
probability for the incident proton would be enhanced 
by the reduction in momentum following collision. 
The angle between the proton and deuteron for this 
process would vary, but perhaps be peaked near 90°. 

In this experiment, however, the deuterons from 
carbon were treated only as background, and no 
attempt was made to study them further. It was 
subsequently learned that the second process is the 
topic of a theoretical paper by Bransden." This “indi- 
rect pickup” by both protons and neutrons has since 
been studied experimentally in detail by Hess'*; his 
results confirm its existence. 


13 G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950) 
and J. Hadley and H. York, Phys. Rev. 80, 345 (1950). 

44 B. H. Bransden, Proc. Phys. Soc. (London) 65, 738 (1952). 

16 W. N. Hess, University of California Radiation Laboratory 
Report UCRL-2670 (unpublished). 
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Rather involved algebraic expressions have been de- 
rived to make an accurate subtraction of backgrounds. 
Since most of the terms in the final expression are 
extremely small in most cases, we restrict our attention 
here to the following simpler form that is usually 
accurate to a few percent, namely, 


D=CD,— RC— (1—R) Bi, (2) 


where D is the number of deuterons counted per unit 
integrated beam due to deuterium in the target, CDz is 
the number of deuterons counted per unit integrated 
beam from a CD, target (and restricting the count to 
those that fall within the “deuteron island” of Fig. 5), 
C and Bi are analogously defined for the carbon target 
and blank (no target), and R is the ratio of carbon 
surface density in the CD, target to carbon surface 
density in the carbon target. The delayed coincidence 
counts do not appear in the above expression, but were 
useful in evaluating small correction terms that are not 
presented here. 


B. Corrections for Attenuation in 
Absorbers and Counters 


Corrections to the observed data had to be made 
because of deuteron attenuation by inelastic scattering 
and by stripping, both of which could take place in 
the absorbers and in the counters themselves. For 
attenuation of the elastic protons due to the absorber 
employed in some cases to precede the conjugate 
counter, the cross sections measured by Kirschbaum'* 
were used. 

For attenuation of the deuterons, a total cross section 
for all processes except diffraction scattering for deu- 
terons of an average energy of about 140 Mev was 
available.’ As data for other deuteron energies were 
not available, and as it is believed that the attenuation 
cross section is not strongly dependent on energy, the 
value for 140 Mev was used throughout. An error of 
10% was assigned to the cross section employed. 

In the calculation for deuteron attenuation, all 
counters preceding the energy counter were treated as 
absorbers, because any processes deflecting or breaking 
up the deuteron in these counters would cause the 
deuteron either to be lost completely or to give a 
pulse-height pattern not characteristic of a deuteron. 
In the energy counter, however, a few stripping events 
would not cause a reduction of the energy pulse height 
large enough to make the deuteron have a pulse-height 
pattern not in the deuteron island. The number of the 
latter type of event was estimated, and the error in the 
estimate was assumed to be 50%. 

Table I in the next section shows (along with the 
experimental results) the correction factor for attenu- 
ation that was applied at each angle. 

16 A. J. Kirschbaum, University of California Radiation Labo- 
ratory Report UCRL-1967 (unpublished). 

17 Millburn, Birnbaum, Crandall, and Schecter, Phys. Rev. 95, 
1268 (1954). 
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C. Target 


The target material was analyzed chemically and 
found to have a ratio of total hydrogen to carbon 
content of 1.97+0.02 (numbers of atoms). Further 
analysis by mass spectrometry showed the deuterium 
fraction (by number) of the hydrogen content to be 
(94+1)%. Both analyses were carried out by Dr. 
Amos Newton of this laboratory. 

A very thin foil of the target material was also 
analyzed by infrared absorption techniques. This 
analysis, which was done by Professor George Pimentel 
of the University of California Chemistry Department, 
gave values from 5% to 7% for the H! fraction. 

A value of (94+1)% was therefore used in the 
calculations, and the number of carbon atoms was 
taken as one-half the number of H! plus H? atoms. 


D. Sample Calculation 


We give as an example the calculation of the first 
case of 110° scattering listed in Table I. 

Targets—The CD, target was 0.1312 g/cm? thick, 
and therefore contained 0.941 10” deuterons per cm? 
and 0.497 X 10” carbon atoms per cm*. The CD, target 
was oriented with its normal 11.2° from the beam, so 
the surface density of deuterons in the beam direction 
was N=0.959X 10”, and of carbon atoms was 0.507 
X10”. The carbon target was at 12° to the beam, with 
0.530X 10” carbon atoms per cm? in the beam direction. 

Beam current.—One volt on the recording millivolt- 
meter (one “integrator volt’) indicated C/gu protons 
in the beam, where C was the capacity employed 
(0.985 X 10-* farad), g the elementary electronic charge 
(1.602X10-" coulomb), and uw the “multiplication 
factor” of the ion chamber. This multiplication factor 
(not related to gas multiplication as in proportional 
counters) is the result of the formation of a large 
number of ion pairs by each proton passing through 
the chamber, and may be defined as the ratio of the 
charge received by the ionization chamber from the 
passage of a single proton to the charge carried by the 
proton. 

Calibration against a Faraday cup had shown that 
we have w= 1040 for 340-Mev protons in an ionization 
chamber of effective depth of 2 inches filled with argon 
to 100 cm Hg absolute pressure at 20°C. The chamber 
employed in taking the data under discussion had a 
depth of 2.028 inches, and was filled to 82.5 cm Hg at 
21.0°C. Therefore, 1 = 867.4. Hence one integrator volt 
was equivalent to 


n=0.985X 10-*/[ (1.602 10-) (867.4) ] 
=0.709X 10" protons. 


Solid angle-—The face of the defining counter was 
2.00X 2.05 cm, and the counter was 80.2 cm from the 
target position. The solid angle subtended was therefore 
Q=6.38X 10~ steradian. 

Number of events observed.—From analysis of the films, 
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we had the following numbers of events and their 
associated statistical errors: 


CD2=49+7 in 10.224 I.V., or 4.79+0.69 per LV., 
C=1+1 in 3.074 LV., or 0.3250.325 per L.V., 
Bl=0+1 in 0.509 I.V., or 041.96 per I.V. 


Therefore, from Eq. (2), the number of elastic p-d 
events per integrator volt was D=4.48+-0.762, where 
the ratio R of the number of carbon atoms per cm? in 
the CD, target to that in the carbon target was 0.957. 

Cross section.—Therefore the laboratory cross section, 
uncorrected for attenuation, was 


o(©) ian = D/nNQ=0.103+0.018 mb/steradian. 


To convert to the center-of-mass system, d cos@iap/ 
d COS... = 0.293, giving ¢(6)¢.m.=0.0303+0.0053 mb/ 
steradian. 

Attenuation correction.—No absorber was present in 
front of the proton counter. For that in front of the 
deuteron telescope, and for the telescope counters 
themselves, we used [/Io>=exp(—pox), where Jo=the 
number of elastically scattered deuterons actually inci- 
dent on the telescope, J=the observed number of 
deuterons, p=numerical density of nuclei, c=attenu- 
ation cross section per nucleus, and x=thickness of 
absorbing material in cm. The resulting correction 
factor was 1.59-++-0.12, and the final value for the cross 
section was therefore 0.0482 mb/steradian with 17% 
standard deviation counting error, as listed in Table I. 


E. Discussion of Errors 


The following is a listing of the known sources of 
systematic error and the estimates of the sizes of the 
errors. These errors are treated as standard deviations 
and combined by taking the square root of the sum of 
squares. 

Geometry.—The calibration of the angles of the 
scattering table was accurate to about 0.5°, and the 
alignment of the table with respect to the beam accurate 
to 1°. These errors result in a 5% uncertainty in the 
cross sections at angles 30° through 70° and at 150°, 
but result in negligible uncertainty at other angles, 
where the cross section is slowly varying. The distance 
from target to defining counter was considered known 
to 1%, so a resulting 2% error in solid angle was 
included. Furthermore, there was estimated to be a 
1% error in the actual area of the defining counter, 
and a 3% error due to edge effects in the defining 
counter. Possible loss of counts resulting from insuffi- 
cient solid angle of the conjugate counter has been 
assigned a 3% error. 

Beam current.—A 29% error was attributed to the 
absolute calibration of the ionization chamber (deter- 
mination of the multiplication factor), and a 1% error 
to possible lack of complete saturation in the ionization 
chamber. The condenser in the electrometer circuit 
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was calibrated to 0.3%, and the voltage reading of the 
electrometer to 1%. 

Targets—The ratio of carbon to hydrogen content 
of the polyethylene targets was known to 2%, and the 
fraction of deuterium in the total hydrogen known to 
1%. The surface densities of the polyethylene targets 
were known to 2%. The orientation angle of the target 
with respect to the beam was in every case determined 
to 2 degrees. This resulted in an error in cross section 
of 5% at 30° and 130°, 6% at 150°, and somewhat 
smaller errors at other angles of scattering. 

Background subtraction.—Errors in the subtraction 
of counting rates due to carbon and due to accidental 
coincidences were estimated to give rise to 3% uncer- 
tainties in the cross sections. 

Counter-telescope efficiency.—The errors in cross sec- 
tions from losses due to multiple Coulomb scattering 
and diffraction scattering were estimated to be 3%. 
An increase in the number of apparent deuterons due 
to simultaneous passage of two particles through the 
counter telescope could give rise to a 2% error. The 
increase in the number of deuterons due to pickup 
inside the absorber or the counter telescope by protons 
incident on the telescope was negligible. 

Counting of deuterons.—Errors resulting from inade- 
quate separation of protons from deuterons or from 
the manner of choice of the deuteron island have been 
assumed to contribute 5% for method A, 15% for 
method B, 10% for method C, and 15% for method D. 

Attenuation corrections—The computations of nuclear 
attenuation in the absorbers used contributed errors 
ranging from 0 to 8%; these errors are listed separately 
in Table I. 

Variation in beam energy.—Unrecognized variations 
in the beam energy could account for errors estimated 
at 4%, since the cross sections change fairly rapidly 
with energy. 

Possible polarization of the beam.—Recent studies'* 
have shown that the beam as used in this experiment 
was unpolarized, so no error has been included for this 
effect. 


VI. EXPERIMENTAL RESULTS 


Table I shows the experimental results obtained. 
For each center-of-mass scattering angle 6 studied, the 
following quantities are tabulated : (1) corrected center- 
of-mass differential cross section in millibarns per 
steradian; (2) absorber correction factor employed; 
(3) statistical error (standard deviation); (4) error in 
absorber correction; (5) error in counting deuterons in 
the film analysis (separation of protons from deuterons 
and choice of deuteron island) ; (6) combined systematic 
error from other sources; and (7) total error, combined 
from all sources. Measurements taken under different 
experimental conditions are shown on separate lines. 
Averages are weighted averages. 


18 Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 93, 1430 (1954). 
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TaBLe I. Experimental results and errors. The cross sections 
and angles are in the center-of-mass system. The cross sections 
have been corrected for attenuation. In the center-of-mass 
system, angles are known to 2°, and the resolution is 0.9° for 

°, 5.7° for 40° and 50° (first row), 2.9° for 40° and 50° (second 
row), and 2.8° for the other angles. 








Attenu- 
ation 
correc- 
tion 
factor 


Statis- Error Error 
tical in in 
att'n.  sepa- syst. 
corr. ration errors 


(A) (%) (%) 


Other 


o(@) 
mb/sterad 





2.22 1.00 : 0 15 11 
1.04 

0.829 
0.892 (av) 


1.05 1. 15 10 
1.05 1. 10 


0.392 3 : : 10 
0.389 05 : 10 


0.104 
0.109 
0.108 (av) 


0.0402 
0.0581 
0.0468 (av) 


0.0482 
0.0399 
0.0424 (av) 


0.0440 
0.0567 
0.0467 (av) 


0.101 
0.0914 
0.0986 (av) 








In Fig. 8, the averaged differential cross section in 
the center-of-mass system is plotted on a logarithmic 
scale versus center-of-mass scattering angle along with 
data of other workers at lower energies. The total error 
is shown, and the solid lines have been drawn only to 
guide the eye. 

Although only approximately half the total cross 
section is included in the measured range of 30° to 150°, 
the differential cross section for angles less than 30° 
was not measured because the deuteron energy becomes 
too low to permit good identification of the deuteron, 
and at angles greater than 150° the proton energy 
becomes too low for satisfactory use of the coincidence 
method. It is nevertheless worth while to estimate the 
total cross section; that part under the measured curve 
integrates to 2.9 millibarns. The measured curve can 
be extrapolated below 30° and above 150°; if this is 
done by assuming o(@) to be constant at 2.22 and 
0.0986 mb/steradian, respectively, the total becomes 
4.25 mb, which is certainly a lower limit. If the cross 
section is extrapolated by eye, using lower energy 
results as a guide, the total obtained is 5.97 mb, to 
which we assign a 20% error. This may be compared 
with the sum of the ane p-p and n-p cross sections, 
i.e., 24 plus 33, or 57 millibarns. 
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VII. INTERPRETATION 


The problem of high-energy nucleon-deuteron scat- 
tering has been considered theoretically by several 
authors.” We shall confine ourselves to a nonrelativistic 
treatment, and discuss the interpretation of our experi- 
mental results from the viewpoint of the impulse 
approximation,” which allows us to relate the p-d 
scattering to p-p and n-p scattering parameters. 

We can picture the elastic scattering of protons by 
deuterons in terms of the superposition of two-body 
scattering amplitudes (p-p and p-n scattering ampli- 
tudes) provided that the following conditions can be 
met. Firstly, the collision process must occur rapidly 
enough so that the deuteron binding forces would not, 
in the time of collision, make an appreciable alteration 
in the state of the deuteron. Secondly, the amplitude 
at one nucleon of the deuteron due to scattering by the 
other nucleon should be small compared to the ampli- 
tude of the incident wave, in order that the amount of 
double scattering be small. Both these conditions can 
be satisfied fairly well, providing the separation of 
particles in the deuteron is reasonably large. 

There is some correlation between the angle of 
scattering and the separation of particles in the deu- 
teron, so the conditions mentioned in the previous 
paragraph may be met at small angles of scattering, 
and not at larger angles. The correlation arises from 
the fact that in large-angle scattering, with the associ- 
ated large momentum transfer to the deuteron, one 
must be concerned primarily with the high-momentum 
components of the deuteron ground-state wave func- 
tion, which are predominantly associated with small 
separation r between the nucleons of the deuteron. 

Chew gives the basic impulse approximation result 
for this problem in a form sufficiently general (at least 
in Born approximation) to include all types of nuclear 
forces: 


O pd 


dK? 


(3) 


16 
= en [tag *+Fp5°|?+-$| tap Hon |"), 


where K = 2k sin(@/2) is the momentum transfer to the 
deuteron in wave-number units, & is the incident wave 
number, and @ the scattering angle, all in the center-of- 
mass system. S(K) [or S(6)] is the form factor or 
sticking factor for the deuteron and is found from 


si= fue exp(iK-r/2)dr, 


in which yo(r) is the ground-state deuteron wave 


#” G. F. Chew, Phys. Rev. 74, 809 (1948); 80, 196 (1950); 84, 
710 (1951), 84, 1057 (1951); T. Wu and J. ’ Ashkin, Phys. Rev. 
73, 896 (1948); R. L. Gluckstern and H. A. Bethe, Phys. Rev. 
81, 761 (1951); B. H. Bransden, Proc. Roy. Soc. (London) A209, 
380 (1951); Horie, Tamura, and Yoshida, Progr. Theor. Phys. 
(Japan) 8, 341 (1952); P. B. Daitch and J. B. French, Phys. Rev. 
85, 695 (1952); reference 2. 

” G. F. Chew and G. C. Wick, Phys. Rev. 85, 636 (1952) and 
papers of Chew listed in footnote 19. 
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function. The 7° and r’ are two-body scattering ampli- 
tudes (designated as nonspin-flip and spin-flip ampli- 
tudes respectively) and are normalized by 


do 

—= | )%-+ |r 

dK? 
for nucleon-nucleon scattering. Equation (3) does not 
include double-scattering effects. 

There are three aspects of Eq. (3) that might con- 
ceivably be tested by experiment: (a) comparison with 
experiment of a purely theoretical prediction of the p-d 
scattering utilizing two-body amplitudes calculated 
from reasonable nucleon-nucleon potentials; (b) com- 
parison with experiment of a prediction utilizing two- 
body amplitudes derived experimentally ; and (c) com- 
parison of S(K) as revealed by experiment with S 
calculated for various assumptions for the form of Yo(r). 


100, 
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Fic. 8. Comparison of our experimental results with experi- 
mental data of other workers at lower energies. Both coordinates 
in center-of-mass units. Total (statistical and systematic) errors 
shown. Solid lines are only to guide the eye. 
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Alternative (a) is a program of larger magnitude 
than we wish to undertake at this time. Alternative (b) 
is beset by the difficulty that the experimental n-p and 
p-p cross sections do not give without some theoretical 
assumptions the separate r° and r’ that we desire nor 
their relative phases. The polarization experiments 
currently in progress” give additional parameters” to 
aid the separation but still leave ambiguities resolvable 
only by further experiments. Alternative (c) possesses 
real merit only if the r° and r’ are known experimentally ; 
however, we may easily calculate S(K) for a variety of 
n-p potentials to see at what values of K reasonable 
potentials yield significantly different values of S. 

It is convenient to follow the analysis of Chamberlain 
and Stern and define the quantity A through the relation 


Fpa(8)= (16/9) S(O){onpO’)+opp(6’)}A4, — (4) 


where on,(0’) and o,,(6’) are the experimental result 
for the center-of-mass nucleon-nucleon differential 
scattering at angles 6’ and laboratory bombarding 
energies Ty’ related? to the p-d center-of-mass angle 
6 and laboratory energy To by 


T= T)(25— 7 cos6) /18; 


cos6’ = (—7+25 cos@)/(25—7 cosé@). 8) 


We have A equal to 1 if there is no interference between 
n-p and p-p scattering, greater than 1 for constructive 
interference, and less than 1 for destructive interference. 
The quantity A is observed experimentally to vary 
from about 1 at small scattering angles to about 0.5 
at 80° in 190-Mev d-p scattering.” The fact that A is of 
this order indicates that interference effects in the p-d 
case are not large. The present stage of experiment and 
theory thus allows us the comparison of various calcu- 
lated values of S(K) with S(K)A, which from Eq. (4) 
is equal to (9/16) pa/(onptopp)- 

We have calculated S(K) for three different po- 
tentials: (a) a Hulthén potential, (b) a Hulthén po- 
tential displaced from the origin by a hard core, and 
(c) a square well, each with parameters adjusted to fit 
the experimental values of the deuteron binding energy 
and the triplet effective range. For (a) the potential is 
Ve-®"/(1—e-*") with V=—76.91 Mev and §=1.1496 
X10" cm-; for (b) the hard-core radius is taken as 
b=0.6X10-" cm in accord with Jastrow,™ and the 
potential for r>b is Ver®-»/(1—e-*'"») with V 
= — 486.3 Mev and ¢’=3.20X10" cm™; for (c) the 
potential is V= —35.39 Mev to a radius of 2.04 10-" 
cm and 0 for larger radii. The decay parameter + 
= (mB/nh?)* for the deuteron wave function at large r 
is taken as 0.23166X 10" cm~ from the binding energy 
of 2.226 Mev. (These parameters were kindly furnished 
by Dr. George Snow.) The calculations for (b) and (c) 


21 Chamberlain ef al., reference 18; also Phys. Rev. 95, 850 
(1954), 95, 1105 (1954), and unpublished work. 

2L. Wolfenstein, Phys. Rev. 96, 1654 (1954). 

% P. B. Daitch and J. B. French, reference in footnote 19. 

*R. Jastrow, Phys. Rev. 81, 165 (1951); 81, 636 (1951). 
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Fic. 9. S(@) for three different -p potentials, the parameters 
for which are given in text. The points shown are calculated 
from our p-d results using .Eq. (4). 


required approximations; the calculations were carried 
out to a point where the error in S is less than one 
percent except where S is of the order of 10~* or less. 

Table II shows the resulting values of S(K). Also 
shown in the table are the center-of-mass quantities 
K=5.40 sin(@/2)X10" cm™ and the corresponding 
Ap=197K in units of Mev/c. These sticking factors 
are in addition plotted on a semilogarithmic graph in 
Fig. 9. 

The experimental quantity S(@)A is included in 
Fig. 9. For small scattering angles (less than 40°) the 
value of S seems to depend very little on the n-p 
interaction chosen. In this region of angles the points 
derived from the experimental results fall slightly below 
the calculated curves for S, indicating that A is slightly 
less than 1. This is taken to indicate that there is very 
little interference or perhaps slightly destructive inter- 
ference between n-p and p-p scattering at these angles. 


TABLE II. The sticking factor S as a function of @ or K for three 
different -p potentials (parameters given in text). 








K (in 
10-8 cm) 
0.9377 
1.3976 
1.8469 
2.2822 
3.0973 
3.8184 
4.4234 
4.8941 
5.2160 


Ap (in 
Mev/c) 


184.6 
275.2 
363.6 
449.3 
609.8 
751.8 
870.9 
963.5 
1026.9 


Hulthén 
with core 


0.4299 
0.2100 
0.09792 
0.04426 
0.00800 
0.000865 
<10-° 
0.000139 
0.000305 


Square 
Hulthén well 
0.4302 
0.2156 
0.1079 
0.05589 
0.01730 
0.006616 
0.003136 
0.001791 
0.001245 


6 
(deg) 





0.4285 
0.2088 
0.09763 
0.04490 
0.00909 
0.001685 
0.000287 
0.000042 
5x10-° 





Table III lists the nucleon-nucleon angles and ener- 
gies required, the values of c,,,(6’) and o,,(6’) obtained 
by interpolation and extrapolation from experiments 
at neighboring energies*® (with errors somewhat arbi- 
trarily assigned) and (9/16)¢,a(@) as measured in this 
experiment. The last two columns give, respectively, 
2/K~r, and an estimate of the double-scattering 
probability in the form of the quantity opp'°*!/4ar’. 

For angles larger than 50° it is virtually impossible 
with presently available information to make a direct 
application of the impulse-approximation theory. As 
indicated in Fig. 9, the sticking factor S$ is strongly 
dependent on the n-p potential interaction chosen, and 
there remains also the lack of information about the 
nucleon-nucleon scattering amplitudes. Furthermore, 
corrections to the impulse approximation may become 
very important. 
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Proba- 
bility of 
double 
scat- 
tering 


r 
(9/16)opa 10-4 
mb/sterad cm 


Cd if o 


np opp 
. deg. Mev mb/sterad mb/sterad 





5S 350 3.40+0.36 

5 363 2.69+0.34 

0 389 2.352013 3.62+0.15 
0 426 1.7340.09 3.42+0.15 
5 471 110+0.20 3.40+0.15 
4 $18 1.90+0.22 4.0 +0.2 


3.86 £0.15 
3.78 0.15 
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0.0263 +0,0034 
0.0239 +0.0026 
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APPENDIX—KINEMATICS OF INELASTIC 
SCATTERING 


For purposes of comparing the kinematics of the 
elastic and inelastic events to determine in part the 
nature of the background produced by inelastic scat- 
tering, it is sufficient to use nonrelativistic equations 
for both processes. 

The inelastic kinematics may be handled by an 
impulse treatment mentioned in Sec. 2. The incident 
proton is assumed to strike only one nucleon of the 
deuteron, and the other nucleon is assumed to be 
unaffected by the collision, maintaining after the col- 
lision the same vector momentum it had due to internal 
motion in the deuteron before the collision. This vector 
momentum is equal but opposite to the vector mo- 
mentum of the struck particle at the time of collision, 
_as the deuteron as a whole is at rest. We may therefore 
write the energy-conservation law as 


Ti+ Ti+ T2= T\- B, 


where T denotes kinetic energy, the subscripts 1 and 2 
refer to the incident and struck particles, respectively, 
and B is the deuteron binding energy. Primed quantities 
are postcollision values, and unprimed quantities are 
precollision ones. The term 7, on the left side is the 
kinetic energy carried off by the unstruck particle. 

The momentum-conservation law need be applied 
only to the two nucleons involved in the collision, as the 
unstruck particle does not suffer any momentum 
change. 

These assumptions have received experimental sup- 
port (for collisions in which the deuteron internal 
momentum is not assumed unreasonably large) in the 
observations of Bloom and Chamberlain” in studying 
192-Mev d-p inelastic scattering. 

We have solved these equations graphically by 
constructing a laboratory-system momentum diagram, 
an example of which is shown in Fig. 10. (The example 
is for a p-d center-of-mass scattering angle of 90°.) As 
we are most interested in the inelastic events yielding 
protons emergent in the directions for elastic scattering, 
we set up a nonrectangular coordinate system whose 
axes lie along the elastic scattering directions. As the 


26 A. Bloom and O. Chamberlain, Phys. Rev. 94, 659 (1954). 
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Fic. 10. Momentum diagram (laboratory system) for inelastic 
scattering observable at elastic-scattering angles. See the ap- 
pendix for further explanation. 


example drawn in dotted lines shows, any point on the 
page will satisfy the momentum-conservation require- 
ments. The curved line, found by trial and error, shows 
the locus of those points which also satisfy the energy- 
conservation law. This curve then shows what momen- 
tum range will be covered by the inelastically scattered 
protons proceeding in the directions of elastically 
scattered particles. (With some thought, one can also 
read the qualitative features of the momentum distri- 
butions.) 

We note in particular that inelastically scattered 
protons emerging at the deuteron angle have a spectrum 
of ranges surrounding the deuteron range, and that a 
few inelastically scattered protons emerging in the 
direction of an elastically scattered proton have a range 
almost as great as the latter. These facts lead to the 
requirement of a detection method that identifies the 
deuterons. 
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Analytic Approach for the Pion-Proton Scattering Phase Shifts* 
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A simple method of solving for the phase shifts of the pion-proton scattering is presented. The rapid 
solution afforded can be utilized, as the Ashkin diagrams have been employed, to give starting values to an 
electronic computer or alternatively to analyze with more ease the variation of the phase shifts as a function 
of the input data in terms of the coefficients of the angular distributions. A new plot of a function of the total 
cross section versus the pion energy is introduced. The nearly straight line resulting should help to evaluate 


the experimental data. 





INTRODUCTION 


HE first analyses of pion-proton scattering were 
performed by Fermi ef a/.' with an electronic 
computer. A thorough statistical investigation is neces- 
sary to extract the greatest accuracy and maximum 
consistency from the experimental information, but the 
essence of the physics is thereby obscured. Extensive 
calculations have shown that the phase shifts? 6,; and 613 
are small and erratic. A good assumption is then to take 
these phase shifts equal to zero.** We shall see that the 
remaining four phase shifts can be easily evaluated 
analytically. Increased insight into the nature of the 
solutions results as a consequence. Of course our con- 
clusions do not differ essentially from those reached by 
others using fast digital calculations or Ashkin dia- 
grams,’ but we offer our method in the hope that its 
simplicity will help us understand the behavior of the 
pion-proton scattering. 


POSITIVE PION-PROTON SCATTERING 


We first develop our formulas for the case of the r+— p 
scattering. Here our method is basically the transforma- 
tion of the graphical or geometrical procedure of Ashkin 
to an algebraic guise. 

Given the experimental data in terms of the coeffi- 
cients?® A,, B,, C, of the angular distribution® 


do /dQ= A+B, cos6+C, cos’, 
we get for the S phase shift 6;: 


1 ; 
sin2hs=—n(D-2) 1+ (2-2)(——») sind 


where D= 4(A s+ B,+C,), = 2(A,+C,/3), L= D 
—45+4, and w= (2—2—2B,)/L. Again we may prefer 

* Supported in part by U. S. Atomic Energy Commission. 

+ On sabbatical leave from Brooklyn College. 

1 Fermi, Metropolis, and Alei, Phys. Rev. 95, 1581 (1954). 

2 We use the notation of H. A. Bethe and F. de Hoffmann, 
Mesons and Fields (Row Peterson, Evanston, 1955), Vol. 2. See 
also reference 5. 

3R. Martin, Phys. Rev. 95, 1606 (1954). 

4 W. Rarita and R. Serber, Fourth Annual Rochester Conference 
on High Energy Physics, 1954 (University of Rochester Press, 
Rochester, 1954). 

5 de Hoffmann, Metropolis, Alei, and Bethe, Phys. Rev. 95, 
1586 (1954). 

6 W. Rarita, Phys. Rev. 99, 630(A) (1955). 


to use the equivalent formulas: 
cos(6— 263) = (2—2—2B,)/L', (2a) 
cosB= (2—2)/L'. (2b) 
The multiplicity of the allowable solutions comes 
from the ambiguity of the signs of the square roots in 
Eq. (1) or alternatively the choice of the branches of the 
cosine functions in Eqs. (2a) and (2b). We illustrate our 
procedure with the data’ at 120 Mev, where 
A,=0.200, B,=—0.360, and C,=1.040. 
We get 
D=3.520, 2=1.093, L=3.147, 
(D— ?)4= 1.525, p= —0.0593, 
(1/L—p*)*=0.5606, 2—2=—0.9067, 
sin26;= —0.4178, 53= —12.35°. 
If we use Eqs. (2), we have cos(8— 2853) = --0.1052 and 
cos8= —0.5111; B—26;=—96.04°, B= —120.74°, and 
53= —12.35° as before. 
To calculate 533, we can use 
|b+3|?+9+4C,—|5]? 
cos(253;—6) = ’ (3) 
6|b+3| 





where 
b+3= (—2+4—cos26;)+i[ (D— d*)!—sin26; | 
= |b+3]| (cosd+i sind)=X+iY. 
For the 120-Mev data, we have 
X=1.9981, YV=1.9425, 
|b+3| =2.7867, cos#=0.7170, 


|b+3|2=7.7657, 
6=44.19°, 
|b|2= (X—3)?+ Y?=4.777, cos(2633;—6@) = 0.9658, 


2633—0= +15.03°, 533=29.61° (Fermi), and 63;= 14.58° 
(Yang). 

Thus our method gives both the Fermi and Yang 
solutions at the same time. It is interesting to note that 
the Fermi solution (63,533,531) and the Yang solution 
(a3,033,031) are related to each other by the following 
equations: 

(4a) 


(4b) 
(4c) 


a3=5s, 
31— 33= 633— 531, 


tan (a33— 31) = 3 tan (633—631). 
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PION-PROTON SCATTERING 


The special case when 63;:=0 was derived by de 
Hoffmann et al.5 
To obtain 531, we use 


c0s2631= X—2 082633. (5) 
At 120 Mev we have for the Fermi solution: 
cos263;= 0.9746, 63:= 6.47°. 


Our values check those quoted by de Hoffmann ef al.5 


POSITIVE AND NEGATIVE PION-PROTON 
SCATTERING 


We first observe that in general 
sin’6,+2 sin’6,3+sin26);= (30_—o,)/8rX*. (6) 


Thus sin*d,< (3¢_—0+)/o0, where oo=8i’. If we now 
make the explicit assumption that 6::=61;=0, we get 


sin?6;= (30_—0)/ao. (7) 


In principle, we can compute |6,| from just the 
measurements of the total cross sections alone. The 
error in this method is, however, large because there 


TABLE I. Positive angular distribution coefficients. (a) Original 
coefficients of Anderson ef al. (reference 7). (b) A more precise set 
of coefficients computed from their final phase shifts. (c) Coeffi- 
cients obtained from our least-squares fit. 











Ax B, Cy 


0.960-+0.101 0.411+0.172 3.395+0.345 
0.917+0.073 0.345+0.145 3.340+0.181 
0.960+0.101 0.273+0.141 3.3650.305 











occurs the difference of two large numbers with sizable 
errors. 

In order to make a self-consistent calculation,‘ we 
have to examine the relations that the coefficients A,, 
B,, Cx, Ao, Bo, Co and A_, B_, C_ must obey under our 
condition of 6::=51:;=0. By making use of the equations 
of reference 5, we can show that 


3(B_+ Bo) = B,, 
3(C_+Co) =Ci, 
9Cy=18C_=2C,. 


(8a) 
(8b) 
(8c) 


If our data satisfy Eqs. (8) within the experimental 
error, we can be assured that 5; and 6); are small and 
can therefore be set equal to zero. 

We now explore two additional methods of computing 
5,. They are based on Eqs. (9): 


(9a) 
(9b) 


2A_—Ao=}(|s|?-+sa*+5*a) 


2B_— Bo=}(sb*+5*b), 
where 
s=exp(2i5,;)—1, a=exp(2i63)—1, 


and 
b=2 exp(2i633) + exp (27651) — 3. 


PHASE SHIFTS 


TABLE IT. 189-Mev phase shifts. 








Anderson et al. Orear 


— 11.3°3-3.2° —10.3° 
98.8°+3.6° 89° 
—11.6°+5.1° 0 —13.0°+5.5° 
—2.8°+4.5° 15° 17.1°+8.0° 
—2.1°+:3.8° 0 0 
—2.6°+7.5° 0 0 


Our values 


—11.1°+1.8° 
93.1°+9.4° 








Another equation which may be useful is 
sin’6;= [3 (A_+A 0) — Ax ]. (10) 


We will illustrate our procedure with the recent 
accurate data obtained at Chicago’ at 189 Mev. 

Using a least-squares fit, we first choose the best 
values of B,, C, which satisfy Eqs. (8). In Table I, we 
enter our results as (c). For comparison, we also give (a) 
the original coefficients of Anderson ef al.,’? and (b) a 
more precise set computed from their final phase shifts. 

We use Eq. (2) and find cos(8— 25;)=0.6751, cos 
=0.9030, B—26;=47.54° and 8=25.44°, 6;= —11.05°. 
At 189 Mev, we note that the signs of both angles B— 26; 
and 8 have changed from their assignment at 120 Mev. 
Of course we have to determine as a function of the 
meson energy E; when cos(8— 263) and cos@ go through 
1 in order to get a continuous (or here an analytical) 
change in 63 vs E,. By tracking or following the cosine 
function, we find the critical region when cos(@6— 263) 
and cos§ go through 1 is for both of them about 169 
Mev. This behavior accounts for the large number of 
solutions found by de Hoffmann et al.° at this energy. 
The multiplicity of solutions arises from the various 
choices of the sign for 8 and B— 283. 

The value of 6s;=—11.1° is the Fermi solution, i.e., 
the continuous extension of the solution at low energies. 
Anderson e¢ al.” give 63= —11.3°+3.2°. With our choice 
of 63, we proceed to 43;. We have @=210.92° and 
2633—0= +24.77°, 


533=93.08° (Fermi); 633;=117.85° (Yang). 


The function (D— *)! has changed sign, as it becomes 
zero when Im(a+))=0 and this happens at about 
177 Mev. 

The behavior of Eq. (2) as a function of energy is 
smooth and no new branching of solutions occurs. Of 


TABLE III. Comparison of the (a) Brookhaven and 
b) Bethe assumptions. 


1 n | Ay 24 Ay, € 
R=( 3|— ) St. line Cubic 
m | 181 189 181 189 
St. line Cubic Mev Mev Mev Mev 
0.738 0.699 7.3 4.1 64 3.2 
0.478 0462 -—2.2 -3.22 -17 -—28 
0.353 0.336 
.661 











(a) Brookhaven 
(b) Bethe 

(c) Russian o, 
(d) Russian o_ 





7 Anderson, Davidson, Glickman, and Kruse, Phys. Rev. 100, 
279 (1955). 
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TABLE IV. Resonance parameters. 








Ey (Mev) (o4 —o0)r (mb) 


(a) Brookhaven 188 7.5 
(b) Bethe 194 7.5 

(c) Russian o, 198 16.1 
(d) Russian o_ 196 32.9 











course these conclusions can be obtained equally well, 
and were so arrived at, with the use of Ashkin diagrams.* 

The use of Eq. (5) gives 5s:= —13.01°. 

To complete our phase-shift analysis, we have to 
determine 6;. Equation (7) gives |6,|=10.8°+9.5°. 
Equation (10) has a resulting value of |5,| =13.8° 
+12.4°. 

We rewrite Eq. (9a) in the form 


2A_—Ao=}4[cos2(6;—43) — 2 cos25;—cos253+2]. (11) 


Clementel ef al. have developed a similar point of view. 
For 2A_— Ao= —0.044+0.080, we get 6,=10°+15°. 
Our most reliable determination of 5; comes from 

Eq. (9b), which we rewrite as 


2B_—Bo= 4[2 cos2 (533— 6:)+cos2 (6:1— 51) 
— 3 cos26,—2 cos2533;—cos253:+3]. (12) 


Then 6,;=17.1° from 2B_— Bo=0.113. In Table II we 
summarize our results and compare them to those of 
Anderson eé/ al.” and Orear.® 


ENERGY DEPENDENCE OF THE CROSS SECTION 


A new plot of a function of the total cross section 
versus the energy will be introduced, in which the 
resulting nearly straight line should aid in evaluating 
the experimental data. We first derive the relation for 
a+ vs w, the center-of-mass energy of the pion. We avail 
ourselves of the relation given by Chew and Low” that 
(k*/w*) cotéss vs w* is almost a straight line. & is the 
momentum of the meson and * is w plus the kinetic 
energy of the proton. Serber and Lee” and Dyson, 
Castillejo, and Dalitz” have shown that in general 
(K*/w*) coté;;— (1/w*) is an analytic function of w*. As 
74 =00(sin*63s+}(sin%;+sin%3:)) and sin*6;+sin%6z: is 
small and believed to vary slowly with energy, we can 
surmise that [o,— (¢;—«0), |/oo=sin*d3;+(w), where 
e(w) is small and slowly varying. Further, as k= 47 
~oo, we can transform the Chew-Low relation into the 
following one: y= (1/woo)[ (co—a)/aa0 }* vs w should be 
nearly a straight line. Here ¢-=04—(0,—00),, where 


8 Clementel, Poiani, and Villi, Nuovo cimento 2, 352 (1955) ; 2, 
389 —. 

* J. Orear, Phys. Rev. 100, 288 (1955). 

»G. F, Chew and F. E. Low, Fifth Annual Rochester Confer- 
ence (Interscience Publishers, Inc., New York, 1955). 

1 R. Serber and T. D. Lee, quoted in reference 12. 

#2 Dyson, Castillejo, and Dalitz (to be published). 


the subscript r refers to the resonance energy w,. The 
advantage of this representation is that we can test our 
data for smoothness without the intermediary of 
knowledge of the angular distribution. Incidentally, 
since y varies chiefly as (oo>—«.)* we can use this equa- 
tion as a convenient interpolation formula. Also we can 
see from this expression that y is more sensitive to 
errors in w and o, near resonance than away from 
resonance. 

The recent Brookhaven" data have been analyzed 
according to the above prescription. A least-squares fit, 
first to a linear and then to a cubic function of w, was 
made. Moreover, the 181- and 189-Mev data were 
considered (a) to be above resonance as preferred by 
Lindenbaum and Yuan" and (b) to be below resonance 
as advocated by Bethe e¢ al.5 We enter our results in 
Table III. In Table III, Ay=deviation of y from the 
least-squares fit. e= experimental error in y due to Ao,. 
We ignored the error due to Aw. A slightly greater 
weight is thus given to the data around resonance. The 
quantity R is taken as a measure of the least-squares fit. 


TABLE V. 6; from the Russian data." 








Ex (Mev) n 8; 


140 1.354 0° 
184 1.376 4.3° 
197 1.650 

216 1.742 13.0° 
226 1.789 











* See reference 14. 


A similar analysis was performed on the Russian 
data™ for energies from 140 to 229 Mev. We summarize 
our results in Table IV. E£,=laboratory resonance 
energy. The *+—p Russian data from 140 to 335 
Mev (we excluded the data at 363 and 393 Mev) 
were studied only for the straight-line case. ¢,=3e_ 
— (3¢_—«9),, or we have ¢,—3¢_ in our formulas. For 
comparison, we recall that Bethe ef al.' give 195 Mev 
for E,. 

Assuming that y=(oo—o-.)! is linear in w, and 
interpolating, we obtained Table V from Eq. (7). Here n 
is the pion momentum in units of m,c. If we assume that 
5y~n, then 6:/n=6.7°. Orear® gives 9.2° for this quan- 
tity. In Table V, 6,' is the lower limit and 5,“ the upper 
limit of 61. 
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Interactions of 750-Mev x mesons with emulsion nuclei have been investigated. In scanning along 
133 meters of meson track, several interactions with free protons and protons and neutrons at the edges of 
nuclei have been found; these events are discussed. The angular distribution of elastic > —p and x~—n 
scattering is peaked in the forward direction. About 40% of all scatterings are inelastic with production 


of mesons. 


Characteristics of stars induced by 750-Mev x~ mesons are discussed; in particular, the relatively high 
frequency of stable and excited fragments in these stars seems to suggest that fragments can be emitted by 


direct meson interaction. 





INTRODUCTION 


HE interactions of 750-Mev negative + mesons 
with emulsion nuclei have been studied. Circum- 
stances made it impossible to accumulate as extensive 
data as originally planned, but it is thought that in the 
absence of detailed investigations of differential scat- 
tering for this energy range the information obtained 
may be of some value. There is also presented some 
evidence of characteristics of meson stars which may 
make their identification easier when scattering meas- 
urements cannot be made. 


EXPOSURE 


G-5 stripped emulsions, 400 microns thick and 2X3 
inches wide, have been exposed to 750-Mev negative 
mesons from the Brookhaven Cosmotron. 

The pions were selected by an analyzing magnet from 
secondary particles emitted from a beryllium target at 
32 degrees to the direction of the proton beam. The 
emulsions were placed with the 3-inch side parallel to 
the pion beam which had an angular spread of +4 
degrees. The contamination by fast electrons and p- 
mesons has been found to be 6-7%.' 


SEARCH AND MEASUREMENTS 


About 133 meters of meson track have been followed 
under 1500 magnification, and the interactions found 
within this path have been registered. In addition, about 
6 cc of emulsion have been scanned with lower magni- 
fication and 500 x-meson interactions have been found 
in this volume. The nature of the secondary particles has 
been determined (1) by grain count, (2) by scattering, 
wherever the length and dip angle of the track made 
this procedure meaningful, and (3) by considerations 
based on the kinematics of meson scattering and meson 
production. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t State College for Teachers, Albany, New York. 

1 We are indebted to Dr. L. C. L. Yuan and Dr.S. J. Linden- 
baum for this information based on absorption measurements 
with counters. See also S. J. Lindenbaum and L. C. L. Yuan, 
Phys. Rev. 100, 306 (1955). 


EVENTS FOUND IN SCANNING ALONG 
MESON TRACKS 


132.8 meters of meson track have been scanned under 
high magnification and 322 events have been found. 
Subtracting from the path length 6.5+0.5% for proba- 
ble u-meson contamination, the mean free path in the 
emulsion becomes 38.5+2.2 cm, while the geometric 
mean free path (r9-=1.38X 10-" cm) is 27 cm. 

This mean free path is in fair agreement with a value 
expected from the -—» cross section of 42 mb and 
m™~—n cross section of 17.5 mb found by Lindenbaum 
and Yuan! in the same energy interval. Accepting these 
cross sections and integrating over the emulsion nuclei 


(number of neutrons= 1.2 number of protons) leads to 
a mean free path of 34.7 cm. 


TYPE OF EVENTS FOUND 


The events found in scanning along meson tracks can 
be divided in the following groups: 


(1) r+por+p 


5 events (coplanarity es- 
tablished within 3°). 


(la) r-+por-+p 


6 events (coplanarity es- 
tablished within 4°-12°). 
(2) x +por-+nt+n 8 events. 
(3) r+por+n+p 


(4) 2 +p-n+r° 


or artes 17 events. 
(5S) w-+n—9-+a-+p 
(6) -+n-9-+n 
or x +9°-+n 
(7) Stoppings with re- 
coil or blob 


5 events. 


1 event. 


15 events 
(scattering angle > 10°). 


16 events. 


(8) Scatteringofmesons 17 events. 


with recoil or blob 
(9) 232 stars (>1 prong). 


In the same path length, 87 x~-meson scatterings 
with angles <10° (without recoil or electron emission) 
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Fic. 1. Angular distribution (c.m. system) of s~ mesons 
scattered elastically by free protons and by protons and neutrons 
on the periphery of nuclei. 


have been observed. These events probably represent 
diffraction scatterings on emulsion nuclei. The mean 
free path for diffraction scattering based on these 87 
events is about 1.4 meters. However, the efficiency in the 
search for these small-angle scatterings was probably 
low, since most of the observed scattering angles are 
ry 


(1) and (la). Elastic Scattering by Protons 
(without Charge Exchange) 


The scattering angles of the 5 elastic scattering events 
(those in which coplanarity was established) are given 


in the histogram of Fig. 1 (blank boxes); the 6 near- 
elastic scatterings (shaded boxes in Fig. 1)? have 
probably occurred on bound protons. In two of these 
cases the dip angles of the emitted tracks are steep, so 
that the observed deviation from coplanarity may not 
be real but due to measuring errors. The number of 
observed events is too small to make any statement as to 
the angular distribution of scattered mesons, other than 
the preference for forward scattering in the center-of- 
mass system (10:1). 

The mean free path for elastic x~+ p scattering, based 
only on the 5 events under (1) is 24.8+11.4 meters, 
while the mean free path for all #~+ interactions 
(cross section 42 mb) is expected to be 7 meters; the 
elastic cross section without charge exchange is 12+5.4 
mb or about one third of the total cross section. If one 
assumes the relation 


(+p + p)/( + pont) 

= 5/4 (equal weight for state $ and 3), 
then about 60 percent of all interactions with protons 
should be elastic. 


(2) and (3). Inelastic Scattering with 
Meson Production 


In elastic scattering events it is possible to determine 
on the basis of coplanarity whether the event occurred 


2 The meaning of the cross-hatched squares in the same figure 
will be discussed later. 


on a bound or free proton. In inelastic scattering it is 
possible to make this distinction only if the momenta of 
the particles are known accurately. In most of the 
events described in the following section, the momentum 
of only one of the emitted particles could be determined 
within 10%. The events may thus have occurred 
on either bound or free protons. The absence of evapora- 
tion tracks or other visible evidence of nuclear inter- 
action would indicate that the proton, if bound, is 
probably on the periphery of the nucleus. 

Fifteen events were observed in which two mesons, or 
one meson and one proton, were emitted with no other 
track or recoil visible. Energy and momentum analysis 
show that 13 of these 15 events can be classified as 
inelastic scattering by free protons or by protons at the 
edge of the nucleus. In all, nine cases of the type 
a +p—1-+2+-+-n were found ; in addition to the eight 
found in scanning along meson tracks, one case was 
picked up by tracing a r—yu—e decay to its origin. In 
this case the positive meson was emitted in the back- 
ward direction and ‘was slower than the negative meson. 
In the other eight cases none of the mesons came to rest 
in the stack, so that the sign of the charge could not be 
determined. In six of these cases one of the mesons, 
probably the negative one, is much faster than the other 
and is projected in the forward direction. In two cases 
the momenta of the two mesons are nearly equal. 

In 4 of the 5 cases of r° production, *-+ p—a-+ 9°+ p, 
the x° meson is faster and is more strongly directed 
forward than the x~ meson. 

When the momenta and angular distribution of 
nucleons and mesons in 7° and z+ production are com- 
pared, no difference could be found within the limits set 
by the small number of cases. Therefore, in the 
histograms of Figs. 2 and 3, both are included. The 
shaded box in each of the histograms represents a case 
of x-+n—p+2-+2- which will be mentioned later. 
The mean value of the nucleon momentum is 275 
Mev/c; for the faster meson the mean value is 345 
Mev/c, and for the slower meson 182 Mev/c. 

Figure 2 gives the angular distribution (in the center- 
of-mass system) (a) of nucleons, (b) of fast mesons, and 
(c) of slow mesons. 

In the angular distribution of nucleons the backward 
direction is the preferred one (12:3), and in the angular 
distribution of fast mesons the forward direction is 
preferred. 

Figure 3(a) shows the distribution of the angle be- 
tween the two mesons in the c.m. system; the mean 
angle is 132°; (b) gives the angle between the nucleon 
and the faster meson, and (c) between the nucleon and 
the slower meson. There seems to be a slight indication 
of an angular correlation between the nucleon and the 
slower meson. Under the assumption that this correla- 
tion is connected with an excited nucleon state, decaying 
into nucleon and (slower) meson, the Q-values of this 
“excited state” have been calculated. The Q-values are 





INTERACTION OF 750-MEV r- 


spread over an energy interval of 30-170 Mev, and there 
is, at least within the small statistics, no indication of a 
maximum value. 


(4) and (7). Charge-Exchange Scattering and 
Possible x~+ p—>2°+~°+n Reaction 


Two events have been found with only one electron 
pair and no additional track. In the first event, two light 
tracks emerge at an angle of 43° and 3°, respectively, 
from the incoming meson track. One track can be identi- 
fied as that of an electron of energy 22+2 Mev, while 
the other track is either that of an electron of 20013) 
Mev, or of a meson of 150+-25 Mev. The grain count in 
this track is 1.08+0.05 compared with 1.00+0.04 for 
the incoming meson track. This and the fact that no 
decay electron of 22 Mev is known, speaks for the 
assumption that both tracks are those of electrons. The 
angle of the pair is 5 degrees and the resultant makes an 
angle of 13° with the incoming meson. In the second 
event, the slower particle is an electron of 1303) Mev; 
its track has a grain count of 1.04--0.4, and makes an 
angle of 5° with the incoming meson track. The faster 
particle leaves at an angle of 13°; from similar con- 
siderations to those given before, it is very probable that 
this track is that of an electron and that the energy is 
350133 Mev. The angle of the pair is 63° and the 
resultant makes an angle of 23° with the incoming 
meson. In both events the asymmetry in the energy of 
the electrons and the pair angle are unexpectedly large. 

From energy and momentum considerations, the 
second event can be explained as charge-exchange 
scattering with direct pair production; the scattering 
occurs on a free or edge proton and the angle of emission 
of the r° is between 8 and 14 degrees. The maximum 
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in collisions with meson 
production. 
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lifetime of the w® is (2.8+0.2)X10-" sec, estimated 
from the separation of the last grain of the incoming 
meson and the first grain of the pair. 

The first event represents with great probability 
direct pair production in an event of type 7-+p—n 
+7°+7°. The assumption of elastic scattering with 
charge exchange would lead to a r° emitted in the 
backward direction (c.m. system). 

Thirty-one events have been found in which the 
meson stops in the emulsion. Sixteen of these events 
show small recoils, or blobs, or electron interactions. 

In 15 events no nuclear interaction is visible and these 
may represent m+p—n+7° and 2 +p—n+r°+7° 
reactions; however, it is not excluded that some cases 
may represent interactions with nuclei (protons in the 
interior of the nucleus) leading to neutron emission only. 
The number of stoppings observed (15), plus the 2 cases 
with electron pairs, is unexpectedly high in comparison 
with the cases leading to charged meson production, 
even within the meager statistics.* 


(5), (6), and (8). Interaction of «~ Mesons with 
Neutrons (Periphery of the Nucleus) 


Fifteen events of meson scattering through angles 
210 degrees without visible nuclear interaction have 
been found, while in 17 other cases meson scattering is 
accompanied by recoils or slow-electron emission. 

The first 15 events may represent elastic scattering on 
peripheral neutrons or scattering with ° production; 
however, it is nct excluded that in some of these events 
the scattering occurred on protons in nuclei where the 
emission of the slow proton has been suppressed by the 
exclusion principle. The scattering angles (c.m. system) 

3A high percentage of stoppings has been reported for 1.5-Mev 


negative pious by W. D. Walker and J. Crussard, Phys. Rev. 98, 
1416 (1955). 
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Fic. 4. Angular distribution (laboratory system)” 
of x~ mesons scattered in nuclei. 


in these 15 cases are plotted in Fig. 1 as cross-hatched 
boxes, under the assumption that they are elastic 
scatterings. 

One case of s~+n—p+2-+7 has been observed; 
the angles of the emitted mesons, the angle of the 
proton, and the angles between the particles (c.m. 
system) are plotted in Figs. 2 and 3 (cross-hatched 
boxes). 

The 17 events of type (8), in which meson scattering 
is accompanied by recoils or slow-electron emission, are 
plotted in Fig. 4 (cross-hatched boxes). 

The total number of x~+ collisions is 41, taking 11 
[groups 1 and 1 (a) | as the number of elastic scatterings 
observed. The mean free path in the emulsion is 
30.5 meters or about one-half of the mean free path 
for x~ collisions on free protons, calculated with a cross 
section of 42 mb. Therefore, one-half of all observed 
collisions must have occurred on bound protons on the 
periphery of nuclei. 

We find the ratio 


a +p-r +p 


11 
(x-+peta-+p) +(e +portte-tn) 13 





Judging from this ratio and assuming again equal 
weights for the $ and $ state in Fermi’s theory, 44% of 
all x~+> collision are inelastic; however, the above 
ratio is possibly an underestimate, since as mentioned 
before, some of the events listed in (6) may actually be 
scatterings by peripheral protons. The value 44% is in 
good agreement with the value 40% for the percentage 
of inelastic scatterings, derived from the ratio of elastic 
to total x-+>) scattering [60%, as discussed in the 
section dealing with groups 1 and 1(a) ]. 

Finally, the ratio of x-+ p to x-+-n scatterings (con- 
sidering in both cases events without evaporation tracks 
or recoils) is 41:16=2.6, while the ratio of the cross 
sections for *~+ to #~+-n interactions found in this 
energy interval by Lindenbaum and Yuan is 42:17.5 
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=2.4.' Because of the reasons mentioned, this good 
agreement may be only coincidental. 


SUMMARY OF x-—p AND x~—n SCATTERINGS 


About 40% of all x-— p collisions are inelastic, leading 
to meson production. The angular distribution in elastic 
«-—p and x-—n collisions is strongly peaked in the 
forward direction. The number of observed stoppings of 
mesons, interpreted as charge exchange scattering and 
production of +° mesons, is unexpectedly high. 

In inelastic collisions with meson production, the 
nucleon is predominantly scattered in the backward 
direction. There seems to exist a slight angular correla- 
tion between the nucleon and the slower backward- 
scattered meson. 


INTERACTION OF x MESONS WITH NUCLEI 


In addition to 266 nuclear events (233 stars, 17 meson 
scatterings with recoils or electron interactions, plus 16 
stoppings with recoils or electron interactions), 500 
stars have been found in area-scanning. 

The stars have been analyzed especially with respect 
to mesons leaving the nucleus. (40+4)% of all stars 
have 1 emitted meson and only (3+1)% have two 
emitted mesons.‘ These values are very similar to those 
obtained in the case of stars induced with 500-Mev x- 
mesons.® The fact that no increase in emitted mesons is 
observed can be explained by the higher interaction 
cross section of 750-Mev mesons and by an increased 
meson production leading to mesons in an energy in- 
terval of 100-300 Mev which have a smal] mean free 
path in nuclear matter. 

The angular distribution (lab system) is given in 
Fig. 4; the shaded boxes in the histogram refer to a 
mesons below 100 Mev and the cross-hatched boxes to 
events without evaporation prongs but with recoils or 
slow electrons. Forward emission of mesons in 750-Mev 
pion-induced stars is more pronounced than in the case 
of 500 Mev. Here the ratio of forward to backward 
mesons is nearly 1.7:1, while this ratio is 1.2:1 in the 
case of 500-Mev mesons. This may be due partly to the 
increased center-of-mass motion—f=0.48 for 750-Mev 
and 0.40 for 500-Mev pions—but it mainly reflects the 
increased forward scattering in meson-nucleon collisions. 


STAR SIZE 


In this section, some data on star size and prong 
distribution are collected in order to obtain information 
on the energy dissipation of mesons in nuclei. If the a 
meson is completely absorbed, the total excitation 
energy is nearly 900 Mev; and in heavy elements (which 
are responsible for about 80% of all stars), stars with 


9-15 prongs would be expected. 


‘ These values have been obtained by grain count and scattering 
measurements and by considerations based on the kinematics of 
the interaction process. Tracks with minimum grain density are 
assumed to be those of mesons, since the maximum kinetic energy 
of protons in the extreme forward direction is 750 Mev. 

° M. Blau and M. Caulton, Phys. Rev. 96, 150 (1954). 





INTERACTION OF 750-MEV -r- 


On the other hand, it can be anticipated that stars 
with fast forward-scattered mesons are small, consisting 
of a few short prongs in light elements and 1-2 prongs in 
heavy elements. One would also expect small stars 
without any charged mesons, corresponding to charge- 
exchange scattering. However, less than 20% of all first 
encounters with a nucleon within the nucleus should 
lead to charge-exchange scattering, and only in a frac- 
tion of these encounters will the neutral meson leave the 
nucleus without further interaction. 

As already mentioned, about 60% of all stars have no 
charged meson; 62% of these mesonless stars have no 
fast proton > 60 Mev and a mean prong number of only 
4+0.4. Only 2% have prong number 2 9. 

The small mean prong number in these stars suggests 
that a great amount of energy is carried away by fast 
neutral particles for which the nucleus is rather trans- 
parent. While the number of fast neutron recoils in 
scattering processes should be only slightly higher than 
the number of fast protons, additional fast neutrons are 
produced in the absorption process of #~ mesons in 
proton-neutron pairs. 

Five pairs of protons with angular separation > 130°, 
whose energies are greater than 70 Mev (up to 140 Mev) 
have been found. These pairs are probably created in 
the absorption of positive mesons (meson production 
and reabsorption) and indicate that energy freed in 
meson absorption can be considerably higher than the 
rest mass of the meson. Furthermore, in explaining the 
small size of mesonless stars, one has to consider colli- 
sions resulting in production of neutral mesons; since 
the neutral meson is probably faster than the charged 
meson,® its probability of escaping absorption will be 
greater. The star size in this case is then mostly de- 
termined by the absorption of a slow meson of around 
200 Mev. 

Finally, the great number of observed 2~-meson 
stoppings raises the question of a possibly greater pro- 
portion of collisions leading to charge exchange than is 
calculated with the Fermi statistical theory. 


PRONG DISTRIBUTION (STARS WITH AND 
WITHOUT EMITTED MESONS) 


The appearance of r~-meson stars (750 Mev) is quite 
different from that of stars initiated by fast nucleons; in 
meson stars, contrary to the case for nucleon stars, more 
than 1 minimum track in the forward direction is seldom 
observed and the nucleon cascade in the forward direc- 
tion (light and dark gray tracks), characteristic for 
stars produced by fast nucleons, is absent. These facts 
are easily understandable in view of the kinematics of 
meson-nucleon scattering and meson-meson production. 
Fast nucleons causing cascades in the extreme forward 
direction would require backward scattering of mesons, 
infrequent at this energy. 


6 Compare the data on 7° production in r~+p—2~+7°+p 
events. 
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Because of the absence of a forward cascade, an 
isotropic prong distribution in meson stars should be 
expected. However, there is a distinct anisotropy, 
manifesting itself in bunching of black and dark gray 
tracks at angles between 45° and 135°. The small 
cascades (2-5 prongs) are predominantly present in 
stars where only slow mesons, or none, are emitted. 

In order to establish that these “bunches of tracks” 
are not chance coincidences in a random distribution, 
the angular separation of neighboring tracks (projected 
angle) and the number of tracks in certain angular 
intervals have been investigated in stars of 6, 7, and 8 
prongs; it has been found that the observed angular 
correlation is beyond statistical fluctuations.” 

The observed irregularity in prong distribution can be 
due at least in part to small cascades originating from 
fast nucleons accelerated in meson scattering or meson 
absorption, but probably most of these cascades origi- 
nate from excited nucleon complexes disintegrating in 
flight. 

Evidence supporting this assumption is as follows: 
(1) Fragments Z>3 emitted in these stars have a 
relatively high frequency. (2) There occur cases of 
neighboring tracks with nearly equal velocity. A few of 
these cases could be analyzed: 4 cases of Be* decaying 
into two a particles from the ground level, 1 case of Li® 
decaying into He*+d from the 2.2-Mev level, 1 case of a 
Li’ nucleus decaying into a+/ from the 4.6-Mev level, 
one highly excited a particle decaying into proton 
+triton and finally B® decaying from the 2.4-Mev level 
into a+a+ >. (3) Tracks are observed originating from 
a common stem (5—46y) and separating later; here the 
particles (2-4 in number) after separating do not have 
equal velocity. Some of these cases may be splittings 
after collision with emulsion nuclei, although this would 
presume a very short collision path. 


STABLE FRAGMENTS IN x-MESON STARS 


Emission of stable and excited fragments (Z2 3) isa 
common feature in large cosmic-ray stars, but it is 
unexpected in relatively small stars as observed in this 
experiment. 

The energy distribution and angular distribution of 
fragments in cosmic-ray stars have been investigated by 
Perkins® and other authors.’ Perkins found that the 
number of fragments emitted from stars increases 
rapidly with star size or nuclear temperature. 

For cosmic-ray stars with 8-13 prongs (the smallest 
star size investigated) Perkins found 5 fragments in 58 


7As an example, the frequency of 3 tracks within an angular 
interval of 10° has been investigated. According to the x? test, 
the observed frequency has only a probability of 0.1% of being 
found in a random distribution. 

8D. H. Perkins, Proc. Roy. Soc. (London) 203, 399 (1950). 

®P. E. Hodgson and D. H. Perkins, Nature 163, 439 (1949); 
A. Bonelli and C. Dillworth, Phil. Mag. 40, 947 (1949); T. 
Crussard, Bombay Conference on Fundamental Particles, 1950 
Sion S. O. C. Sorensen, Phil. Mag. 40, 947 (1949); 42, 

88 (1951). 
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stars, considering only fragments with range >30 
microns and dip angle < 30°. 

With 750-Mev 2 mesons, 16 fragments (range 
r>30y, dip angle < 30°) have been found in 249 stars 
with prong numbers > 5; only 14% of these stars have 
more than 8 prongs. The percentage of stars with 
fragments is therefore not essentially smaller in spite of 
smaller star size and presumably lower nuclear tem- 
perature. 

The frequency of fragments with r>30u in stars 
produced by nucleons with energies of 300-400 Mev 
(where meson production is still infrequent) is much 
smaller, about 0.75%. 

The fragments are emitted in the near forward direc- 
tion. However, there are also fragments around 90°. 
The latter are probably fission fragments and frequently 
of energies below 4 Mev/nucleon. In one star, 2 frag- 
ments in opposite directions around 90° have been 
observed. 

Five fragments in the near forward direction defi- 
nitely have energies >4 Mev/nucleon and therefore 
have been accelerated by forces other than Coulomb 
repulsion. 

Fast fragments are also emitted in small stars with 
less than 5 prongs. A fragment (Z=3) with 360-u range 
is emitted at 54° in a 1-prong star, and from another 
star with 1 dark and 1 gray prong a fragment emerges 
with Z=4 or 5 and 240-» range in a direction at 74° to 
the incoming meson. 

The emission of fast fragments is a process not fully 
understood and several hypotheses have been proposed. 

The relatively high frequency of fragments in small- 
size stars, observed here, seems to indicate a direct 
connection between fragment emission and meson 
interaction. 

The fact that fragments (stable and unstable) origi- 
nate predominantly in stars without mesons, or with 
slow emitted mesons, suggests more specifically a con- 
nection with the absorption process of mesons taking 
place in an nucleon complex within the nucleus. If all 
fragments were the result of surface oscillations in 
highly excited nuclei, they should not be found in the 
small stars reported here. Also, if all fragments were 
knock-ons in nucleon cascades, more fragments should 
be found in stars produced by nucleons of 300-400 Mev 
than in the case of 750-Mev mesons, because in the 
former case the nuclear path is longer and secondary 
nucleons will be more frequent and more energetic than 
in the meson case where first collisions lead predomi- 
nantly to forward-scattered mesons and, therefore, 
slower nucleons. 


FAST ALPHA PARTICLES 


In connection with fragments for which Z>3, the 
relative abundance of fast a particles in x~-meson stars 
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should be mentioned. 4% of all stars have a particles 
with energies >50 Mev; most of these fast a particles 
come from stars without mesons or with slow emitted 
mesons. In one case with an a particle of 180 Mev 
emitted at 15°, a slow meson of 50 Mev is emitted in the 
backward direction. This case and possibly others as 
well may be explained as elastic scattering of the 
incoming 7 meson by an a complex within the nucleus; 
the scattered meson leaves the nucleus after having lost 
energy in further collisions. 


SEARCH FOR HEAVY MESONS, HYPERONS 
AND BOUND HYPERONS 


About 500 ~-meson stars have been inspected for 
emission of heavy mesons and secondary stars caused by 
the disintegration of bound hyperons, but none have 
been found. 40 7 mesons have been followed to their 
origin, but no A® has been found. If one takes into 
account the Fermi energy, associated production of 
K-mesons and A° particles should be just possible at an 
energy of 750 Mev. The number of stars investigated is 
not large enough to decide if the absence of A°’s is proof 
of no single A° production. 


CONCLUSIONS 


In the interaction of 750-Mev negative # mesons with 
nuclei, a large percentage of the mesons—about 40%—is 
completely absorbed. The absorption process probably 
takes place by repeated scattering and meson produc- 
tion and reabsorption. The small mean prong number of 
mesonless stars suggests that part of the energy is spent 
in emission of fast neutral particles. 

In x~-meson stars, angular correlations between tracks 
and emission of fast a particles and stable and excited 
fragments are observed. These phenomena commonly 
are observed only in large stars induced by high-energy 
meson-producing nucleons. Therefore, it is tempting to 
assume that these phenomena are connected with direct 
meson interaction and that meson interaction and 
meson absorption involves in some way nuclear sub- 
structures within the nucleus. 

Mesons escaping absorption are preferentially emitted 
in the forward direction, the ratio of mesons emitted 
forward to those emitted backward (laboratory system) 
being 1.8. 
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Emission of hyperfragments in 3-Bev proton stars has been investigated. The frequency of hyperfragments 
per star is 1/1000. Individual events, angular and Z-distribution are discussed. No case of associated produc- 


tion has been found. 


Five slow K+ mesons have been found in the same emulsion volume; in 3 cases the secondary could not be 
identified, one case is probably a K,2 decay and one other a Ky3 decay. One possible case of a K,3 meson is 


also discussed. 





INTRODUCTION 


HE first example of a hyperfragment (A° nucleus) 

was found by Danysz and Pniewsky.! Later on, a 

great number of cases were found. Most of these cases 

up to 1954 are compiled in reports from the Padua 

Conference.’ An extensive bibliography can be found in 
a paper by Gatto.® 

A systematic search for hyperfragments in particle 
beams of well-defined energy gives information on data 
related to particle physics (A°-production cross section, 
particle nature of the A°, associated production, etc.) as 
well as to physics of the nucleus‘: (formation of the 
hyperfragment, binding energy, etc.). 

A systematic investigation of hyperfragments in the 
3-Bev proton beam of the Brookhaven Cosmotron has 
been made by Fry ei al.® 

The following investigation is a further contribution 
to the same problem. Unfortunately, only a few of the 
disintegrating hypernuclei can be completely analyzed 
and, therefore, many-cases have to be collected before 
satisfactory information on the process of hyperfrag- 
ment formation and stability will be available. 


EXPERIMENTAL ARRANGEMENT AND SEARCH 


A stack of 24 emulsion sheets 2 in. x3 in. and 400 u 
thick has been exposed to 3-Bev protons in the “blown- 
up” beam of the Brookhaven Cosmotron. The stack, 
provided with adequate shielding, was placed with the 3- 
in. side parallel to the beam direction and exposed to 
about 30 000 protons per cm square. 

The emulsions were scanned with 300 X magnification : 
(1) All tracks ending in the field of view were inspected 
for emission of secondaries. (2) All stars with incoming 
proton tracks were carefully investigated for secondary 
stars and track endings in the field; special care was 
given to star centers, so that secondary events with 

* Under contract with the U. S. Atomic Energy Commission. 

1M. Danysz and T. Pniewsky, Phil. Mag. 44, 348 (1953). 

2 Nuovo cimento 11, Suppl. No. 2 (1954). 

3R. Gatto, Nuovo cimento 1, 378 (1955). 

4H. Primakoff and W. Cheston, Phys. Rev. 93, 908 (1954); C. F. 
Powell, Nature 173, 469 (1954); A. Pais, Proceedings of the Fifth 
Rochester Conference on High Energy Physics (Interscience Pub- 
lishers, Inc., New York, 1955). 

5M. Goldhaber, Phys. Rev. 101, 433 (1956). We are indebted 


to Dr. M. Goldhaber for a preprint of his paper. 
6 Fry, Schneps, and Swami (prepublication data). 


short connecting tracks should not be overlooked. Star 
tracks, not ending in the field, were followed for 13 mm 
length. (3) Furthermore, 2-prong stars and all stars 
without fast incoming protons, in which one of the 
prongs seemed heavier than the others, were registered. 
This heavier track was then followed in adjacent 
emulsions to trace its origin or ending. 


MASS, CHARGE, AND ENERGY DETERMINATION 


Range-energy relation—For protons below 50-Mev 
kinetic energy, the experimental data of Wilkins’ were 
used, and for higher energies the range-energy relation 
adopted by Fay et al.* For particles with Z > 2, the range 
energy relation was corrected for electron pickup with 
the help of equations given by Barkas.° 

Tonization.—Grain-count measurements in light tracks 
were compared with 3-Bev proton tracks crossing the 
emulsions. This has the advantage that the grain 
density of each unknown track can be compared with a 
minimum track at equal depth in the emulsion. The 
results are given as g/gmin. 

Gap-count measurements were compared with identi- 
fied protons, pions, a particles, and occasionally deu- 
terons. Most of the tracks were measured with minimum 
gap lengths of 1 u and 0.5 u (the latter measurement has 
been made with a Filar Micrometer). In total, 6 
protons, 4 x-meson tracks, 2 deuterons, and 3 a-particle 
tracks, with ranges between 1-3 cm, were measured. 
Masses of unknown particles are determined by the 
ratio of residual ranges of track sections with equal gap 
density. For particles with mass > 2X proton mass, the 
range of comparison becomes small if protons are used 
as standards. It is advantageous to use long a tracks as 
standards, if available, because then the range of com- 
parison becomes large and measuring errors conse- 
quently smaller. The ratio of ranges corresponding to 
equal ion density can be calculated by the range-energy 
relation E=0.28R°-56M°-Z1.186 8 or from experimental 
curves.’:? §-ray determinations” on unknown tracks 

7T. T. Wilkins, Atomic Energy Report G/R 664, 1951 (un- 
published). 


8 Fay, Gottstein, and Hain, Nuovo cimento 11, Suppl. No. 2, 234 


(1954). 

® W. H. Barkas, Phys. Rev. 89, 1019 (1953). 

10 A. D. Dainton and P. H. Fowler, Proc. Roy. Soc. (London) 
221, 414 (1954). 
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TABLE I. Characteristi 


BLAU 


cs of hyperfragment stars. 





Fragment 
Time of flight 
(sec) 


Angle 
of emission 


Secondary star 


Charge of Total visible Residual 
secondaries energy in Mev momentum 


Number 
of prongs 





~2X 10-8 
~2X10 
~1X10™" 
~1X10-% 
~4x10-" 
~i X10 
~1X10™ 
~1X10" 
~1X10-" 
~2X10-% 
~1X10" 
~1X10-" 


— he bee 
NK OMVONAUE WH 


~2X10-" 
< 10-8 


i 
wm G 


33.4 526 
24.1 
47.2 710 
68.7 
23 
48 
18.4 
74.2 
69 
34 
23.6 

if triton, 43 

if deuteron, 36 

both tracks leave stack 
1 track leaves stack 


89° 
78° 
35° 
65° 
81° 
78° 
16° 
79° 
22° 
68° 
56° 


75° 
124° 


2 
1+1 recoil 
2 


2 
2+2 recoil 
3+1 recoil 
3+1 recoil 

2 


1 


3 or4 


2 
3+2 recoil 26 








TABLE II. Event 1: ,Be®.* 








Energy 
Mev 


Range 
“ 


Possible iden- 
tification 


Q-value 
Mev 





937 
232.524 


13.6+0.8 

24.7+1 

19.8+1 
9.5+0.7 


a 


a 
He® 
H 


173.445 18.945 0+5 








* Remarks: B has probably charge 2, however the possibility of being a triton is not excluded. The residual momentum compensated with a single neutron 


would give a Q-value, which is too large if B represents He‘ and too small 


were compared with protons, a particles, Li®, one B® 
track 800 u long, and one Be™ track (a,a,n,e) 400 u long. 

Scattering.—Scattering measurements were made, 
whenever dip and distortion conditions made this 


method meaningful. 


EXPERIMENTAL RESULTS ON HYPERFRAGMENTS 


The total number of stars investigated was 14 480. 
Among these stars 14 events were found which are 
believed to be spontaneous disintegrations of fragments 
coming to rest in the emulsion, with the possible excep- 
tion of one event where decay in flight is suspected. In 
addition, 2 stars with double centers were found which 
may represent disintegrations of slow and probably 
heavy hyperfragments. Both cases occurred in large 
stars (16 and 20 prongs) and it is impossible to dis- 
entangle the prongs belonging to each center. 

The 14 events are tabulated in Table I. In Tables II- 
XV, the characteristics of the secondary stars of these 
events are described in greater detail. A fragment con- 


TaBLe ITT. Event 2: aHe® or ,He®.* Gap and 6-ray count indicate 
charge 2 for the fragment. 








Possible iden- 
tification 


Range 


Energy 
r) Mev 





1536+15 
2.5 


deuteron 24.1+0.2 


recoil 








® Remarks: The recoil is emitted at an angle of 110° to the direction of the 
fragment; therefore, interpretation as scattering event is excluded. Since 
the ch of the fragment is 2, the charge of the recoil has to be 1 (deuteron 
or triton). 


if Bis H*, 


sisting of a hyperon and x—1 other nucleons is described 
by the symbol ,N* as proposed by Goldhaber.® The 
particles emitted in the disintegration of hypernuclei are 
numbered consecutively by A, B- - -. In cases where the 
residual momentum of the emitted charged particles 
could be compensated with the nromentum of a single 
neutron particle, Bs and A= B,— By, have been calcu- 
lated.? By, is the binding energy of the hyperon in the 
fragment and B,, the binding energy of the last neutron 
in a stable fragment having the same charge and mass 
number as the hyperfragment. A is given by 


A=Q-(M—L m,)—[Qa+m,— (m,—m,)], 


where Q is the sum of kinetic energies freed in the 
disintegration, M the mass of the stable fragment, >> m; 
the sum of the masses of all decay products, Qa the 
Q-value of the unbound hyperon, m, the mass of the 
meson, and (m,—m,) the neutron-proton mass differ- 
ence. 0-+-m,— (m,—m,)=175.1+0.5 Mev. 


DISCUSSION 


Only a few of the events described can be analyzed; 
however, in all events, with the possible exception of 
event 3, the observed disintegrations are compatible 
with the decay of a A° bound to the nucleus. All observed 
hypernuclei, again with the possible exception of event 
3, are isotopic spin singlets, T=0 for nuclei with odd 
atomic number, and doublets, 7= +3, for even atomic 
number.* Event 3, interpreted as ,Li*, would be the first 
example of a hypernucleus in a 7=1 state.® In this 





HYPERFRAGMENTS AND SLOW K-MESONS IN STARS 


TABLE IV. Event 3: aLi® or decay in flight of ,Li®.*:> 








Range Possible iden- 
" tification 


236.6425 


= mi-M 


Energy 
Mev Mev 


Q-value 
Mev 


4 
Mev 





He®, electron 28.2+1.2 
with 2.9+1.5 
Mev is emit- 
ted at the end 
of this track 
proton 
probable 


1676+ 100 19.8+0.7 177+14 com 
pensating the 
residual mo- 
mentum with 
2 neutrons 
parallel to 


each other 


19.5+14 








* Remarks: The residual momentum is 710+20 Mev/c; only by compensating the momentum with two neutrons emitted parallel to each other results 
in Q-value compatible with a A® decay. 

b Possible decay in flight of ,Li*: The dip angle of the fragment is very large, 72° (in undeveloped emulsion), and therefore, it is difficult to decide if the 
es has been completely at rest before decaying. The assumption of decay in flight seems acceptable, because both tracks (He* and proton) and the 
ragment have dip angles of equal sign. The residual momentum of the event, projected in the plane of the fragment is considerably decreased, because the 
Z components of the momenta of both particles become smaller. The angle (space angle) between fragment and He’ particle is small —12°, Furthermore, 
the velocity is small (E =28.2 Mev, 8 =0.1), while its momentum and hence contribution to the residual momentum is large. Therefore, in the system of the 
moving fragment, the momentum of the He® particle and consequently the residual momentum decreases rapidly with increasing fragment velocity. As- 


suming a fragment velocity between 8 =0.01 and 8 =0.02, compensation of the residual momentum with a single neutron is possible. 


interpretation, the assumption has been made that 2 
neutrons are emitted, moving parallel to each other. 
Although such angular correlations may occur, this 
assumption seems somewhat artificial. 

It has been shown that the event could be explained 
as the decay in flight of a ,Li’. However, in this case the 
lifetime of the hypernucleus would be only ~10-" sec, 
which is rather improbable in view of the long lifetime 
of A®s,"! 

Since none of the above interpretations is satisfactory, 
the possibility of the decay of another unstable particle 
should not be completely rejected. The energy release in 
the event (if none of the above assumptions are made) is 
2 273414 Mev; the minimum value is very close to the 
total energy release of charged hyperons."* The upper 
limit of energy release of course is not known, but it may 
well extend to the rest energy of @’s. 

The binding energies of A° in ,Be* and ,Be® (event 1 
and 11) are in satisfactory agreement with values found 
for these nuclei by other authors.® In the case of Be®, By 
is definitely smaller than B,. 

A hypernucleus ,H*‘ (mesonic decay) has been already 
found,” and the binding energy of the A° has been 
accurately determined to be Bs=1.2+0.8 Mev. There- 
fore, a decay scheme of ,H‘* (event 12)—H*+-2, giving 
a binding energy Bh=10-+-4 Mev, is unlikely and the 
decay scheme ,H*-H?+n-+-n is more probable. Since 
nonmesonic decay of He* has been observed," the 
existence of a 4H‘ decaying without meson emission is 
not astonishing. 


4B. Waldeskog [Arkiv Fysik 8, 369 (1954)] reports a hyper- 
fragment with charge 9e decaying in flight; the lifetime of the 
fragment is 2X10" sec. 

12 A. Pais (reference 4) mentions in his report the possibility of 
selection rules inhibiting the fast degeneration of charged hyperons 
to the lowest A° state. 

3 Report of European G-stack group, Nature 175, 971 (1955). 

“4 An analyzable ,4He* nonmesonic decay has n found re- 
cently by Stiller, Seeman, and Shapiro, Bull. Am. Phys. Soc. 30, 
No. 5, 13 (1955). 


The existence of the doublets 4H‘, ,He* and ,Li®, 
aBe® makes the existence of the doublet ,He®, ,Li® 
probable.’ This doublet has not been observed before. 
aHe® (event 3 and possibly event 7) can not be analyzed. 
The binding energy By of ,Li® is small, within the limits 
of error. 

Unfortunately, charge and mass in event 10, ,O"*, is 
not unmistakably identified ; furthermore, the error in 
By is very large, so that the bond strength cannot be 
estimated. Large and analyzable hyperfragments are 
very rare and up to now it is not known whether Ba 
stays approximately constant or increases with atomic 
number. 

The great number of nonmesonic decays in the very 
light elements and the mesonic decay in a carbon or 
heavier nucleus are unexpected. 

In the 14 stars with hyperfragment emission and in 
the two stars with a double center all tracks have been 


TABLE V. Event 4: ,Be® or ,Be®.* 








Range Possible iden- 
rm tification 
4233457 proton 
307.8+30 a 
519+16 proton 
deuteron 
more 
probable 


Energy 
Mev 


32+0.2 
28+0.8 
8.7+0.2 
12.8+0.3 











® Remarks: Two neutrons are necessary for compensation of the residual 
momentum, 


TABLE VI. Event 5: ,Li’ or aLi®.* 








Range Possible iden- 
m tification 
176+5 a 
49.2+3 proton 
deuteron 


Energy 
Mev 





20.2+0.3 
2.340.2 
2.9+0.3 








*® Remarks: Two neutrons are necessary for compensation of the residual 
moment. 
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TaBLe VII. Event 6: 4Li®.* 








Range Possible iden- 


Energy 
“ tification Mev 


Q-value 
Mev 





12.6401 — 
35.541 


822+20 proton 
B 452+20 a 


171.143.5 








. Remarks: The probability that A is a deuteron instead of a proton is 1/20. 


followed to the end of their range or to their exit from 
the stack. Measurements of the gradient of grain density 
and occasionally scattering measurements have been 
performed, but no case of a charged heavy meson as- 
sociated with the production of the A° could be detected 
with certainty. However, in every one of the investi- 
gated stars there is at least one gray track leaving the 
stack, which is possibly a charged K-meson. 

The size of stars with hyperfragments is rather 
large*"* and the fragments originate in heavy elements. 
This is easy to understand since both, the probability 
for A°® production and capture is higher for heavy 
elements. Furthermore, as in the case of stable frag- 


TABLE VIII. Event 7: aHe® or ,He®.* 








Possible iden- Energy 
tification Mev 


17.4+0.2 


1.03+0.02 
1.130.03 


Range 
Mev 


1448+20 
11.1+0.5 





proton 
deuteron 
triton 








* Remarks: Fragment ends in small hook. Gap count and number and 
distribution of 6 rays favor mass 5 instead of 6 in the ratio 0.7:0.3. The 
residual momentum compensated with a single r®meson would lead to a 
Q-value of 93 Mev. Emission of  +7°(A°—-n +7) is not excluded, however, 
the energy of the emitted r® would be < 22 Mev. (Decay-scheme aHe'—p 
+t+n+7 or AHe!+—p+d+n+7°). 


TABLE IX. Event 8: ,B°—,B"” or ,C®—,C.* 
Charge of fragment <6. 








Energy 
Mev 


27.8+0.8 
34.5+1 


46.4+1 


Range Possible iden- 
“ tification 


3316+ 160 
4807+220 





proton 

proton, more 
probable 
deuteron 

recoil (light) 
charge 1 possible 
recoil (heavy) 








® Remarks: In either case, B—proton or B—deuteron, 2 neutrons are 
necessary for the compensation of residual momentum. 


TABLE X. Event 9: ,B® or 4CU—,C®.* 
Charge of fragment >4. 








Range 
Track im 


A 169.5+6 
3428+ 100 proton 


B 
Cc 5045+200 proton 
D 1.5 recoil 


Possible iden- 
tification 


Energy 
Mev 





5+0.1 
28.5+0.4 
35.340.8 


proton 








® Remarks: Two neutrons are necessary for compensation of the residual 
momentum. 


15 In Fry’s experiments (reference 6) all hyperfragment stars are 
also found to be large. 


ments, high excitation of nuclear matter probably is 
favorable for the emission of hyperfragments (because 
of lowering of the Coulomb barrier). 


ANGULAR DISTRIBUTION 


Figure 1 gives the angular distribution of hyper- 
fragments with respect to the incoming proton. The 
shaded boxes correspond to the events in this experi- 
ment, while the blank ones are taken from the results of 
Fry.® 

Most of the fragments are emitted in the forward 
hemisphere ; however, the preferred direction seems to 
lie near 90°. The emission angles are distinctly larger 
than in the case of free A°’s in an energy interval, where 
capture probability is high'*; in the latter case, the 
emission angle is centered around 30°. This difference 
may be due to scattering of hyperfragments and to the 
fact that the emission angle will also be influenced by 
the direction of the colliding nucleons. The angular 
distribution of the hyperfragments is very similar to the 
distribution of stable fragments. 


CHARGE DISTRIBUTION 


Figure 2 gives the charge distribution of fragments 
found in 3-Bev proton experiments here (shaded boxes) 
and by Fry (blank boxes). In cases where the charge 
could not be definitely determined, the most probable 
value has been chosen. Contrary to the case of stable 
fragments, there seems to be no preference for frag- 
ments of charge 4 (interval Z>3).!" 

The Z-spectrum for hyperfragments (Z23) seems to 
be displaced toward higher values, in comparison to the 
spectrum of stable fragments. An obvious explanation 
would be an increasingly stronger hyperon bond in 
heavy fragments, but as mentioned before, until now 
nothing has been known about this interesting fact. 
Some difference between hyperfragments and stable 
fragments is expected because in the first case, the 
formation of certain nuclei is not subjected to Pauli’s 
exclusion principle. (For instance, ,H‘ exists but H* 
does not.) 

The small number of hyperfragments with charge 1 
or 2 in comparison to the stable fragments with the 
same charge is quite noticeable. A certain percentage of 
these light fragments may be missed, because these 
fragments will usually have larger ranges and may, 
therefore, more often leave the stack. Furthermore, if 


16 R. Jastrow, Phys. Rev. 97, 181 (1955). 
17—. H. Perkins, Proc. Roy. Soc. (London) 203, 399 (1950). 





HYPERFRAGMENTS AND SLOW K-MESONS IN STARS 


TABLE XI. Event 10: ,O" or higher atomic number. Charge estimated > 8. 








= mi-—M A 


Energy - 
ev 


Mev 
5+0.1 


Possible iden- 


Q-value 
tification Mev 





proton 
proton 8.50.1 
Lié 14.8+1 

Li? 17.5+1.2 


recoil (heavy) 19.6414 


115+14 

assuming 
C—Li? 
D-Li® 








TaBLeE XII, Event 11: ,Be’. 








Energy Q-value 
Mev Mev 


14.5+0.5 
9.1+0.2 


Possible iden- 
tification 


Li® or Li? 
probably deu- 


teron (heavier 
than proton) 





15345 








TABLE XIII. Event 12: aH‘ or ,H*.* H‘ more probable. 








= mi-M 


Q-value 
Mev 


Mev 


Energy 
Mev 


36+1 
4341 


Possible iden- 


Range 
“ tification 





deuteron 
triton 


30724120 
1654 as- 
suming A 
to be triton 








® Remarks: If A is a deuteron, the decay scheme is AH‘—+H?+ +. In the first 300u of the 3400u fragment track are 2 6 rays of 3-4 grains; therefore, the 
velocity of the particle is small. If the particle is H*, the number of 8 rays expected is 7+1; for H‘ the number of expected 6 rays is 3+1. 

The track passes through 5 pellicles and has a dip angle of 30°. The three center parts of the track have each a projected length of 750u. The mass 
calculated from scattering measurements is (2.8+1.2) Xproton mass. Gap count measurements were compared with two identified deuterons, gave a mass 
(1.7 +0,6) Xdeuteron mass; comparison with three a particles gave (0.8+0.3) Xa particle mass. The error in both, scattering and gap density measurements, 
includes probable errors made in dip angle corrections. 

Unfortunately, none of these measurements provides a clear decision between mass 3 and 4. However, the é-ray count favors mass 4. 

The particle comes to an obvious end and emits a particle of range 3072+120y (track A). Although the dip angle of this track is steeper (40°), there 
is a distinct increase in the number of gaps in the beginning of this track compared with the ending part of the fragment. In the first 1000u of track A are 
6 short 6 rays. For a triton 4.5+1 and for a deuteron (11+2) 6 rays are expected. The 6-ray count favors the assumption of a triton, but does not exclude 
a deuteron. Gap count and scattering measurements were not decisive, mostly on account of the large dip angle. 

The decay scheme AH‘—H!-+-, leads to a Ba, which is not in agreement with a value found by other authors for AH‘. [See report of European G-stack 


group, Nature 175, 971 (1955).] 


the decay is nonmesonic, these events may sometimes be 
mistaken as scattering events, especially if the particle 
decays in flight. However, even assuming that there are 
4 times as many events present as actually observed, the 
ratio of hyperfragments with Z=1 or 2 to those with 
Z23 remains small, compared with the same ratio for 
stable fragments. The reason for this is connected with 
stability problems and probably also production prob- 
lems. Many of the a particles seen in stars are ejected in 
elastic collisions with rather fast nucleons, the a-particle 
subunits acting here as scattering centers; the rest of the 
a particles are slow, and are probably emitted as 
evaporation prongs. In the case of stable tritons the 
pickup process is an important mechanism, which 
possibly is not effective in the case of A°’s. 


CROSS SECTION 


The number of hyperfragments per star is 14/14 480 
=1X10-*; this is in good agreement with Fry’s results,® 
where 21 hyperfragments are found in 20.000 stars. 
Since all observed hyperfragments originate in heavy 
elements—which are responsible for only about 75% of 


all stars—the frequency is actually somewhat higher, 
about 1.310. 

Jastrow'® has calculated the expected number of 
hyperfragments per star (Ag nucleus) to be 2.5X10-°, 
about twice the observed number. In his calculations, it 
is assumed that the mechanism for hyperfragment and 
stable-fragment emission is the same and that both 
types of particle are ejected directly in collisions with 
nucleons. The probability for hyperfragment emission is 
calculated as the product of the probability for emission 
of stable fragments times the probability for A° ab- 
sorption; the latter depends on the production cross 
section for A°, which is assumed to be 1 mb for nucleon- 
nucleon collisions (3-Bev protons), and on the size of the 
nucleus. For the Ag nucleus Jastrow calculates a A° 


TABLE XIV. Event 13: ,Be or aLi. 








Possible identification 





charge 2 leaves stack 
charge 1 or 2 leaves stack 











M. 
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NUMBER OF EVENTS 
@ 
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Fic. 1. Angular distribution of hyperfragments. Blank boxes, 
experiment by Fry ef al.*; shaded boxes, present experiment. 


production cross section of 33 mb and the cross section 
for A° capture to 15.7 mb. 

The cross section for star production in heavy emul- 
sion nuclei is about 80% geometric for 3-Bev protons 


and therefore (r>= 1.3 10—" cm) about 900 mb. Hence 
in 17 out of 1000 stars one A® should be captured by the 
heavy nucleus. This may be compared with the experi- 
mental result that 1.3 out of 1000 large stars (therefore 
produced in heavy emulsion nuclei) emit a hyperfrag- 
ment. Therefore, about every tenth captured hyperon 
is emitted as a hyperfragment. Actually the ratio will be 
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Fic. 2. Z-distribution of hyperfragments. Blank boxes, experiment 
by Fry et al.*; shaded boxes, present experiment. 
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somewhat larger than 1.3/17 because the cross section 
900 mb is calculated for a nucleus A = 100 (mixture of 
heavy emulsion nuclei), while 15.7 mb refers to the Ag 
nucleus ; furthermore the cross section 1 mb for hyperon 
production may be an over estimate. 


K-MESON EMISSION FROM STARS 


Four examples of K+-mesons emitted from stars have 
been observed. The events are described in Table XVI. 

All four K-mesons are of low energy; this is under- 
standable, since the probability of finding particles with 
range 2 2.5 cm is small in a stack of the size used in this 
experiment. 

All tracks of the parent stars have been followed, but 
no other unstable particle has been found. 

K-1.—The K-meson has a dip angle of 47° and 
traverses 2 plates; scattering measurements therefore 
could not be made and gap measurements gave only an 
approximate value. The 6-ray count in this track is 9, 
in good agreement with a value expected for a K-meson. 


TABLE XV. Event 14: C or higher mass and charge.* 








Range Possible iden- 
“ tification 


Energy 
Mev 





leaving stack 
after 11304 


proton 


meson 
negative 
making 1 
prong star 
Li or 
heavier 
D X recoil 








* Remarks: The energy release in this disintegration cannot be calculated; 
however, the residual momentum is probably small. Proton track and 124 
track have opposite sign of dip and the latter and the recoil are opposite to 
each other. 

Mesonic decay of a fragment of such a high atomic number and emission 
of such a slow meson is quite unusual. 


The secondary particle could be observed in two 
adjacent plates, the observed length is 4 mm. The 
minimum track in the parent star is a meson of 
130 Mev. 

K-2.—The secondary particle into which the K-meson 
decays is steep—52°—and therefore only grain count 
measurements could be made. The track could be 
followed through 14 emulsions. The two light tracks in 
the parent star have ionization corresponding to E/'mc 
=0.7 and 0.8. The first track makes a secondary star 
and is probably a meson. 

K-3.—The observed length of the secondary track is 
8.2 mm (2 consecutive emulsions). The minimum track 
of the parent star is a meson of ~150 Mev. 

K-4.—The secondary track has a dip angle of 27°. It 
has been observed in 5 consecutive plates (4 mm). 

The light track in the parent star is a r meson of ~90 
Mev. The identity of the secondary particles in K-1, 
K-2, and K-3 is unknown; K-4 is probably a Ky2-decay. 

The small size of these stars in comparison to stars 





HYPERFRAGMENTS AND 


SLOW 


K-MESONS IN STARS 


TABLE XVI. Range and energy of primary and secondary particles in K-meson events. 








Angle of 
emission 
with respect 
Parent incoming 
star proton 


Energy 
in Mev 


Range 
in microns 


Mass determination 
Gap den- 
sity vs pp 


range: in 
Mev/c 


Secondary particle 
8/80 
Grain den- 
sity/minimum 
grain density 


Scattering 
vs range: 


in me Identity 





5+1p 1300 
3+2p 490 
7+1p 610 
3+1p 1550 
from 89° to 
outside beam 
direction 


1460+60 
1970+25 
1343+ 10 
14.178+-100 
7500+ 200 


13,.320.3 
15.46+0.2 
12.6+0.2 
48.1+0.2 
33.7+0.5 


0.96+0.05 ? 
1.09+0.06 ? 
1.00+0.03 
1.01-+0.03 


in me. 
2 1444-43 
1050+280 
750+220 158+30 
1040+ 100 165+48 
Range E 
in microns in Mev 


870+300 
864+220 
1020+ 180 


? 
probably u 





2910+50 10.1+0.2 u—e decay 








with hyperfragments is noticeable. With exception of 
case K-3, the K-mesons may have been produced in 
light elements. 

In addition to the four K-mesons, one K-meson (K-5) 
has been found entering the stack from the outside at an 
angle of 89° to the beam direction. The dip angle of the 
track is 72° and no measurements on this track can be 
made. The particle decays into a wu meson of 10+0.2 
Mev which, at the end of its range, decays into an 
electron. 

In a track of this steepness it is difficult to judge 
whether the particle actually reaches the end of its 
range; therefore, it may seem possible to explain the 
event as a r—yu—e decay in flight. However, the angle 
between the incoming meson and the » meson is 116° 
and therefore this explanation is excluded. Furthermore, 
the particle has six 6 rays in the last 1000 u of its range— 
a value expected for heavy mesons. The event is a 
K,s3-decay. 


EVENTS NOT DEFINITELY ESTABLISHED 


(a) From a star of type 21+04, a short steep track, 
probably of charge 1, is emitted at an angle of 71° to the 
direction of the incoming. The track comes to the end 
of its range after 89. The mass of the particle is 
certainly larger than the mass of a r meson. From the 
end of the track a proton of 1522+80 u is emitted. If 
this event can be assumed to be 2+—>p+-7", then the Q- 
value is calculated to Q=110+3.5 Mev. The Q-value is 
low compared to the Q-value 116+4 Mev established 
for =+ decay, but is still acceptable. However, the fact 
that the primary particle can not be analyzed makes 
this event doubtful. 

(b) From a parent star 5+19, a track of length 45 » 
is emitted at an angle of 78° to the track of the incoming 
particle. The track ends with a small hook and probably 
has charge 1. Charge 2 is not completely excluded but 
higher charge is extremely unlikely. The particle decays 
into a light track. The track can be followed through 11 
plates and the length in each plate is about 1.2 mm. In 
the first plates the track is very near the edge of the 
emulsion and visibly distorted. Therefore, scattering 
measurements can not be applied. The mean grain 
density in 5 plates is 1.030.03. After 4.2 mm the track 





has a p8=16+3 Mev/c and after 1 cm, p8=8+2 
Mev/c. Therefore, the light track is an electron. It is 
believed that this event represents a K.3 decay, since a 
radioactive element of charge 1 or 2 emitting such a 
high-energy electron is not known. Even if one would 
assume charge 3, the event could not be explained as the 
radioactive decay of Li’, since the characteristic hammer 
track is not present. 

(c) From a star 13+1 a track of charge 1 and range 
2520+ 200 u is emitted at an angle 76°. The dip angle of 
this track, which travels through 5 plates, is 47°. 
Scattering measurements give a mass >350 m,; gap 
count gives a mass value m,=1270+560 m,. 

The track comes to the end of its range (typical hook) 
and makes a secondary star consisting of 3 tracks (not 
coplanar) : 

(1) 83+5 » if proton 3.2"Mev if a, more probable— 
12.6 Mev. 

(2) 32+3 uw proton 1.75 Mev. 

(3) proton: scattering: p8=233+-32 Mev/c, 

grain count E/m?=0.15+0.01, 
gap count E/Mc?=0.14+0.02. 
Therefore, the kinetic energy of this track is between 
110 and 150 Mev. 

Assuming the lowest value, the total visible energy of 
this star plus binding energy is 139 Mev. Since at least 1 
neutron will have been emitted, the energy is greater 
than the rest energy of a x meson; the interpretation of 
the event as ao star seems also excluded by the measure- 
ments of the connecting track. However, it can not be 
decided if the connecting track is a negative K-meson or 
a negative hyperon. 

In the same emulsion volume in which the described 
hyperon and heavy meson events were found, 800 
negative and 730 positive x mesons come to rest. 
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A detailed analysis of events in nuclear emulsions caused by K~ mesons is given. Of 39 K~ mesons ob- 
served, 8 produced stars in flight, 1 underwent nuclear scattering, and 30 were captured at rest. The K~ 
mean free path for inelastic collisions in emulsion is 17-5 cm, at most geometric. Charged hyperons and 
hyperfragments were seen in 12 stars; in all others, emission of a neutral hyperon is allowed by energy 
balance. In 3 of the stars, a charged pion was emitted; half of the pions had kinetic energy > 100 Mev. 3 
stars consisted only of a = hyperon and a pion, of such momenta as to make it obvious that K~ capture 
proceeded according to: K-+-N-—+Y+7. Kinematic analysis shows that this reaction was the most likely 
process in almost all of the other captures. In 5 of the captures at rest, the pion energies were 2 100 Mev, 
compatible only with Y=A°. One K~ capture reaction (and possibly a few more) was: K-+2N—-Y+N. 
In this one capture, the hyperon is either 2+ decaying by an unusual mode, possibly into an electron, or 


else is a hitherto unknown particle. 





A. INTRODUCTION 


TUDIES of negative K mesons, produced by proton 
bombardment of targets in the Cosmotron and 
detected with nuclear emulsions, have been reported 
for some time.'~* Continued examination of the same 
emulsions revealed a total of 39 K~- mesons; their 
interactions and the resulting secondaries are described 
in the present paper. 

Attention is called to two particular features reported 
for the previously observed K~ captures®*: (1) the 
appearance, in some of the disintegrations, of charged 
hyperparticles, a name we use to include both hyperons 
and hyperfragments, and (2) in the other disinte- 
grations, an excess of K rest energy over visible star 
energy sufficient for creation of a neutral hyperon. 

It will be seen that both of these features persist as 
characteristics of the more extended series of K- 
captures discussed further on. Consequently, all events 
in this series can be described by simple reactions 
involving production of a hyperparticle. This situation 
is in accord with theory,® which requires creation of a 
hyperon, free or bound, in nuclear capture of a negative 
K meson. It should be noted, however, that the actual 
formation of a neutral hyperon is not proven by the 
fact that such formation is energetically possible. 


B. EXPERIMENTAL ARRANGEMENT AND 
PROCEDURE 


A sketch of the experimental arrangement, viewed 
from above, is shown in Fig. 1. 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
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The circulating proton beam P of the Cosmotron 
strikes a fixed beryllium target T (3 in. high, 8 in. long, 
and in. thick) which is supported by the structure S. 
The beam of negative secondaries B, emitted at 4°+3° 
to P, is deflected outwards and analyzed by the mag- 
netic field of the accelerator. It passes through the thin 
window W (,¢ in. aluminum) in the wall of the Cos- 
motron’s vacuum chamber V and down a collimating 
channel C (} in. high by 1 in. wide by 18 in. long) ina 
lead housing H. After leaving the collimator, the beam 
traverses the homogeneous field F (10 000 gauss, 10 in. 
long): of an electromagnet M and enters the stack of 
stripped emulsions £ through their leading edge L. 
The target-to-emulsion path is 2.7 meters, of which 1.1 
meters are inside the Cosmotron. Stacks were aligned 
so that the beam B entered parallel to the emulsion 
faces and normal to L. 

The proton-beam energy was 2.8 Bev, and the mo- 
mentum of the particles of beam B was 3134:3 Mev/c,' 
corresponding to a kinetic energy of 203 Mev for pions 
and of 91 Mev for K mesons. The K mesons travel from 
target to stack in a proper time of 1.4 10-* sec. 

During each exposure, the intensity of the proton 
beam was recorded by the circulating bear monitor 
of the Cosmotron. An exposure was limited to about 
10" protons, as it was found that heavier bombardments 
resulted in too high a track density in the emulsions. 
Such an exposure lasted about an hour. 

The emulsions used were Ilford G5,400 microns, 2 in. 
by 3 in., strips. Two stacks were exposed, one of 24 and 
one of 36 strips. 

The stacks were compressed and marked with x-ray 
spots for alignment. Development, by the conventional 
variable temperature method, was complete within 11 
days after exposure. The glass plates on which the strips 
were mounted were cut so that the relative displacement 


R. G. Sachs, Phys. Rev. 99, 1573 (1955); M. Goldhaber, Phys. 
Rev. 101, 433 (1956); the application of the theory to K~ = 
observed in emulsion is discussed by Friedlander, Fujimoto, Keefe, 
and Menon, Nuovo cimento 2, 90 (1955). 
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INTERACTIONS OF NEGATIVE K 


of tracks in adjacent plates was no more than about 
0.1 mm. 

Since the beam was narrowly defined (+1° even 
after scattering by a centimeter of emulsion), and since 
K particles of momentum 313 Mev/c have twice 
minimum grain density and are easily distinguished 
from the beam pions which traverse the stack near 
minimum ionization, the following procedure for scan- 
ning was adopted. Parallel to, and 7 mm from, the 
leading edge, each emulsion was scanned (with 600X 
magnification), and tracks lying within the beam and 
having the expected K-meson grain density were re- 
corded. The scanning efficiency for these tracks, deter- 
mined by rescanning several plates, was found to be 
0.7. The acceptable limits of both track angle and grain 
density were chosen somewhat wider than necessary 
to reduce the chances of missing genuine K tracks. Any 
track satisfying the criteria of acceptance was then 
followed to its end in the stack or, sometimes, until its 
low-density gradient showed it was obviously a proton 
track. This scanning method has the obvious virtue of 
detecting with equal efficiency all types of K~ events, 
such as decays, interactions in flight and K, mesons 
(mesons that stop without giving star prongs). About 
1 out of 12 tracks followed was due to a K~ meson. (In 
the absence of the magnetic field F, contamination of 
the beam by protons ejected from the collimator walls 
increased this ratio to about 1:50, a number almost 
prohibitive for track scanning.) Although the plates 
had a heavy background of slow electrons and were 
crowded with all sorts of tracks (presumably from stars 
made by the pion beam), dark, and even light tracks 


Fic. 1. Diagram 
of experimental ar- 
rangement. The pro- 
ton beam P strikes 
the beryllium target 
T which is supported 
by the structure S$ 
in the Cosmotron’s 
vacuum chamber V. 
From 7 is ejected 
the negative-particle 
beam 8B, which 
leaves V through the 
window W, passes 
down the collimator 
C in the lead housing 
H, is deflected be- 
tween the pole pieces 
F of magnet M, and 
enters emulsion stack 
E through the lead- 
ing edge L. A is a 
cavity in H. 
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could, with care, be followed unambiguously from plate 
to plate. 

All endings of tracks of K mesons (genuine or sus- 
pected) and of secondaries from K events were examined 
under high magnification (1400) for light tracks. 

Ionization measurements were made by grain 
counting. Minimum count go was about 33 grains/100u. 
To make the results as independent as possible of 
emulsion inhomogeneity, only relative grain counts 
g/go were used; go was established from the grain 
density of 200-Mev pion beam tracks in the immediate 
vicinity of the track being measured. Errors in g/go 
include those of the calibration tracks as well as contri- 
butions from nonstatistical sources, such as errors in 
dip correction in steeper tracks, inaccuracy in grain- 
counting steep tracks, and possible variations in 
counting from day to day. 

Grain-count—energy calibration was obtained from 
grain densities of 8 o mesons, at residual ranges between 
35 and 4 mm, corresponding to a g/go interval of 
1.4—3.0. 

To facilitate the fitting of a smooth curve to the 
points of the grain-count-range calibration and to aid 
interpolation between 1.0 go and 1.4 go, ranges were 
correlated with the specific ionization J by means of 
the range-energy relation’ (corrected to our emulsion 
density) and Aron’s ionization curves for copper® 
(range-energy relations for copper and emulsions are 
very similar). In the interval 1.0< g/go< 2.5, the graphs 
of g/go as a function of 7/Jo turned out to be straight 
lines of almost the same slope in the two stacks. The 
grain count-energy relation derived from these graphs 
was used to find kinetic energies of particles which did 
not stop within the stack. Quoted energy errors include 
the uncertainty in that relation. 

In measuring the scattering of stopping particles, 
20u cells were used for residual ranges below 0.2 mm, 
50u cells for the next millimeter, and 100u cells for 
longer ranges. For tracks which did not end in the 
emulsion, 100u cells were used. 


C. IDENTIFICATION OF PARTICLES AND 
PARTICLE ENERGIES 


Tracks of stopping K particles giving capture stars 
(K, mesons) were followed for an average distance of 
37 mm. Allowing for the material traversed by the 
tracks before being picked up, this corresponds to an 
average total range of 45 mm (with a mean spread of 
+3 mm and an extreme spread of +6 mm), the range 
to be expected for particles of mass about 965 m, and 
momentum 313 Mev/c. Identification of such particles 
was unambiguous, since pions of the same initial grain 
density (about 2.1 go) as the K particles would have a 
range of 10 mm, and pions of 37-mm range would have 


7 Baroni, Castagnoli, Cortini, Franzinetti, and Manfredini, 
CERN Bureau of Standards Bull. No. 9 (unpublished). 

§ Aron, Hoffman, and Williams, U. S. Atomic Energy Com- 
mission Report AECU-663 (unpublished). 
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an initial grain density of 1.4 times minimum. Events 
produced in flight by K mesons were separated from 
those due to protons by the requirement that both the 
initial grain density and the grain density change of the 
incoming track be the same as found for K, mesons. 
Identification was corroborated by scattering measure- 
ments of the K tracks. Frequently the character of the 
star (as when it included a fast pion or a hyperparticle) 
made the identification obvious. Identification of K 
mesons stopping without producing a prong (K,) 
required special care. Accepted K, mesons had to end 
within the range interval previously found for K, 
mesons, and their grain density had to agree with that 
of a K, meson remeasured the same day by the same 
observer. Identification was confirmed by multiple- 
scattering measurements. 

The results of the analysis of the stars caused by K~ 
mesons are summarized in Table I. Of the nonending 
light tracks from K~ stars (Column 4), only two were 
flat enough to permit accurate determination of 8, 
which, together with the grain count, gave a particle 
mass of (370+-50) m, in the one case (NK 24) and of 
(330+50) m, in the other (VK 17). Accordingly, these 
particles were identified as pions. In the other events, 
the measurements were consistent with a muon as well 
and, in some cases, with a fast electron. (The tracks 
cannot be ascribed to protons, as the energy of protons 
with such light tracks would have increased the star 
energy beyond the amount provided by the K~ particle.) 
In the analysis which follows, all light particles (in- 
cluding untabulated ones from hyperon decay, except 
in NK 4) have been assumed to be pions, and on that 
assumption their energies were obtained from the grain 
densities of their tracks.® Stopping pions (VK 21, 10) 
listed in Column 4 were identified by ionization-range 
measurements, and the character of their ending; their 
energies were obtained from their ranges. 

The identity of dark prongs, Column 5, could be 
determined only in a few cases (especially noted in the 
table) where sufficient length and flatness of the track 
made possible scattering measurement or ionization 
estimate or both. In all other cases, tracks longer than 
0.1 mm were assigned arbitrarily to protons, tracks 
0.03 to 0.1 mm long to a particles, and shorter tracks 
to still heavier fragments. The lower range limits cor- 
respond roughly to the kinetic energies the particles 
must have to penetrate the potential barriers of the 
emulsion nuclei. The assignment results in approxi- 
mately the usual 1:2 ratio of a particles to evaporation 
protons. Kinetic energies were determined according 
to the kind of particles and their ranges, except in 
few cases of nonstopping heavy particles, where the 
energy was found from the grain density. Binding 


* Pion energies were chosen to be less than the energy at 
minimum ionization. Observed greater-than-minimum grain 
densities could not correspond to energies in the range of the 
relativistic rise in ionization, because the resulting star energies 
would have exceeded the available energy. 
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energies were taken as 10 Mev for protons and 4 Mev 
for a particles. These values are intermediate between 
those appropriate to heavy and to light emulsion nuclei; 
the uncertainty introduced by ignorance of the nucleus 
involved is about 5 Mev per prong. Fragments longer 
than 0.01 mm were given 20 Mev for kinetic-plus- 
binding energy, a rough average for the lighter frag- 
ments of such range. For shorter tracks no energy 
estimate was made. 

Hyperparticles, in Column 3, were identified by 
their decay or the characteristics of their interaction, 
and in part by measurements of their tracks; details 
will be discussed in the following section. Their kinetic 
energies were evaluated in the same way as for the 
stable heavy particles. In K~ capture, the energy needed 
for removal of a hyperon from a nucleus equals the 
difference between the total binding energies of the 
original and the final nuclei; hence that energy was 
taken equal to the nucleon binding energy. Similarly, 
binding energies of hyperfragments were obtained from 
the difference between the total binding energy of the 
original nucleus and the sum of the binding energies 
of the two final nuclei. 

In some important cases, vector sums of the momenta 
of the charged particles (Column 6) were calculated 
from the particle identifications and kinetic energies 
given in Columns 3-5 and from the relevant angles. 

The visible energies EZ, in Column 7, which represent 
all the energy transferred to ionizing star particles in 
the K~ capture, are the sums of the following terms: 
kinetic energies of the particles in Columns 3-5, their 
binding energies, rest energy (139 Mev) of pions, and 
the difference between the rest energies of hyperon and 
nucleon (251 Mev for ©, 176 Mev for A°). The contri- 
bution from tracks less than 10y long is indicated by a 
plus sign. 

For events made by K mesons in flight, the kinetic 
energy Tx of the K meson at the star, in Column 2, 
was determined by grain count. 


D. SUMMARY OF RESULTS 


About 1 K~ meson was found per plate scanned. Of 
the 39 K~ mesons identified and listed in Table I, 24 
gave stars at the end of their ranges, 6 were K, mesons’° 
(one of which ended in a blob), and 8 interacted in 
flight. In only one event (in which the K track left the 
emulsion) was nuclear scattering observed. 

The number of K~ mesons, corrected for scanning 
efficiency, corresponded to a ratio of pion to K-meson 
flux in the emulsions of 1.6X 10‘. If the K~ mesons have 
the same lifetime as that found for K*+ mesons, namely 


0 Such events were reported by S. von Friesen, Suppl. Nuovo 
cimento 12, 273 (1954); Arkiv Fysik 8, 305 (1954); Fry, Schneps, 
and Swami, Phys. Rev. 97, 1189 (1955); Nuovo cimento 2, 346 
(1955); Chupp, Goldhaber, Goldhaber, and Webb, University of 
So Radiation Laboratory Report UCRL-3044 (unpub- 
lished), 
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TaBLE I. Data of K~ interactions. For groups B, C, and D, the most probable reactions are listed. F refers to particles in flight, 
Yf refers to hyperfragments, f to stable fragments. Kinetic energies were determined from ranges, except as noted. Various methods 


used to identify particles or to eliminate some alternative identifications are indicated in footnotes.*~j 








1 2 3 4 5 6 7 
Residual Visible 


K~ kinetic , mo- star 
ener; Kinetic energies, Mev and identity of star particles mentum energy@t 


Group Event Tx Mev’ Hyperparticles Pions! Stable heavy prongs™ Mev/c Ev, Mev 


Reaction 





A 8 10, Z*e* 667 60 47649 
} 34,k D+* 5746 170 491+8 


58,z-*b 100 $9 gor 55g + 0 


3.5, 2-8 10,0; 8,p; 8,p 321420 
12846, tebe 11,p> 406+ 12° 
18, aHé* oon eaves) 359-440 
or 10, 2-* } 8,a; 50d‘; 23,p%; 8, 401+27 
31, sH** 5,p; 13,0; ~45,p 327427 
Yf*d 19,p; 12,p; 12,p; 288+20+ 


13,p; 6, 
Yf*4 28,p8; 45,p8; 20, f 469+15+ 
Yf ad 11D 66, pe; ; 

(22,p,?; 9,a,?) 
vyns +40 ~40,p; (12,0) sostri 

(487) 
Yf?4 1252+8,p°%!; 80,di; 
28,0°; 05 ff 
; F . 226+12+ 

19 13,27°? 25,P; 12,0; 21,6; f 355+-17+ 
17 6,p 229+10 
28 5,p 
24F 7246 
20,p 


f 

6,p; 14,0; 10,a; 10,0 
8,a; 6,p; 5,p; 20,f; f 
20,f; 45,p 


7,p; 29,p 
103°+5,p°; 32,1 320+16 


180+:20°,p°!; 33,9 376442 233423 

20,f; 14,0; 8,0; 5,p; 113424 
18,p; 4,p 

40,p*; 12,p; 14,0 90+12 

11a; ~7,p; ~10,p ~52 

24,0; ~7,0; f ~S1+ 

~50,p5; 4,0 ~74 


iJ + 
31F 5844 11,a; 10,0; 45,p°; 5,p 99-14 
14,p 


34F 56-43 24-45 
36 Blob 

30,32, 

37,38, 

39 


E  33F 58; 76 K 


K-+p-2t+2- 
K-+p-2*+24" 
K~-+p-2-+2+ 


K-+n-=-+7° 
K-+2N—Y++n 
K-+N-+-Y+7°; w° scattered 
K-+N-—2~+2; x absorbed 
K-+N—Y-+2°; 2° scattered 
K-+N--Y-+7°; x scattered 


K-+N-—Y-+2; x scattered 
K-+N-—Y-+1°; w® scattered 


K-+N-Y+2- 


K-+N—Y-+2; x scattered 


K-+n-—Y°+27-; x~ scattered 
K-+N-— =-+1; x interacts 
K~-+n-29+2- 
K-+2-)+2- 
K-+2->9+27- 


K~+n-A°+27- 
K~-+-n-A°+27 
K~-+n—A*+27; x7 scattered 
K-+n—A°+27; 27 scattered 
K-+mn—A°+27; x7 scattered 
K-+n-A°+27- 
K~+n—A°+27; x7 scattered 
K-+p+p—a°+p 


K-+N-—A°+7; w absorbed 
K-+p— Y°+-7°; 2° scattered 


K-+p—Y°+7°; r® scattered 
K-+p—-Y°+72°; 2° scattered 
K-+p>-Y°+7° 
K-+p—Y°+7°; 7° scattered 
K-+p>Y°+7° 
R-+-9-4+F0° 


K-+p>¥°+n 


2 elastic scatterings 











* Termination. > (@R). * Ilonization-range. 4 See Sec. E of text. ¢ Blob at end, x~ or Z~. ‘ (GR), p or ¢ not excluded. « Ionization-range, d not excluded. 


+ (@R), d not excluded. ! Energy balance. / Ionization-range, ¢ not excluded. 

k Kinetic energy determined from a. 

' See . C of text for arguments regarding identification. 

™ Prongs listed in parentheses could belong to either K~ star or to hyperfragment. 

® Kinetic energy determined from ionization. 

» K~ momentum subtracted. 

4 Visible energies in parentheses include the energies of the prongs listed in parentheses. 

t For entries in which + is appended, an unknown small amount is to be added for fragment energy. 
* Evaluated for ¥* =2¢, 
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~1.2X10~* sec," then the x to K~ ratio at the target 
(for the emission angle and momentum used in these 
exposures) is 6X 10*. The pion flux, 2.3 10°/cm?, was 
evaluated by counting the minimum tracks in the beam. 
That these were practically all pion tracks was verified 
by counting stars caused by the beam particles; the 
number of these stars corresponded to that expected 
from the beam flux and from the pion star cross sections 
measured by Morrish.” 

In two additional stars made in flight, the grain count 
of the incoming track was slightly outside the limits of 
acceptance set for K mesons, and the same was true 
for two additional K, tracks. These events were not 
further considered except in the evaluation of the 
K-meson mean free path, where they were classified as 
doubtful and given one-half statistical weight. 

From the number of stars made in flight, 8+ (2/2) =9, 
the total number of K-particles, 39+ (4/2)=41, and 
from the average track length of 3.7 cm followed for a 
stopping K particle, a mean free path of (41/9) 3.7 
cm=17+5 cm was found." This agrees with the emul- 
sion geometric mean free path of 25 cm. It follows that 
K~ particles of energies between ~15 Mev and ~80 
Mev are strongly interacting. 

The stars had from 1 to 6 prongs. Most of the prongs 
were heavy, but in 14 stars there was a light track, 
1.1—1.6 go (Table I, Column 4), ascribed to a pion 
(see Sec. C). Of these pions, 8 had kinetic energies > 100 
Mev and 6 had energies between 40 and 80 Mev. 
Column 4 lists, in addition, 2 (and possibly a third, in 
NK 19) low-energy negative pions that made dark 
tracks and stopped in the stack. 

The most interesting heavy particles emitted in K~ 
captures were hyperparticles, established in 12 stars. 
One of these was 2+, two were Z~, one was a charged 
> of undetermined sign, one was either >~ or a hyper- 
fragment, one was 4H‘, and one was an unusual 
hyperon, possibly a =* decaying into an electron. 
From one star came a track due either to a m or toa 
~~. From 5 additional K~-capture stars, of which 4 
appeared double-centered, a hyperfragment was emit- 
ted. It is, of course, possible that in a few cases a =~ 
was captured without emission of a charged particle 
and so escaped detection. Actual and potential flight 
times of hyperparticles are given in Table IT. 

Referring to Table I, each of the 3 events in Group A 
has a hyperon, a pion, and no other track. In Group B 
are 9 events with hyperparticles as well as stable heavy 
prongs and, in 4 cases, with pions. Group C contains 
11 stars with pions and no visible hyperparticles, and 


1 Y. Fitch and R. Motley, Phys. Rev. 101, 496 (1956); Alvarez, 
Crawford, Good, and Stevenson, Phys. Rev. 101, 503 (1956); 
Tloff, Chupp, Goldhaber, Goldhaber, Lannutti, Pevsner, and 
Ritson, Phys. Rev. 99, 1617 (1955). 

12 A. H. Morrish, Phys. Rev. 90, 674 (1953). 

18 Nole added in proof—tIn subsequent examinations of other 
stacks, the mean free path has turned out to be appreciably 
larger, but still not very different from geometric. The smaller 
value found here is due not to observational error but to chance 
fluctuation in the number of interactions in flight. 
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Group D contains 15 events with neither a hyperparticle 
track nor a pion track. 

It is noteworthy that, while in 4 of the K stars pro- 
duced in flight a hyperparticle was created, one process 
permitted by theory, namely, the inelastic scattering of 
the K~ meson, was not observed" and may be said to 
occur infrequently. Charge exchange scattering 
(K-—#) could possibly have occurred only in the one 
event (VK 34) where the visible star energy is less than 
the kinetic energy of the K meson. However, K~ 
mesons, being strongly interacting, could undergo more 
than one collision in a nucleus. Scattering could, there- 
fore, compete with absorption more strongly in K~ 
nucleon than in K~-nucleus interactions. 


E. SPECIAL EVENTS 
(1) Events 1, 8, 14 


These three events are quite similar. Each has a fast 
pion, a charged hyperon, and no other prongs. In each 
the residual momentum is low, and the visible energy 
approximately equals the available energy (493 Mev).!® 
It follows, then, that, except possibly for an evaporation 
neutron, no neutral particle could have been emitted. 
If these three events were due to the capture of the K~ 
in a light nucleus, an assumption favored by the ab- 
scene of stable particles, then the visible energies would 
be higher by about 5 Mev than the values given in 
Table I. 

Details of events 1 and 8 have been previously 
reported.” 

In event No. 14, Fig. 2, star S was produced by a K~ 
meson in flight (track 1). The light track 5 is so steep 
that only an approximate grain count could be ob- 
tained. The hyperparticle 2, after traveling 9.8 mm 
in the emulsions, produces a star at P. The star is 
composed of a 124 prong 3 and a 1.1-mm prong 4 
which, from its multiple scattering, is due probably to 
an a particle of 60 Mev. Track 2 lacks saturation near 
S, which indicates that the particle was singly charged. 
Multiple scattering and gap density measurements give 


TABLE II. Proper times of flight of hyperparticles. 








Track 
length 
Identity "7 


Flight time,* 


Event 10" sec Termination 





1 z+ 
8 zt 


14 = 


2000 decay in flight 
decay at rest 
capture at rest 
capture at rest 
decay in flight 
capture at rest 
decay at rest 
decay at rest 


468 
9820 
25 = 70 


4 y+ 

* = 

5 (iH 
35 aH?# 


6900 
490 
1460 








* Potential proper flight times are given in parentheses. 


14 One such event has since been found in a different stack. 

‘8 Webb, Chupp, Goldhaber, and Goldhaber, University of 
California Radiation Laboratory Report UCRL-3226 (unpub- 
lished). 
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particle 2 a mass of (1.20.3) m, and (1.40.5) my, 
respectively. As this mass is inconsistent with that of a 
triton, and as a two-pronged star could not result from 
the decay of an excited deuteron, particle 2 is identified 
as 2~. Even disregarding the mass measurements, the 
characteristics of star P cannot be plausibly reconciled 
with a ,H® or a 4H?! decay. 

Star S differs from NK 1 and VK 8 in that the pion 
and hyperon tracks depart more from collinearity and 
in that the pion energy is higher. These differences are 
caused merely by the appreciable momentum and 
kinetic energy of the K particle, as is shown by the low 
value of the residual momentum (86 Mev/c, which 
includes the K momentum), the near-coplanarity of the 
tracks (angle between track 1 and plane of tracks 2 and 
5 is 6°), and the near equality of available and visible 
energies [567+6 Mev and (563—30+60) Mev, 
respectively ]. 

Thus it appears from the kinematics that the hyperon 
was emitted as a result of a single collision of the fast 
K meson with a nucleon. Hence it is implied that such 
emission is a fast process, occurring in a time typical 
of other nuclear processes. This conclusion is consistent 
with the findings reported in Sec. D, that the K~ 
mesons interact strongly, and that hyperparticles are 
frequently formed in these interactions. 


(2) Event K 25 


K~ (track 1, Fig. 3) stops at S and causes an all-black 
star of 4 prongs. Of these, track 2, 70u long, is due toa 
particle coming to rest at P and producing a star with 
black prongs 3, 7, and 8. Tracks 7 and 8 are ascribed to 
protons, of kinetic energies 6 Mev and 13 Mev, re- 
spectively. Track 3 isa short but well-defined black stub, 
1.5u in length, that ends at D in a third star consisting 
of track 4 (proton, 40+-2 Mev), track 5 (proton, 4.6 
Mev), and track 6, a 3u stub. 

There are two possible interpretations, (a) and (b), 
of this event. 

(a) Particle 2 could be a hyperfragment decaying at 
P. In that case, particle 3 is a pion, of kinetic energy 
S0.1 Mev, captured at D. From the scattering of 
track 2, the fragment is light. Consider then, as the 
simplest case, particle 2 to be 4H’, decaying according 
to the scheme 


sH*? p+ pt+nt+nr-+0. (1) 


Fic. 2. Drawing of ? 
K- event NK 14. * © 
K-, track 1, inter- ° 
acts in flight at S : 
an aoe . pion, e 
track 5, and a 2, Ye 
track 2. 2~ comes to Sin amanda “ ip 
rest at P and pro- _ s SA) 
duces secondaries 3 Be / 
and 4. Angles are 
spatial. 
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Fic. 3. Drawing of K~ event NK 25. K~, track 1, comes to rest 
and produces star S. From S emerges =~, track 2. 2~ is captured 
at P with emission of protons 7 and 8, and of hyperfragment 3, 
which decays at D with emission of protons 4 and 5 and of un- 
identified particle 6. See Sec. E2. 


For the event at P to be so described, the neutron 
momentum must balance the resultant momentum, 
160 Mev/c, of the 13 and 6-Mev protons. (The pion 
kinetic energy and momentum are negligible.) Since 
the binding energy of A° in ,H® is $1 Mev,'* O=34 
Mev, and the neutron kinetic energy is 34—13—6 or 
15 Mev. The corresponding neutron momentum is 170 
Mev/c; consequently the properties of the event are 
consistent with the decay scheme. 

However, this seemingly striking agreement becomes 
less than convincing when the probability of emission 
of a 0.1-Mev pion is considered. Since in the loosely 
bound structure of ,H® the A° decays essentially as if 
free,'’ the pion should have typically about 30-Mev 
kinetic energy. If this energy is to be reduced to the 
observed value because of the motion of the A°, the 
kinetic energy of the A° must be some tenfold its average 
kinetic energy in the nucleus, and its direction of motion 
must be closely opposite to that of the pion. Each of 
the two probabilities involved is computed to be less 
than 10~*, so that the probability for a 0.1-Mev pion 
to be emitted is less than 10~*. The same figure is 
obtained if the slowing of the pion is considered as due 
to its collision with another nucleon in the fragment. 

(b) Much more probable appears the interpretation 
that particle (2) is 2~, captured by a nucleus at P, and 
transforming, as required by theory,® into A°. The same 
objection as in (a) applies, then, to interpretation of 
particle 3 as r~. Consequently, particle 3 must be a 
hyperfragment, decaying at P. One possible fragment 
and decay scheme is 


aBY—Li®+ 2p+-2n. 


Two cases of hyperfragments emitted from =~ captures 
have been previously reported.!*9 


16 Bonetti, Levi Setti, Panetti, Scarsi, and Tomasini, Nuovo 
cimento 11, 330 (1954). 

17 We are indebted to Dr. Keith A. Brueckner for presenting this 
argument. 

18 Ceccarelli, Dallaporta, Grilli, Merlin, Salandin, Sechi, and 
Ladu, Nuovo cimento 2, 542 (1955). 

1” Schein, Haskin, and Leenov, Phys. Rev. 100, 1455 (1955). 
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Fic. 4. Drawing of K~ event NK 26. K-, track 1, comes to rest 
and produces a star at S. Star prong 2 is due to a hyperfragment 
which decays at P with emission of particles 3 and 4; less probably, 
2 is =~, captured at P. 


(3) Event 19 


Of the prongs associated with this star, one, 750u 
long, was observed to end in a large blob, indicating 
nuclear capture of the particle. Extreme steepness of 
the track prevents a mass estimate. The particle could 
be either a 5-Mev a or a 13-Mev =~. Both alternatives 
are listed in Table I. 


(4) Events 12, 16, 21, 23, 26 


These K~-meson captures have in common the ap- 
pearance of 2 stars connected by a very short link. In 
NK 26 (Fig. 4) the link 2 is 3.5u long, and the secondary 
star consists of 2 short prongs, 3 and 4, of lengths 21y 
and 1.5u. In the other stars, the connecting track is 
even shorter, about iz, and obscured by the blob 
frequently found at the center of large stars. In events 
12, 16, 21, and 23, the double-centered nature is in- 
ferred from the failure of all the tracks to meet in the 
same point. 

In NK 12, the secondary star has only one track, 
that of a 42-Mev proton (mass determined from scat- 
tering). In NK 16, the pion and the ~40-Mev proton 
belong to the primary star; the origin of a 12-Mev 
proton (listed in parenthesis in the table) is ambiguous. 
From the secondary star come two protons of 6 and 8 
Mev and a track which, from scattering and range, is 
due either to a 23-Mev deuteron or a 27-Mev triton. 
In NK 23, the first two tracks listed in Table I belong 
to the primary star. For the next two tracks, shown in 
the table in parenthesis, the origin is ambiguous. A 
6-Mev proton, a 9-Mev proton, and a 14-Mev a particle 
belong to the secondary star. If the parenthesized tracks 
of NK 16 and NK 23 are assumed to come from the 
primary star, the visible energies are those given in the 
table in parenthesis. 

In NK 21, the connecting link is only 0.5y long; this 
short length makes the existence of two centers not 
quite certain. No assignment of prongs is possible; all 
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the prongs are listed in the table. The energy of the 
prongs, excluding the two stable fragments, totals 442 
Mev, and the momenta add to a resultant of 770 Mev/c. 

These events can be interpreted in different ways. 
The secondary stars could result from (a) the collision 
of a fast particle, (b) capture of a stopping z~, (c) 
capture of a 2~, or (d) decay of a hyperfragment. 

Interpretation (d) is preferred only because tracks 
of the order of iu are to be expected for hyperfragments, 
but are unlikely in the other three cases. For instance, 
for (a) the probability is about 10-* that a star- 
producing collision by a fast proton or pion be observed 
within 1y. 

With interpretation (b), Z, would be low enough to 
allow emission of a A° in events 12 and 23. Events 16, 
21, and 26 would have two pions; one of these could 
result from the decay of a A° trapped in the capturing 
nucleus. Thus, (a) can be rejected because of its im- 
probability, (b), though also improbable, is consistent 
with hyperparticle production from K~ capture, and 
(c) and (d) definitely involve such production. 


(5) Event 35 


This disintegration (S, Fig. 5), produced in flight, 
yields track 2 (1.46 mm long) which ends at P. From 
the scattering near the end, particle 2 appears to be 
stopping. Distortion prevents determination of the 
mass of particle 2 by scattering measurements, but the 
energy balance of parent star S shows it cannot be a 
K meson. The secondary star at P is composed of an 
8u long black prong 3 and a light track 4 of (1.48-+0.07) 
go. Within experimental error, these tracks are collinear 
Track 4 leaves the stack at Q, 29.5 mm from P with a 
grain density of (2.28+0.15) go. The grain count-range 
measurements from P to Q agree well with our pion 
calibration curve; hence, particle 4 is a pion. Its 
residual range at P is 38.7+2.0 mm. From the range- 
energy relation,” corrected to correspond to the stop- 
ping power of our emulsions, this range corresponds to 
a pion kinetic energy T, of 52.82-3.0 Mev at P. 

The pion is too energetic to result from =~ capture 
(unless =~ decayed directly within a nucleus, in vio- 
lation of theory®). The event is interpreted as the decay 
of ,4H* according to 


sH*>He'+-2-+0. (2) 


Fic. 5. Drawing of 
K~ event NK 335. 
K-, track 1, pro- 
duces in flight star 
S, from which 
emerges the hyper- 
fragment aH‘, track 
2. aH* decays at P 
into He‘, track 3, 
and w, track 4. 
Track 4 leaves the 
stack at Q. 


@ * - a @ 


% See reference 7; the same results are obtained from W. H. 
Barkas and D. M. Young, ag of California Radiation 


Laboratory Report UCRL-2579 Rev. (unpublished). 
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Identifying particle 3 as He‘, its energy from range” is 
2.2+0.2 Mev. A more accurate value is calculated from 
momentum balance, namely, Tye=2.3+0.1 Mev, in 
good agreement with the directly determined value. 
The A° binding energy is 


Bu=Qat+ Bp—T.—Tue= 1.63.0 Mev, 


where Q,= 36.9 Mev is the Q of the free A° decay, and 
B,=19.8 Mev is the binding energy of the last proton 
in He*. Four decays according to scheme (2), with 
similar values of Ba, have been found by other 
workers."®.” 


(6) Event 5 


Data for this event have been presented previously,’ 
and it was pointed out that the hyperparticle emerging 
could be either 2~, ,He* or ,H*. If it is the latter, the 
decay mode that best fits the observations is 


sH*\>He'+-4--+n+0. (3) 


Kinetic energies of the pion and He* are 17.4+0.5 
Mev, and 1.2+0.4 Mev, respectively (both values from 
ranges’"), and the angle included between these two 
tracks is 339°. A neutron balancing the momenta of 
the two charged particles would have 11.8 Mev. From 
the total kinetic energy T (=17.4+1.2+11.8=30.4 
Mev), the binding energy B of the A° in 4H‘ is calculated 
to be 

By=Qa—T+B,— B,=5.8+3.3 Mev, 


where B,=7.6 Mev and B.=8.3 Mev, the total binding 
energies of He® and H®, respectively, and Q,= 36.9 Mev. 

This value of By agrees with the one obtained from 
event NK 35 (Ba=2.4+3.0 Mev) and is of the same 
magnitude as the By, found for other light hyper- 
fragments. 

The decay (2) for this event is, thus, acceptable. 
However, the large error in By makes the agreement 
with other By, values unconvincing, and thus the alter- 
native interpretation that =~ capture produced the 
secondary disintegration is not unlikely.” 


(7) Event 24 


In this event a K meson, of 7x=72+6 Mev, track 1, 
gives rise in flight to a single light track 2 which forms 
an angle of 89° with the primary track. No clump or 
Auger electron is seen at the origin S of track 2. 

Track 1, 12.2 mm long, meets all criteria for K-meson 
tracks. Track 2 is quite flat and goes for 30 mm before 
leaving the stack. 


217. J. Wilkins, Atomic Energy Research Establishment, 
Harwell Report AERE-G/R 664, 1951 (unpublished). 

*% Crussard, Fouché, Kayas, Leprince-Ringuet, Morellet, 
Renard, and Trembley, Preliminary Report of the Pisa Confer- 
ence, 1955 (to be published), p. 481; O. Haugerud and S. O. 
Sérensen, Phys. Rev. 99, 1046 (1955); Friedlander, Keefe, and 
Menon, Nuovo cimento 2, 663 (1955). 

% A similar star, that was ascribed to 2~ capture and consisted 
of a short prong and a 29-Mev z~, has been reported by Fried- 
lander, Keefe, and Menon, Nuovo cimento 1, 482 (1955). 
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At a point 1.0 mm from 5S, its grain count is (1.27 
+0.04)go; 11.5 mm from S, it is (1.40+0.05)go; 18.0 
mm from S, it is (1.42+0.05)go; 25.2 mm from S, it is 
(1.530.05)go. From grain count and multiple scat- 
tering, the mass of particle 2 is (370450) m,. Thus the 
particle cannot be a muon but is identified as a pion. 
Pion energies T at S derived from each of the four 
grain counts are 68.9+5.7 Mev, 63.7+3.6 Mev, 67.3 
+3.6 Mev, and 66.341.9 Mev, respectively; the 
weighted average is 66.3+1.5 Mev. 

To determine whether the event can be-interpreted 
as a decay, T must be transformed into its corresponding 
value 7” in the K-meson rest system. From the average 
of T, T’=95+4 Mev is obtained. Because track 2 is 
almost normal to track 1, this number is insensitive to 
the value of 7x. If the K~ meson has the r mass, then 
for the decay K-—2-+7°, one expects 7’= 108 Mev, 
more than 3 standard deviations above the observed 
value. Conversely, 7’ of 108 Mev corresponds to T=77 
Mev, which is larger than each of the above-listed 
experimental energy values. It is, therefore, probable 
that the event represents a star and not a decay. 
(Sufficient reduction of pion energy by radiation loss, 
though possible, cannot justify classifying this event 
as a decay.) It is to be remembered (see Table I) that 
light tracks similar to track 2 of this event are not 
infrequently observed in stars. 


(8) Event 4 


Because of the unusual nature of its hyperparticle, 
event 4, already reported,” is here described in greater 
detail. The star S, produced by the capture of the K~- 
at rest (see Fig. 1 of reference 2), consists of track (6) 
due to an 11-Mev proton, and a moderately steep 6.9 
mm long gray track (2), extending to P. The passage 
of track (2) through 7 emulsions to P has been checked 
and rechecked, and each of the several observers was 
certain that the track was correctly followed. 

Within the errors of measurement, the grain density, 
(2.8340.06)go at S and (2.85+0.05)go at P, does not 
vary along the track. These measurements show that 
the particle is singly charged and has a kinetic energy 
(0.105+0.005) times its rest energy. The lack of vari- 
ation of density (within +0.10 go) over an interval of 
6.9 mm determines a lower limit for the particle mass, 
namely, the mass of a 2 hyperon. Unfortunately, dis- 
tortion in the emulsion frustrated attempts to obtain a 
better mass value from scattering measurements. 

At P appears track (3) which has a grain density of 
(1.080.06)g0; this light particle moves backwards at 
an angle of 73° (erroneously labeled 68° in the figure) 
with respect to the motion of particle (2). Because 
track (3) is short and steep, only a lower limit of 
p82>100 Mev/c could be determined; if the particle 
were a pion, its kinetic energy, from its grain count, 
would be (123_2.5+”) Mev. If the particle were an 
electron, its energy, equal to cp8, would be 2 100 Mev. 
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The event at P resembles in appearance the decay 
in flight of a charged hyperon according to the scheme 


Vtat+.+0. (4) 


The following analysis shows, however, that the data 
do not fit this process for Y= +, for which Qz+= 110 
Mev.” Assuming that particle 3 is a pion, its kinetic 
energy in the rest system of particle 2 is T’= (181_.29*8) 
Mev, giving for decay (4) Q= (225_3s+°") Mev. Con- 
versely, a 2+ decaying according to scheme (4), with 
the pion emitted at the angle observed, would require 
a pion energy of 52 Mev in the laboratory system, 
corresponding to g/go=1.40, larger than the observed 
grain count by 5 standard deviations (probability 
6X10-"). 

It could be assumed that the hyperon is not free but 
is 2~ bound to a neutron. This assumption does not 
violate theory, but is made unlikely by the argument 
given further on. Then, for the complex decaying 
according to 


(2-n) 2+ 2n+0, (4a) 


the value of Q, (203_ss*“) Mev, as calculated from 
the data, is still too large. It follows that if the event 
is a decay according to reaction (4) or (4a), then either 
the hyperon must be heavier than a 2 particle or, if 
particle (2) is =~, then a different decay scheme must 
be assumed. 

Some of the possibilities so far considered can be 
eliminated or made unlikely by an analysis of the energy 
and momentum balance of star S. If particle 2 is =, 
then the residual momentum p,=410 Mev/c and the 
visible energy E,=406+12 Mev, leaving (493—406) 
Mev=87 Mev for emission of a neturon of 10-Mev 
binding energy, 77-Mev kinetic energy, and 380-Mev/c 
momentum. Then, the residual momentum of the 3 
star particles could be as low as (410—380) Mev/c 
=30 Mev/c, an unbalance readily compensated by 
nuclear recoil. Emission of a 7° instead of a neutron in 
the K--meson capture process is energetically not 
possible unless the error in E, is stretched unreasonably 
and unless it is assumed that the r° is created with but 
little kinetic energy and then reabsorbed in the nucleus 
with ejection of the 11-Mev proton. Even then it would 
be difficult to achieve momentum balance to which the 
x would not contribute significantly. 

If particle 2 were a =~ bound to a neutron, then 
E,=505+15 Mev, a barely acceptable value, and 
p»=840 Mev/c, much too large for balance by Fermi 
momentum. Identification as =~ bound to 2 neutrons 
is energetically impossible. 

If particle 2 were a heavier hyperon, decaying ac- 
cording to process (4), its rest energy would be at least 
(taking the lowest Q-value allowed by the error) 85 
Mev higher than that of 2+. In that case, E, > 500+12 
Mev and p,>450 Mev/c, and there would be energy 
for emission of a neutron of at most ~100 Mev/c. This 
could reduce the residual momentum to ~350 Mev/c, 
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an unbalance that could possibly, but improbably, be 
taken up by Fermi momentum. 

To summarize: the energy-momentum balance of 
star S readily admits the emission of =+, barely of Y+ 
with rest energy ~1270 Mev, and not of a heavier 
particle. 

Alternatively, we consider the decay schemes: 


y+ yu*+r-+n+ 145 Mev, (5) 
and 
2+ ++ v-+n+ 250 Mev. (6) 


For decay (5), the kinetic energy 7’ of the muon in 
the rest system, as calculated from the experimental 
data, is (137_2*®) Mev, corresponding to p’=207 
Mev/c. Then p’ could be balanced by a neutron of 
23 Mev, so that but little energy would be left for the 
neutrino. Process (5), therefore, is possible but im- 
probable from phase space consideration. 

For decay (6), the kinetic energy of the electron 
T’>124 Mev. Thus, roughly half of the available 
energy could be taken by the neutrino, a division 
favored by phase space arguments. It is seen that of the 
processes considered for the event at P, decay (6) is 
least objectionable.™ 

Because a decay of type (6) has not previously been 
observed, it is necessary to discuss other explanations. 

Particle 2 cannot be a stable hydrogen isotope, 
because its kinetic energy, 300 Mev if it were a triton, 
is too low for production of particle 3 interpreted as a 
120-Mev pion. Production of high-energy electrons in 
nuclear interactions is not known. 

Suppose, next, that the event at P represents the 
nuclear capture in flight and subsequent decay at rest 
of a charged hyperon. From the track length (~0.02 
mean free path), and from the observation that roughly 
0.04 of the stars caused by protons of about the same 
kinetic energy are zero-pronged,” it is estimated that 
the probability for the observed event to result from 
such a capture is <10-*. Furthermore, a pion of the 
observed energy could result only from the direct 
decay within the capturing nucleus of a 2+, not of a 
A°. This process would violate theoretical predictions 
which demand that a 2 particle within a nucleus 
transform into a A°. Therefore, nuclear capture appears 
very improbable, leaving decay (6) as the preferred 
interpretation. 


(9) Event 33 


In this event a track is deflected by 8° at a point B, 
16.3 mm from the point A where it was found, and 
again by 47° at a point C, 12.4 mm from B. There is 
no change in grain count at either point. The track 
leaves the stack at D, 8.7 mm from C with a grain count 
roughly 3.7 go, hence the residual range is small. It 


* This decay mode has been considered (for A°) by G. Costa 
and N. Dallaporta, Nuovo cimento 2, 519 (1955). 

26 Lees, Morrison, Muirhead, and Rosser, Phil. Mag. 44, 304 
(1953). 
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meets all criteria of a K-meson track in the interval 
between A and B, and if it is considered to be made by 
a particle scattered elastically at B and C, then the 
grain count variation between A and D is at all points 
in agreement with that typical of a K-meson track. 
These statements also imply that the residual range of 
a K meson of the track density estimated at D, namely 
6 mm, added to the 37.4 mm distance from A through 
B and C to D, for a total of 43.4 mm, is within the 
limits of residual range at A observed for K particles. 
This reinforces the identification of the particle mass 
from grain-count variation. Thus both deflections are 
interpreted as elastic scatterings of a K meson. From 
the grain counts, the K-meson energy at B is 77 Mev, 
and at C, 58 Mev. At B the deflection could be due 
either to Coulomb or to nuclear scattering. At C 
Coulomb scattering can be shown to be excluded by 
the combination of large deflection and high energy, 
and the scattering must be nuclear. 


F, K-MESON CAPTURE REACTIONS 


The following question will now be examined: does 
capture of negative K mesons always result in pro- 
duction of hyperparticles? Expressed otherwise, this 
is a question of the ubiquity in K~-meson captures of 
reactions such as (I) and (II): 


K-+N-Y-+1, (I) 
K-+2N-Y+N, (II) 


where N stands for a nucleon, and the pions m and 
hyperons Y may be either charged or neutral. 

In the course of analyzing the observed captures, it 
was often found possible to specialize reaction I further, 
so as to distinguish the character of the hyperon, A° or 
y, according to reactions (Ia) and (Ib): 


K-+N—2=+12, (Ia) 

K-+N-A°+r. (Ib) 

Reaction Ia definitely occurred in events 8, 1, and 
14. This follows from the observation, stated in the 
preceding section, that those stars consisted of a = 
particle and a pion, with at most a very small amount 


of energy left over for neutral particles; the appropriate 
reactions are special cases of (Ia) : 


K-+p-2t+ 1, 
K-+por-+rt. 
Furthermore, hyperparticles are observed directly in 


the 9 stars of Group B. Of these, event 25 shows a =~ 
particle and can be described by (Ia): 


K-+n—-2- +7", 


where the pion can have a kinetic energy up to about 
40 Mev. With the exception of event 4, the other stars 
of Group B have been assigned to (I) rather than to (II), 
for reasons that will appear later; their complexity 
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prevents good analysis. The discussion in Sec. E of the 
kinematics of event 4 (which has a fast hyperon) leads 
to its assignment to reaction (II). 

While a third of the stars show charged hyper- 
particles, two-thirds (Groups C and D) do not. The 
ensuing discussion is concerned primarily with showing 
that the events of Groups C and D are consistent with 
reaction (I). While, accordingly, this reaction is at first 
taken for granted, at the end of this section it will be 
considered whether reaction (II) is important, and 
whether at least some of the captures without visible 
hyperparticles might, indeed, have produced no neutral 
hyperon. 

From a study of the visible star energies E, of Groups 
C and D (set Column 7 of Table I) emerges the striking 
fact that in all these events EZ, is much smaller than the 
available energy. This situation would be expected if 
the missing energy were consumed in the production 
of a Y° which escaped from the nucleus. It may also be 
noted that in stars without a charged pion (with the 
exception of NK 4), x emission is energetically possible, 
and that in stars showing neither a hyperparticle nor a 
pion (Group D) visible energies are so small that both 
a mw and a Y° could have been emitted. 

A kinematic analysis of the reactions (Ia) and (Ib), 
the results of which are summarized in Table III, leads 
to more detailed conclusions. In stars made by a K 
meson at rest and containing a pion track, the emission 
of a neutral hyperon can be assumed only if 


E,< mxe’— (myc’— myc”) — By, (7) 


where mxc* is taken equal to the r-meson rest energy 
(493 Mev"), myc’ is the rest energy of hyperons (1115 
Mev for A° and 1189 Mev for 2), myc’ is the rest energy 
of protons, and By (~10 Mev) is the binding energy of 
a nucleon. (Energy losses from x-ray emission during 
K~ capture should in principle also be subtracted from 
mxc*, but can be shown to be negligibly small even in 
heavy nuclei.) The upper limits of Z, given by relation 
(7) are 233 Mev for 2° emission (assumed to have the 
same mass as =*) and 307 Mev for A° emission (Column 
8). If both a r° and a Y° are made, the pion rest energy 
must be subtracted from the foregoing expression, and 
the limits of E, become 98 Mev and 172 Mev, respec- 
tively (Column 10). 

Were the capturing nucleon at rest (but bound with 
By=10 Mev), then the kinetic energies T, and Ty of 
the pion and hyperon would be as given in Columns 2 
and 3. For nucleons moving with Fermi momenta pr 
up to 200 Mev/c, pion kinetic energies are calculated 
to lie between the limits given in Columns 4 and 6, 
hyperon energies Jy to lie between the values in 
Columns 5 and 7; and the numbers in Columns 2 and 
3 become median kinetic energies. The median visible 
energies for the reaction K~+n—Y°+7-, given in 
Column 9, are computed with the median energies in 
Column 3. 
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TABLE III. Analysis of K~-meson capture reactions.* Energies are in Mev. 











1 2 3 4 
pr =0 


2 


Reaction r Ty ca mes 


pr =+200 Mev/c 
Y min 


5 6 7 8 9 10 
pr = —200 Mev/c 
T. Ty mar Eu Ey Eu 


® min 





(Ia) K-+N-2+94 82 12 94 
(Ib) K-+N-—A°+ 142 26 166 


0 49 45 233 221 98 
2 99 69 307 281 172 








* Kinetic energies T, of the pion and Ty of the hyperon are calculated with myct =139 Mev. Columns 2 and 3 are for the capturing nucleon at rest. 
Columns 4 and 5 are for the nucleon moving with Fermi momentum pr = 200 Mev/c in the same direction as the pion, and Columns 6 and 7 are for the 
nucleon moving with 200 Mev/c in the same direction as the hyperor, Ev is the maximum, and Ey is the median visible star energy for the reaction 
K-+n-—-Y°+2-, with Y° escaping. Ev: is the maximum visible star energy for the reaction K-+)—Y°+-°, with both Y¥° and r® escaping. 


So far it has been assumed that in freeing the cap- 
turing nucleon from the nucleus, only the binding 
energy By is expended. This assumption is valid for 
the removal of nucleons having high Fermi energies, 
and is, therefore, appropriate for calculation of the 
maximal energies in Columns 8 and 10. (For consist- 
ency, the values in the other columns were computed 
on the same basis.) In general, however, the adiabatic 
removal of a nucleon will cause a nuclear excitation U 
of roughly 15-20 Mev on the average and up to 50 Mev 
for the most tightly bound nucleons”; correspondingly, 
pion and hyperon kinetic energies will be reduced 
below the values listed in Table III. Such nuclear 
excitation is sufficient for the emission of one, two, or 
three evaporation nucleons. In stars having either more 
dark prongs or else nuclear particles too energetic to 
result from evaporation, other processes must have 
contributed to the production of the heavy prongs. 

The following four conclusions may be drawn from 
the data of Table III: 

(1) The median kinetic energy of the hyperons is 
low, roughly 20 Mev. This favors the formation of 
hyperfragments, which were observed in about 15 
percent of the K-meson captures.” 

(2) Scrutiny of the visible energies in column 7 of 
Table I shows that, in all events of Group C, emission of 
neutral hyperons is possible, as is shown by the obser- 
vation that E, is less than the upper limits of visible 
star energy, given in column 8 of Table III. (For events 
9 and 24, the K-meson kinetic energy 7x has to be added 
to the values in Table III.) Specifically, in stars 2, 6, 
11, 13, and 10 (and probably 3 and 9, even after allowing 
for Tx in the latter event), E, exceeds the limit for 
reaction Ia (2° emission); accordingly, these events 
were assigned to reaction (Ib) (A° emission). The values 
of E, are near the expected median values E, of column 
9. 

In the events of Group D (except NK 29), E, is 
below the limits of column 10, so that both a neutral 
hyperon and a neutral pion could have been emitted. 
In no case of Group D is reaction (Ia) excluded; there- 
fore, the nature of the hyperon was left unspecified in 
Column 8, Table I. (In VK 15, process (Ib) is more 
probable, but the error in E, leaves (Ia) as a possibility.) 


26 Keith A. Brueckner (private communication). 
27 The percentage is lower in emulsion subsequently examined. 


These conclusions are not altered if allowance is 
made for the energy carried away by neutrons; the 
average neutron energy per star (including binding) 
taken as equal to the average proton energy, is 33 Mev 
in Group C, 42 Mev in Group D. 

(3) The maximum energy of pions coming from 
reactions (Ia) (with the K~ meson captured at rest) is 
about 100 Mev. Events with T,2100 Mev (NK 2, 3, 
6, 11, 13) are, therefore, more likely to have involved 
reaction (Ib) which confirms the classification already 
given.** On the other hand, in events 17 and 28, and 
in event 24 (which, being caused by a K~ meson in 
flight, requires special analysis) both 7, and E, have 
values consistent with reaction (Ia). These events have 
been so classified, though it is possible to assume that 
a A° instead of a 2° was emitted, and that the pion 
energy was reduced below the limit for reaction (Ib) 
by a collision with a nucleon. Such a pion interaction 
should generally result in the formation of additional 
star prongs. However, event 24 has no dark prongs, 
and each of stars 17 and 28 shows only one low-energy 
proton that could easily have resulted from the nuclear 
excitation U accompanying the primary capture. This 
observation makes assignment to reaction (Ia) more 
plausible than to (Ib). 

(4) Table ITI shows that, for reaction (Ib), in one-half 
of the cases the pion kinetic energy is between ~140 
Mev and 166 Mev. For pions of such energies the cross 
section for collisions with nucleons (approximately 3 
the w*t-p cross section) is about 3 times geometric”; 
therefore, it is to be expected that these pions will 
frequently interact and lose energy before emerging 
from the nucleus. Events 21, 10, and possibly 26 and 
19, having pions of kinetic energy below the lower limit 
~50 Mev (reaction (Ia), Column 6 of Table III), can 
be so explained. This interpretation is supported by the 
observation of high-energy nuclear particles in these 
stars. Pion interactions are likely to have occurred also 
in those events, so noted in Column 8 of Table I, where 
the energy of the heavy prongs exceeds the excitation 
energy U. Probably pions interacted in still other 
events, and neutrons carried away appreciable energy. 


*8In NK 9 and NK 16, both due to K mesons in flight, the 
numbers of Table III do not apply. In these events, the pion 
energies are consistent with either reaction (Ia) or (Ib). 

*S. J. Lindenbaum and Luke C. L. Yuan, Phys. Rev. 100, 306 

1955). 
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For reaction (Ia), on the other hand, half of the pions 
have energies less than ~80 Mev. At such energies, 
the cross section is roughly one-half geometric,” so 
that these pions are less likely to interact than the pions 
of (Ib). Thus, the energies of stars assignable to reaction 
(Ia) should often be low. The low (or vanishing) stable- 
prong energy of stars 8, 1, 14, 25, and possibly 17, 28, 
and 24 is consistent with this argument. 


The average share of the heavy-prong energy contributed by 
pion collisions (irrespective of the capture reaction involved) may 
be estimated as follows. The average visible energy in Group D 
is 49 Mev; and the average energy of the heavy prongs in Group 
C is also 49 Mev. By allowing for the energy of neutrons, star 
energies of 92 Mev and 82 Mev are obtained for the two groups. 
It has been stated that about 20 Mev is contributed by the nuclear 
excitation attending K~-meson capture; this leaves about 70 Mev 
per star. Most of the 70 Mev must come from pion and not 
hyperen collisions, since the hyperon kinetic energies are low. 
Hyperon decay within the capturing nucleus could increase the 
size of a star appreciably, but appears to be infrequent (see below). 

In events showing hyperfragments (in Group B) the average 
energy given the stars by stable particles, including neutrons, is 
much higher, namely 187 Mev. Possibly this difference can be 
explained by the consideration that fragment emission from a 
nucleus requires high local excitation, so that fragments are more 
likely to be observed in larger stars.*! 


In the preceding discussion, some of the reasons for 
selecting the reactions entered in Column 8 of Table I 
were given; further considerations follow. 

(1) The reactions were chosen to interpret the ob- 
servations most directly. Unless there was experimental 
evidence for subsequent interactions, it was assumed 
that the reaction products observed were the same as 
the products directly emitted in the K~-meson capture. 
Formation of a hyperfragment implies the secondary 


interaction of a hyperon with nucleons. The hyperon , 


originally formed could have been, then, either a A°, 
or a 2 (charged or neutral) later transforming into a 
A°; accordingly, the nature of the hyperon was left 
unspecified in events with hyperfragments. 

(2) Interactions of pions from reaction (Ib) were 
considered to be scatterings, because absorption is 
improbable at the high energies at which these pions 
were emitted. Because most of the events in which the 
choice between (Ia) and (Ib) .was not made were as- 
sumed to involve A° creation (see Sec. G), the same con- 
sideration was used in their classification. (If in NK 5 
the hyperparticle is =~, pion absorption, rather than 
scattering, must be assumed, as the energy in the visible 
prongs alone, 131 Mev, exceeds the maximum kinetic 
energy 100 Mev ofa pion from reaction (Ia).) As charge- 
( we Fermi, Martin, and Nagle, Phys. Rev. 91, 155 

1953). 

%1 Even larger parent stars than observed here in K~-meson 
captures are typical for fragments, both stable and unstable, 
ejected by interactions of fast cosmic-ray particles; see D. H. 
Perkins, Proc. Roy. Soc. (London) A203, 399 (1950); Friedlander, 
Keefe, Menon, Johnston, O’Ceallaigh, and Kernan, Phil. Mag. 
46, 144 (1955). However, the features of the two classes of events 
need not be the same in all respects, as the K~ stars differ from 


the cosmic ray stars in that the energy available for star formation 
is smaller and in that most of the fragments have very low kinetic 


energy. 
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exchange scattering occurs in only $ of the x~-nucleon 
interactions” and, as can be easily shown, in 4 of the 
m-nucleon interactions, the more probable process of 
ordinary scattering was assumed in specifying the 
reactions. 

(3) It needs hardly be emphasized that some of the 
reactions listed are still ambiguous. In particular cases, 
reactions may have been assigned erroneously for any 
of the following reasons: (a) where charge exchange 
scattering of pions actually occurred, the wrong nucleon 
appears on the left side of the listed reaction; (b) as 
already mentioned, pion interactions may also have 
taken place in events not so classified ; (c) in some events 
in Groups B and D a fast nucleon could have resulted 
from a 2—A° transformation, rather than from a pion 
collision; (d) in Groups C and D, the size of a star (for 
example of NK 11 and NK 15) could have been in- 
creased by the decay of a A° trapped in the capturing 
nucleus, rather than by a pion collision; (e) except in 
event 26, a low-energy pion could have resulted from 
the decay of a trapped A° rather than from degradation 
of a fast pion; (f) it cannot be excluded that a few 
of the events in Group D are due to reaction (II), 
K-+p+n—Y°-+n. However, this reaction cannot be 
frequent for the reason that the hyperon produced 
would be fast. Only one event with a fast hyperon, NK 
4, was found and accordingly assigned to (II). The other 
charged hyperons had low energy. It is likely that 
hyperons bound in hyperfragments were also created 
slow, because capture of a fast hyperon seems improb- 
able. Reaction (II) is also possible for event 29; reasons 
are given in the Appendix. 

The effects of the ambiguities (a)—(f) will now be 
discussed. Ambiguity (a) could shift the ratio of protons 
to neutrons involved in K~-meson capture, but there 
is partial compensation, since charge-exchange scat- 
tering of x~ increases that ratio, whereas such scattering 
of x° decreases it. The same comment applies to (b), 
if the interaction there referred to is charge-exchange 
scattering. Otherwise, (b) affects merely the previously 
given amount of star energy contributed by pion col- 
lisions. No conclusions are affected by (c). Effect (d) 
is probably infrequent, as will be discussed in the fol- 
lowing section. Ambiguity (e) is related to (d), and the 
same remark applies. Furthermore, this ambiguity can 
exist only if the hypernucleus, from which the x is 
assumed to come, either remained stationary or made 
only a very short track. This is not probable for light 
hyperfragments. For heavier hypernuclei, mesonic 
decay is rare.** The alternative process referred to in 
(f) is infrequent, as has already been stated. Thus, it 
appears that these ambiguities do not seriously affect 
the distribution of reactions assigned. 


2H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson, and Company, Evanston, 1955), Vol. 2, pp. 47 and 62. 

33M. Danysz, Preliminary Report of the Pisa Conference, 1955 
(to be published), p. 457. The first such case was found by M. E. 
Blau, Phys. Rev. to be published). 
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The ambiguities do not affect at all the general 
conclusion that K~ capture could have been associated 
with hyperon formation even in the events where no 
hyperparticle was observed. As hyperparticles were 
seen in one-third of all cases, it must be expected, 
irrespective of other arguments, that at least in some 
of the other events (Groups C and D) neutral hyperons 
escaped.***® However, it cannot be disproved from our 
observations that in some events K~-meson capture 
occurred without hyperon emission, for instance ac- 
cording to the scheme 


K-+N—-N'+r2, 


although there is no evidence for this reaction. Kine- 
matic analysis shows that in reaction (III) the median 
kinetic energies of the pion and nucleon should be 276 
Mev and 78 Mev, respectively. No pion of such high 
energy was observed, although it is, of course, possible 
that in one or two cases the energy of a pion was 
underestimated because the error in grain count was 
larger than believed. It would also be possible that a 
pion from reaction (III) lost a large part of its energy 
before emerging from the capturing nucleus. However, 
there is no star in which the visible prong energy indi- 
cated so large an energy transfer from a pion. Protons 
of high energy have been seen in 6 of the events in 
Groups C and D (NK 13, 10, 29, 7, 22, 31) but it was 
pointed out before that they could result from inter- 
actions of pions from reaction (Ib). In fact, as pions of 
energies corresponding to large interaction cross sections 
were seen, observation of fast protons must be expected. 


(III) 


G. CONCLUSIONS 


(1) All experimental data are consistent with the 
theoretical prediction that K~-meson capture always 
leads to hyperon formation. Of the 39 K-meson capture 
stars reported, 12 showed a charged hyperparticle. Not 
one of the remaining 27 stars showed either pion energy 
or star energy sufficient to reject the possibility that a 
neutral hyperon was emitted. 

(2) If it is believed that K-meson capture does indeed 
always lead to hyperon formation, then it must be 
concluded that these hyperons escape from the cap- 
turing nucleus in most cases. For charged hyperons, 
such escape was seen in 4 or 5 stars. Trapping with 
subsequent hyperfragment emission was observed in 
6 or 7 cases; this is probably in excess of the average 
abundance.”’ From the remaining events, 11 in Group 
C and 15 in Group D, a neutral hyperon must have 
escaped in a large majority of the cases. That the 
hyperon remained in the capturing nucleus in many 
of the events in Groups C and D is unlikely, because 
the resulting star should be large, possibly of nearly 
the size that the events with hyperfragments would 


% A° emission from K~ capture was observed by H. De Staebler, 
Jr., Phys. Rev. 95, 1110 (1954). 

35 M. Teucher, Preliminary Report of the Pisa Conference 1955 
(to be published), p. 327. 
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have had if the prongs of both the primary and the 
secondary star had come from one point. Such com- 
pound stars would have an average of 6 prongs. In 
Groups C and D there are only 2 stars with 5 or 6 prongs 
and 2 with 4 prongs. Thus, in no more than about a 
fourth of all stars, and probably in even fewer, is the 
hyperon trapped in the nucleus. 

If the K~ mesons were captured in the body of the 
nucleus, then the hyperons must have a long mean 
free path in nuclear matter to escape frequently. If the 
K meson were captured near the surface of the nucleus 
(as their strong interaction would indicate), then about 
half of the hyperons would move outward and could 
easily escape. For the fraction escaping to be appreci- 
ably larger, one must again conclude that the hyperons 
have a long mean free path in nuclear matter, or, on 
colliding with a nucleon, are predominantly scattered 
backward. 

(3) For several stars, two reactions are listed. If 
each is given one-half weight, then it is found that 8 
events were ascribed to reaction (Ia) (2 and x emission), 
7} to (Ib) (A°and x emission), 21 to either (Ia) or (Ib), 
and 1} to reaction (II) (hyperon and nucleon emission). 
If the 21 ambiguous reactions are divided in the same 
proportion between (Ia) and (Ib) as was found for 
Group C, namely in the ratio of 1:2, then 15 events 
would be classified under reaction (Ia), and 21} under 
reaction (Ib). However, this distribution is quite uncer- 
tain for several reasons: (a) the 1:2 ratio is statistically 
unreliable; (b) =~ particles, captured without star for- 
mation, may have escaped detection; (c) the argument 
for assigning events in Group C to reaction (Ia) was 
merely plausible, not compelling ; (d) the frequency of 2 
creation in Group B may be different from that in Group 
C, because the probability of fragment formation may 
differ for A° and = hyperons; (e) the fraction of 2 
hyperons formed is not necessarily the same in Groups 
C and D, because of difference in isotopic spin, as, 
according to the theoretical schemes,® the isotopic spin 
of 2 is 1 and that of A° is 0, and the system K-+n, 
Group C, has isotopic spin 1, whereas the system K~+ p, 
Group D, can have isotopic spin 1 or 0. Thus, it can only 
be concluded that in K-meson captures the creation of 
> hyperons, neutral or charged, is somewhat less 
frequent than, or about as frequent as, the creation of 
A° particles. This is consistent with the results of the 
Wisconsin group,** who found a 2: A° ratio of 1:2. 

(4) For most of the events in Group B, the natures 
of the nucleons and hyperons involved in the K~-meson 
capture reactions were left unspecified. If the fraction 
of the hyperons that are neutral is assumed to be the 
same in the stars with and without pions, then it is 
found independent of the value of that fraction, that 
about half of those nucleons are protons, and half 
neutrons. One then arrives at the result that of all the 


% Fry, Schneps, Snow, and Swami, Phys. Rev. 100, 950, 
1448 (1955). 
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K~ mesons about 21 were captured by a single proton 
and 15 by a single neutron. Within the statistical 
uncertainty the relative frequency 1.4 of captures by 
protons and by neutrons does not differ from the ratio 
0.9 of protons to neutrons in the average emulsion 
nucleus. However, because of the asymmetry in the 
isotopic spin states of the (K~+mn) and (K-+ ) 
systems, such equal probability of capture by proton 
and neutron need not be expected. 

(5) In general, the basic features of the K~ inter- 
actions here reported, such as the short mean free path, 
the frequencies of emission of charged hyperons and of 
pions and the small average size of the stars formed, 
are similar to the features of the K~ stars reported by 
us'~§ and by other workers.**-” Attention is called to 
one difference: whereas pions of energy 2100 Mev 
come from of our stars (a similar proportion was found 
in plates exposed at the Bevatron*®.*”), only 1 in about 
50 stars produced by cosmic rays shows so energetic a 
pion.*?.* Possibly, this difference results from a bias in 
the scanning of the cosmic-ray plates. The further 
possibility cannot at present be rejected that shorter- 
lived K~ particles, with different interaction, pre- 
dominate in the cosmic-ray emulsions. 
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APPENDIX 
Event 29 


In this star, produced by a K~ meson at rest, a 
180-Mev proton was observed to emerge. This is the 
highest energy of a nuclear particle found in the present 
series of K-meson capture stars, and it is for this reason 
that assignment to reaction (II), K~-+2p—A°+ ?, was 
considered. 

Ignoring Fermi motion, a proton kinetic energy of 
170 Mev is calculated for this reaction, an energy in 
agreement with the observed value. Furthermore, if 
the difference between the available and the visible 
energy were all taken up by the A°, its kinetic energy 
would be 74+23 Mev, and its momentum of 414+65 
Mev/c could balance the observed residual momentum 
of 376-42 Mev/c. (Note that the errors in the two 
momentum values are completely dependent and of 
opposite sign.) It is seen that the observations are 
consistent with the kinematics of reaction (II), which 
justifies the tabulation of this reaction for event 29. 
However, if Fermi motion is considered, reaction (II) 
could yield proton energies widely differing from 170 
Mev, and the momenta of charged and neutral reaction 
products could be unbalanced by as much as 200 Mev/c. 
Therefore, the consistency of the observational data 
with the values calculated from the kinematics of 
reaction (II) in the absence of Fermi motion must be 
regarded as fortuitous and does not strongly support 
the choice of this reaction. 

Alternatively, it is possible to choose reaction (Ib), 
K-+N-—-<A°+7. In that case, it must be assumed 
further that the high-energy proton was produced by 
reabsorption of the pion in the capturing nucleus. The 
interpretation is, then, similar to that of the other two 
events with protons of more than 100-Mev kinetic 
energy (VK 10 and NK 21). If the visible energy of 
star 29 (E,=233 Mev) is compared with the energy 
typical of reaction (Ib) (281 Mev, see Table III, column 
9), it is seen that about 60 Mev is left for the emission of 
neutrons, which, together with the A° (and possibly 
with Fermi momentum), could easily balance the 
residual momentum of 376 Mev/c. 
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The Rossi transition curve as obtained for the soft component of the cosmic radiation in the atmosphere, 
is compared with the curves obtained with a 10-cm absorbing lead layer just above and 86 cm above a 
counter arrangement. The stronger maximum of the curve obtained with the lead layer in the higher position 
may be attributed to unstable neutral particles emerging from the lead layer. 





HE recording of the variation of the shower rate 
with the thickness of material above shower- 
detecting counters shows a pronounced maximum at 
about 1.2 cm of lead. This maximum of the well-known 
Rossi transition curve is attributed to cascades of 
electrons and photons generated in the lead. After this 
maximum, the transition curve slopes down to a more 
or less constant low-intensity shower rate at larger 
thicknesses of lead. At and above about 10 cm of lead, 
the soft component of the cosmic rays generated in the 
atmosphere is completely absorbed and only a low in- 
tensity due to the hard component remains. 

Underneath a lead absorber thick enough to absorb 
the electron-photon component of the cosmic rays in 
the atmosphere, a maximum shower intensity will again 
be obtained at 1.2 cm of lead for the radiation filtered 
by the absorber. This maximum must be due to elec- 
trons and photons generated by the hard component in 
the lead. 

An experiment has been performed to obtain a rela- 
tive measure for the maximum rate of shower produc- 
tion of the electron-photon component in the atmos- 
phere and that generated in the lead. A set of eight 
Geiger counters covering a total horizontal area of 
35.5 cm X18 cm was placed 6 cm underneath a roof of 
ve inch of flat galvanized iron. Directly underneath 
this set at a distance of 180 cm, a second set of nine 
Geiger counters covering a total horizontal area of 53 
cm X35 cm was arranged. Threefold coincidences of the 
counters of the lower set were registered in coincidence 
with any counter of the upper set. A layer of lead was 
put directly above the lower set of counters. Only a 
fairly wide shower generated in this layer would cause 
a threefold coincidence. 

The rate of threefold coincidence in coincidence with 
the upper counters recorded without any lead on the 
roof above the upper counter set as a function of the 
thickness of lead above the lower counter set, is repre- 
sented by curve I of Fig. 1. Curve II was found with a 
10-cm absorber of lead on the roof directly above the 
upper counter set, whereas curve III represents the 
same variation but with the 10-cm lead absorber 80 cm 


above the roof. Care was taken to have the solid angle 
extended by the sets of counters well covered by the 
10-cm lead absorber. 

Whereas curve I is due to showers initiated by the 
electron-photon component of the cosmic radiation in 
the atmosphere, shower curves IT and III may be con- 
sidered to be due to electrons and photons generated in 
the 10 cm of lead absorber. It is remarkable that the 
Rossi maximum is much stronger with the lead absorber 
further away from the sets of counters. This suggests 
that within the 86-cm distance between the lead 
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Fic. 1. Shower curves. I: Without lead absorber; curves IT and 
TIT: 10 cm of lead absorber directly above and 86 cm above the 
sets of counters, respectively. 


absorber and the upper counter set, electrons or 
possibly photons together with charged particles have 
resulted from neutral particles generated in the lead, 
initiating a pulse in the upper counter set and a coin- 
cidence pulse in the lower set. With the lead absorber 
just above the upper counters, the neutral particles 
caused no pulse in one of those counters. This conclusion 
is in accordance with the results found recently by 
Bothe and Kraemer.! 

The author wishes to thank the South African Council 
for Scientific and Industrial Research for financial as- 
sistance, and Mr. P. I. Jongbloed for technical assistance. 


1 W. Bothe and H. Kraemer, Phys. Rev. 94, 1402 (1954). 
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The possible acceleration in nuclear matter of the decay of a K-particle whose interaction with nuclei is 
intrinsically weak (the K, particle) is investigated. Many alternative decay channels are afforded a K, 
particle in nuclear matter in contrast to the single mode of free K, decay. Decay through these alternative 


channels is shown to accelerate the decay but not to rates more rapid than ~10!— 


10? rire. An inter 


pretation of fragments whose total excitation exceeds that available in the case of A-hyperfragments in terms 
of a K;, particle bound in nuclear matter seems, therefore, plausible. In addition, the absorption rates of 
K-particles whose interaction with nuclear matter is intrinsically strong (the K» particle) with and without 


pion emission are estimated phenomenologically. 





INTRODUCTION 


-PARTICLES may be separated into two classes 
according to the strength of interactions with 
nuclear matter. Following Sachs,! the K,-particle 
interacts weakly with nuclear matter (for example, the 
reaction: K,+-nucleon—hyperon (or nucleon)+pion is 
“slow’’) and is anomalously stable against decay into 
pions.2 The K-:-particle, on the other hand, interacts 
strongly with nuclear matter (for example, the reaction: 
K+nucleon—hyperon (but not nucleon)+pion is 
“fast””) and also is anomalously stable against decay.’ 
Since the K,-particle has an intrinsically weak inter- 
action with nuclear matter, it may become bound to a 
nuclear fragment ; the resulting fragment will exhibit the 
properties of a A hyperfragment with the exception that 
the excitation energy of the disintegration products of 
the K,-fragment will be considerably in excess of that 
characteristic of hyperfragments. The possible virtual 
emission and/or absorption of pions by the K,-particle 
in a nucleus should not cause a breakdown of the selec- 
tion rules inhibiting the free decay of the K,. This pion 
emission and absorption can accelerate the decay by 
providing two decay channels not available for the 
decay of a free K;. The decay channels possible for a 
bound K;, exclusive of those which allow for transitions 
of the nucleons of the absorbing nucleus to hyperon 
states are as follows': 


(1a) 
(1b) 
(1c) 


In addition to the decay channels of Eq. (1), the 


A nucleons+ 2x 
K, (bound)+A nucleons nucleons+ 17 
A nucleons. 


* Supported in part by the joint program of the U. S. Atomic 
Energy Commission and the Office of Naval Research. 

1R. Sachs, Phys. Rev. 99, 1573 (1955). 

2 The K:-particle family presumably contains as members the 
® and x mesons. 

3 The decay schemes for the A»2-particle are, at this writing, 

uncertain. The Ke can energetically decay into as many as three 
pions. 
4 The transition rates for these decay channels have also been 
estimated by A. Pais and R. Serber; Phys. Rev. 99, 1551 (1955). 
For the purpose of this note, we shall assume that any charge- 
exchange scatterings of the type K*°+A nucleons>K*++A 
nucleons, “fast” reactions, are energetically prohibited. 


K, (bound) may “decay” through “production” channels 
of Eq. (2)°: 


K, (bound)+ A nucleons— 
{\ A—1) nucleons+hyperon (Y)+pion (x) (2a) 
(A—1) nucleons+hyperon (Y). (2b) 


A purpose of this note is to investigate whether the 
channels for disappearance of a K,-particle in nuclear 
matter summarized in Eqs. (1) and (2) will accelerate 
the K;-decay sufficiently to make such fragments in- 
herently unobservable in nuclear emulsions (i.e., 
Tbound < 10~*— 10~!® sec). This type of instability of 
a K,-particle would be a violation of the selection 
rules!'® against free decay to the same extent that the 
instability of the free K,-particle decay is a violation of 
these rules. This follows from the observation that the 
mean lives for the channels of Eq. (1) will be estimated 
in terms of the experimentally known lifetime for the 
free decay of the K,-particle’ and the mean lives for 
decay through channels of Eq. (2) will be estimated in 
terms of the relative strengths of the coupling (weak) 
of the (¢x,¢,”) fields and the (¢xWy,¢,.y) fields, where 
the subscript NV refers to a nucleon. 

When the K>-particle (we consider only the negative 
member of this charge family) is moderated in, say, 
nuclear emulsion, it presumably will be captured by a 
nucleus, finally cascading via Auger and radiative 
transitions to the lowest Bohr orbit, from which it will 
be absorbed. Such absorptions are known experi- 
mentally* to cause transitions of a nucleon in the ab- 


5 The author is indebted to H. Primakoff for comments on this 
mode of disappearance of K,-particles in nuclear matter. 

6 See, for example, A. Pais, Physica 19, 869 (1953); M. Gell- 
Mann, Phys. Rev. 92, 833 (1953); K. Nishijima, Progr. Theoret. 
Phys. (Japan) 12, 107 (1954). 

7 A similar situation is present in the analysis of the A° fragments 
in which the lifetime for nonmesonic decay was calculated in terms 
of the experimentally known lifetime for the mesonic decay of the 
ie A®. See W. Cheston and H. Primakoff, Phys. Rev. 92, 1537 

1953). 

8H. deStabler, Phys. Rev. 95, 1110 (1954); Naugle, Ney, 
Freier, and Cheston, Phys. Rev. 96, 1383 (1954); J. Hornbostel 
and E. Salant, Phys. Rev. 98, 1202(A) (1955); Fry, Schneps, 
Snow, and Swami (private communication). (The author is 
indebted to Dr. Fry for making the data of his group available 
prior to publication.) 
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sorbing nucleus to a hyperon state via the reactions: 


Kz (Bohr orbit)+A nucleons— 
(A—1) nucleons (3a) 
+hyperon+ pion 


Ks (Bohr orbit)+A nucleons 


(A—1) nucleons+hyperon. (3b) 


The hyperon of Eq. (3) may be either a A ora 2. A 
purpose of this note is to estimate the fraction of the 
time the absorption act should proceed without the 
emission of a real pion, making various assumptions 
concerning the nature of the produced hyperon. This 
estimate will be made considering the coupling of the 
nucleon absorbing the K: particle with the other 
nucleons of the absorbing nucleus via a static pion field. 


CALCULATION ON STABILITY OF BOUND K, 
PARTICLES 
The appropriate Hamiltonian density H for a system 
of nucleons, K,-particles, and pions is postulated to be 
as follows: 


H=H (bn) +H Wx) +4 (¢a) +H (WW, Ga, — *) 


+ yterebn)-Veetlwx0e'thc}, (4) 


KN 


where Wy, ¥x, ¢a=field amplitudes for the nucleon, K,- 
particle, and pions, respectively; H(Ww), H(Wx), H(¢a) 
= corresponding free Hamiltonian densities; «y= inverse 
Compton wavelength of the nucleon; g=pion-nucleon 
coupling constant; »=coupling constant between K,- 
particle and pion pair fields (n is adjusted to produce 
long mean life of a free K,-particle against double pion 
decay) ; H°4= large interaction term describing copious 
K,-particle production in nucleon-nucleon and/or 
pion-nucleon collisions; @=operator coupling the K,- 
particle and pion pair fields (for what follows, we shall 
assume a scalar K,-particle and that @ is momentum 
independent, i.e., @-1)*; and h.c. refers to Hermitian 
conjugate. 

We now assume, as in reference 7, that the meson 
field amplitude may be expanded as follows: 


Pa Pa; quantized + Ya; static, 
where 


g 

(V?—kx") Ga; static= 44—_V r (Wx*oraWn), (3) 
2k 

or 


g 
Pa; static= 9 + [ bv (eo'ra'bu(e Y(r—r’)dx’ 
KN 


with 
/ , , 


x’=r’,s’, 7’; VY (p)=p" exp{—xzp}, 


and 
Pa; quantized (r) = DY L 2rhcQ(q?+x,”)-*}! 
X {aa(q) exp(iq-r)+h.c.}, 


® Assuming spin higher than zero for the K, does not change the 
order of magnitude of the results. See reference 4. 


CHESTON 


with x,=inverse Compton wavelength of the pion; 
q= wave number of pion in quantized field; a(q)=de- 
struction operator for mesons of wave number q; and 
Q=hohlraum volume. 

To calculate the one-pion decay mode of the Ky 
particle in nuclear matter, we employ the appropriate 
interaction term of Eq. (4), namely 


Ht= nb { Pstatic . Pquantized* + PYquant ined” Pstat ic*} . (6) 


The reciprocal mean-life for the one-pion channel is 
given to lowest order in 7 as 


12 


2 
(n= — sai f. days WAY; 


7,4 | 
+4{[ (marct+-Hgect)'+ +Amyc] 
—Letatme+Amye]}}, (7) 
where 


DL vers) exp(—iq-rj)o;-q. 


E? i= 


az 


fei } 4rif?c? A 
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Equation (6) is approximate in the sense that g has 
been considered larger than x,; terms in the matrix 
element of higher order in (x,/g) than those included 
in @ have been omitted. This approximation is con- 
sistent with the plausible assumption that for most 
states f of the residual fragment for which the one-pion 
matrix element is appreciable, most of the available 
energy is carried off by the emitted pion.” The sum- 
mation over the final states of the residual fragment 
may then be carried out by applying closure with 
respect to Wy, yielding a reciprocal mean life for one-pion 
decay : 


32x” ng\? 
(Tix) = wore ™) I(A), 


KN 
where 


I(A)= f dr|yx (1) |*(m(s,)p(sy;1) + (ps)(Py; 1) +---}, 


with, for example, p(s;; r)=space density at r due to 
a nucleon in the lowest s; orbital and m(s,)=number of 
nucleons in the lowest s; orbital. Taking oscillator 
functions for the orbitals and assuming the K, to be 
bound in the lowest s orbital of the harmonic well of 
the nucleons, we have 


I(A)=[w(e?+6*) +44 (for small A) 


with 
a= (h?/myXy)' and = (h?/mXx)}, 


© Note that from this approximation it does not necessarily 
follow that stars (breakup of residual fragment) of small energy 
will result, since the pion produced in the decay has a high prob- 
ability of interacting with the residual fragment. 
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where Xy and Xx are the elastic force constants for the 
nucleon and K;,-particle, respectively. 

The lifetime for the one-pion decay mode of the K1- 
fragment can be written in terms of the two-pion decay 
mode calculated from the appropriate interaction term 
of Eq. (4), 

A= nro ( @quantizea*)* 


yielding, to lowest order in n, 


= Aah kE, 


(Tox ha 


where k=wave number of the emitted mesons (as- 
suming negligible energy taken off by the recoiling 
residual fragment). The lifetime for the two-pion decay 
is presumably closely approximated by the lifetime for 
the decay of the free K,-particle. Consequently 


Tle rt 
TQ, 


(E 8 (: (-) mC 
oh ) E, ( E, ) 
hqc 
x(= ) (= =) (kta? x.,26%)-2/2, 
E, mn 


Taking the reasonable yet uncertain values a~$~2 
X10-" cm, (g?/hc) ~ 10, g~3.5xe, R~1.5x,, we find (in 
essential agreement with Serber and Pais‘) 


(rW1x/Tex) 10.14. (8) 


It is evident that the one-pion decay mode is ineffective 
competition to the two-pion decay mode. This reflects 
the fact that only those nucleons which are relatively 
close together (within ~q~') are effective participants 
(i.e., contribute to the static pion field responsible for 
the decay) in the one-pion decay mode. It is to be 
remembered in the above estimate that the coupling 
operator of Eq. (4) has been assumed momentum inde- 
pendent. If, on the other hand, @~,", then 


(rTix/T2x) = (g/k)?"L (712/72)! of Eq. (8) ]. 


Since g/k~2-3, this will not affect the general con- 
clusion that the one-pion decay mode does not accelerate 
the decay of a K,-particle in nuclear matter beyond the 
limit of detection in photographic emulsions. 

The lifetime for decay through the totally nonmesonic 
channels is calculated from the appropriate interaction 
term of Eq. (4), namely, 


Histt= n*W xO" ( estatic*)?. 


The bilinear static pion field amplitude is written in 
configuration-space representation as 


g \’ 2 
Pa; staticPa’; static = (~) f. + dX 5°°* a 
2kn l,j=1 


Ko" (- ++ ay) Lo; VV (r—4,) ] 
X[er- VY (r— P1) |r a; Ta’; Wil °° Xj 
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In the calculation of the matrix element for the non- 
mesonic decay mode, we shall omit antisymmetrization 
of the initial and final state nuclear wave functions. In 
addition, we shall drop all dependence of the nuclear 
wave functions on the isotopic spin variables. Consider- 
ing only those terms of Eq. (9) in which 7 #/:" 


Horm ae( yz f Coy: vuj*(y,)uc(y,)] 
2kn/ ix! 


Xo 9 w;* (yi)ws(y1) W*(tK) Y (r—r,) 


mm Y (r—r,)dydyjdrgQD, (10) 


where 


= fay. ‘ “dy j- dy 541° . ‘dyi- 1d 141° ° ‘dy 
xv/*(-: ‘wi(-+*), 


and 4;, us; wi, ws are the single-particle wave functions 
for the jth and /th nucleons in the initial and final state. 
We shall now assume that the energy available in non- 
mesonic decay is shared between two nucleons.” Under 
this assumption, the wave number go of an outgoing 
nucleon ~7x,. Consequently, the terms in Eq. (10) 
which are dominant are those for which j and / corre- 
spond to the nucleons sharing the available energy. In 
addition, Vuj*u;~ u;V u;* = iqou;s*u;. As additional con- 
sequences of go>ks, Wx(tx) ~Wx(r;), and w(r;)~w(r;), 
i.e., go is large enough so that nonmesonic decay proceeds 
only when the nucleons sharing the available energy are 
close together. The mean life for nonmesonic decay is 
calculated then to be 


Vj—1V ja? Vir" ° 


2r 
(Tor) = “ D | Ayi™*|?X5{L(H2qo?/mn) +e+Amnc* } 


€/, Go 


—Lext+mce+e+Amnc}}. 


Once again, the application of closure with respect to 
¥, (of the A—2 nucleons remaining in the fragment) 


yields 
4 Arqe'dgo 
(tox) ; — =~ = é (A), 
2kn/ (2m) WE 


4 This is then the two-nucleon absorption model of Pais and 
Serber. However, we have elected to calculate H,;i"* with the 
form of ¢ implied by Eq. (9) rather than assuming some phe- 
nomenological value taken from other nuclear absorption data 
involving high-energy transfer to the absorbing nucleus. Both 
approaches rest on a somewhat insecure base, since both involve 
a detailed knowledge of the nucleon-nucleon interaction for 
separations ~ =(7x,)~. In addition, although the terms where 
j=l are small if Eq. (9) i is assumed to hold only down to distances 
of the order of (xy), 1, these terms give a divergent contribution to 
Hy;"* if Eq. (9) is assumed to hold rigorously. 

#2 The assumption is, at first sight, in contradiction with the 
available evidence on pion absorption by nuclei. In the cases of 
pion absorption, the available energy is shared among more than 
two nucleons [see S. Tamor, Phys. Rev. 77, 412 (1950), and 
W. Cheston and L. Goldfarb, Phys. Rev. 78, 683 (1950)]. How- 
ever, since kx~3x,, one would expect that relatively fewer 
nucleons would participate in the KeTegnent disintegration. 
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where 


B(A)= f dr|y-x(1)|*|m(sy)o(s3 #)-+- ++ |? 
= A*{ a (26*+a*)a*}-! (for light A). 


We obtain, finally, 


2) of HEMENI 
Tox hc? \mvn mC] \ go k 
X (axe) [x ,?(26*+a7) F!=0.01A?. 


Although this value is somewhat larger than that 
obtained via the two-nucleon absorption model of Pais 
and Serber, the conclusion remains that the nonmesonic 
decay mode is also ineffective as a competing mechanism 
for the decay of a K, fragment. 

Finally, we must estimate the lifetime associated with 
the “production” channels of Eq. (2). Consider the 
decay channel : 


K, (bound)+ A nucleons 


(A—1) nucleons+hyperon (Y)+pion. (2a) 


Consistent with our previous assumption concerning 
the scalar nature of the K,, we postulate an interaction 
Hamiltonian density leading to decay via Eq. (2a) of 
the form 


H™= { [x°(m,c*) bn'py*orapy _y. ( OK* Gr; a) +h.c.} ? 
(11) 

where 7’ is the coupling constant for the four fields 

under consideration and has the same dimensions as 7. 


The reciprocal lifetime for decay through the channel 
of Eq. (2a) is then 


2ahc 
D Lor*+«e*} 
Q say 


XD @|U;*- ay! f)(f| Ur-ar| 7) 
j,l 


2r 
(re) t= Lt meet) 


X5{[ (marc!+hgy*c?)'+ Ey 
> (A — l)mye+e, 
—[etextmx?+Amye*}}, 


where qy=wave number of emitted pion, and 


(12) 


U;}-qy=(o;- qv) ¢x(r,) exp{ —iqy-r;}. 


(The sum over f in Eq. (12) is over all final states of 
the A fermions.) Assuming that the matrix element of 
H** is small except for an emitted pion momentum cor- 
responding to the “production” reaction from an 
unbound nucleon, the sums in Eq. (12) can be performed 
in the closure approximation yielding 


—| 16 q¥ ° 2 1 
(ryz) —ee — } AL m,c2(xe)® Sy” 
a 


CHESTON 


or finally: 

Tyz\ 4 /ar\*/Kks Ex n \? 
eae): 
Tor 3mt\ x, k mC n 

Taking gy~2x,, we have 
(tyx/T2x) 1 3(n'/n)’. (13) 
It is probably premature to speculate concerning the 
approximate value of (n’/n).% 
Finally, the decay of the AK, through production 
channel 2(b) can be estimated in a manner similar to 


the previously discussed nonmesonic decays of slightly 
unstable particles in nuclear matter. The result is 


(ry ox/T2x)!+0.3A (n'/n)?, for light A. (14) 


The above phenomenological discussion of the 
apparent stability of K,-particles in nuclear matter has 
demonstrated that the alternative decay modes afforded 
a bound K;-particle do not appreciably accelerate the 
decay. Another accelerating mechanism is present in 
the possible dependence of the coupling constants 7 
and 7’ on the K,-particle environment, the magnitudes 
of n and 7’ being a measure of the degree of breakdown 
of the absolute selection rules forbidding free K-particle 
decay. Such breakdown may be attributed to, for 
example, interactions such as that of 8 decay which do 
do not conserve isotopic spin. However, no such environ- 
mental dependence of the A°-decay constant is apparent 
in the experimental evidence on hyperfragments, and 
it seems plausible that a similar situation exists in the 
case of the K,-particle. Such a plausibility statement 
must await the ultimate test of an analytic theory of 
the decay mechanisms of the heavy, unstable particles. 

Finally, there is an unexpected paucity of experi- 
mental evidence on K;-particle fragments if it is noted 
that the phenomenological production schemes so far 
suggested predict the production of A° particles and 
K,-particles in association. One possible explanation of 
this fact is a K;-nucleon interaction relatively weaker 
than the A°-nucleon interaction, the latter already 
much weaker than the nucleon-nucleon interaction. 


CALCULATION ON THE ABSORPTION OF K, 
PARTICLES 


We postulate an interaction Hamiltonian density of 
the simplest form to describe the absorption of a K:- 
particle by a nucleon: 


Hint = {y(Wn* ray) (¢x* ga) +h.c.} ’ 


where Wy, ¢x=quantized wave amplitudes for the 
hyperons and Ky, fields, respectively; =coupling 
constant describing the “strong” interaction among the 
four fields. There is experimental evidence*“ that the 

13 In the language of Sachs, the two-pion decay is nonconserving 
of one unit of the “attribute,’”’ whereas the “production” decay 
channel is nonconserving of attribute by 2 units. 

4 Haskin, Williams, Goodman, and Schein, Phys. Rev. 100, 
1263(A) (1955). 
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hyperon (Y) produced in the absorption can be either 
a A or a Z; we shall treat both cases assuming an inter- 
action Hamiltonian similar in form in both cases (y need 
not be the same, however). We shall assume that the 
Kz is absorbed from the lowest Bohr orbit of the 
capturing atom. The mean life for K-absorption accom- 
panied by the emission of a real pion is written to lowest 
order in y as 


(tys)- ay 3 EilUAl NlUIA 


esqy J, 
X5{ 0 (m,2ct+-hqy*c?) + e+ (A —1) mye? 


+myc|—[et+Amye+mxe]}, (15) 


where the summation index ey refers to a summation 
over all energy conserving states of the A fermions in 
the final state and 


U;=¢x(r) [27 (qy?+x,?)—!2rhe | exp{iqy . r;} : 


(i| and (f| are the state vectors for the initial and final 
A fermions, respectively. Assuming that the absorption 
matrix element is large only for pion momenta approxi- 
mately equal to the pion momentum obtained when the 
Kz is absorbed by a free nucleon and performing the 
closure procedure to Eq. (15), we discover that 


2r 4mqy (gy? +x,2)10 
(ry) 1 —y*i|E UU |i) . (16) 
h La (22) *he 
The mean life for absorption of the K2 without pion 
emission can be written to lowest order in y by applying 
arguments previously advanced that lead to the mean 
life for one pion decay of the Ky-particle in nuclear 
matter, yielding 


TT 
(= \(-= ) fz > (i|6:'6;|;) 
a ky?+x,2 4r it 


Anky (ky’+xy’)i0 
(2m) ®he 








where ky=wave number of ejected hyperon, and where 


Z 
0;~$x(1,)D ui(t))(0;-ky)@ expfiky- 13}, 

tj 
and (rj) is the amplitude at r; of the single-particle 
orbital of the absorbing nucleon. Since ky~5.7x, and 
ky~6.5x,, the only terms giving a significant contribu- 
tion to the mean life for the nonmesonic absorption are 
those for which j=/. Finally, 


TY. 08 1 ky ky\? sky?+xy? 4 
(F) (VCC) Gare) 
TYr he Ky qy’+k,? 
ky? 3 mM, \? 
|] (=)x, (17) 
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where 


Z 
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For light nuclei, R~ 2X10, R decreasing somewhat 
with increasing A. A decrease of 5% in R is apparent 
over the range 12< A < 16. 

For the lighter elements of a nuclear emulsion (C, 
N, 0), the relative number of absorption occurring 
without pion emission is 

mr) 

= 
For these elements, nonmesonic absorption should 
occur in approximately 20% of the cases, when the 
associated hyperon is a 2 but in approximately 55% 
of the cases when the produced hyperon is a A. These 
figures reflect qualitatively the trend of the preliminary 
experimental data on K3~-absorptions.*:" 

The increase in the relative number of nonmesonic 
absorptions accompanying an increase in the energy 
release in the absorption can be understood in the fol- 
lowing manner. The wave number of the emitted pion 
in the absorptions with pion emission increases by 
«40% when the mass of the emitted hyperon decreases 
from that of the 2 to that of the A (qz~1.24Ks; ga 
~1.78x,) resulting in a suppression of the coherent 
effect of the absorbing nucleons. The absorbing 
nucleons in the absorptions unaccompanied by pion 
emission act incoherently in both the 2 and A emission 
since the wave number of the emitted hyperons is, in 
both cases, much greater than x,y. The phase space 
factors are actually less favorable for pion emission in 
the case of 2 production since ks/qz~4.6 whereas 
ks/qa 3.7. 

To compare the estimates quoted above with experi- 
ment, the absorption by the nucleus of any real pions 
produced in the K>-absorption must be taken into 
account. This, of course, will decrease the relative 
number of absorptions with observed pion emission 
(correcting for the unobserved neutral pions by charge 
independence arguments) under that estimated above. 
In addition, many of the K»-absorptions will occur in 
the Ag and Br in the emulsions for which it is difficult 
to perform the estimation procedures carried out for 
the (C, N, O) group. Finally, any momentum de- 
pendence in the interaction Hamiltonian density 
describing the K»-absorption will tend to increase the 
relative number of absorptions without pion emission 
since (ky/gy)>1. 


1.4X10°*(g*/hAc)A for Y= 


7.6X10-%(g2/hc)A for Y=A 
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The bremsstrahlung yield of 500- and 550-Mev electrons for the production of 235-Mev photons has been 
measured in liquid hydrogen. The photons are traced via the production of positive photopions in liquid 
hydrogen. The result demonstrates a cross section (2.4+2.8)% below the calculations of Wheeler and 
Lamb. The result can be accounted for by (a) the exchange effect between the final electrons, and (b) 
interference effects among the protons and electrons in molecular hydrogen. A calculation on the latter 
effect has been carried out using Heitler-London wave functions. 





A. INTRODUCTION 


HE production of electromagnetic radiation due 

to high-energy electrons in hydrogen is character- 

ized by the large contribution of electron-electron colli- 

sions to the yield. The measurement of the radiative 

cross section in hydrogen is thus concerned with 

different questions than is the measurement in heavier 

elements.' For heavier elements, the point in question 

is the validity of the Born approximation ; for hydrogen 
the interest lies in the yield from e-e collisions. 

The relative yield of radiation from the proton and 
the electron depends in detail on the screening calcu- 
lations, which in turn are dependent on the incident 
and final electron energies. The method chosen here 
fixes the photon energy by using positive-pion produc- 
tion at a fixed angle and energy as a “tracer” on the 
photon energy. 

A calculation in Born approximation of the theo- 
retical bremsstrahlung cross section of electrons in 
hydrogen has been made by Wheeler and Lamb’ 
(hereafter called “W.-L.”). The W.-L. calculation 
makes the following approximations: (a) Momentum 
transfers to the electron larger than mc are neglected. 
(b) Exchange effects—i.e., effects due to the identity 
of the two final electrons—are neglected. (c) Atomic 
(not molecular) hydrogen wave functions are used in 
the calculation of the atomic form factors. 

The first approximation has been shown to be valid 
if accuracies of 1% are considered. Calculations on 
the exchange effect have been carried out by Votruba‘ 
for the case of e¢*-e~ pair production by photons in 
the field of an unscreened electron. Rohrlich and 
Joseph® have extended Votruba’s calculation to hy- 
drogen by correcting the W.-L. calculations in terms 


*The research reported here was supported by the joint 
program of the Office of Naval Research and the U. S. Atomic 
Energy Commission. 

1P. C. Fisher, Phys. Rev. 92, 420 (1953). 

*K. L. Brown (to be ublished ed). 

3J. A. Wheeler and W. E. Lamb, Phys. Rev. 55, 858 (1939). 
Professor Wheeler has kindly notified us of a small correction in 
the scale of the “inelastic” curve of Fig. 1 of this paper, we have 
used the corrected curves. 

*V. Votruba, Bull. Intern. Acad. Tschéque sci. 49, 19 (1948) ; 
results outlined in Phys. Rev. 73, 1468 (1948). 

5 F. Rohrlich and J. Joseph, Phys. Rev. 100, 1241(A) (1955). 


of the final recoil electron distribution of Votruba.‘ 
The exchange effect turns out to be fairly large: it 
reduces the cross section by roughly 10%. 


B. EXPERIMENTAL METHOD 


The external beam of the energy-analyzed electron 
beam of the Stanford Mark III linear accelerator® is 
passed through a long, liquid-hydrogen target (15-in. 
length of hydrogen). Positive pions of 68-Mev kinetic 
energy produced in a short length of this target are 
counted using an experimental arrangement previously 
described.” The target is mounted on accurately 
machined “ways” which permit translating the target 
by a known amount. If the translation is such that the 
short length from which pions are observed remains 
within the hydrogen, then the excess yield observed 
when the target is moved toward the source of electrons 
is caused by the photons produced in the extra length 
of hydrogen corresponding to the translation. This 
additional pion yield can then be compared with the 
count produced by photopions from the radiation of a 
copper radiator. 

The method of translating a hydrogen target was 
chosen in preference to introducing a separate hydrogen 
radiator since the translation method makes the result 
independent of the amount of radiating material in the 
beam and independent of the geometrical boundaries of 
the liquid hydrogen. 

Figure 1 indicates schematically the three conditions 
in which pion counts were taken. In position H, the 
hydrogen target acts as both radiator and target. In 
position Cu, a known copper radiator is introduced. In 
position O, pions are produced due to (1) residual 
radiation of the electron beam in windows, air, re- 
maining hydrogen, etc., and (2) the direct production 
of pions by electrons.® 

If Cu, Cou, and Co are the counting rates under the 
conditions indicated, then the number V,“) of photons 
produced in a distance d of liquid hydrogen (where d is 


* M. Chodorow et al., Rev. Sci. Instr. 26, 134 (1955). 

7 Crowe, Friedman, and Motz, Phys. Rev. 98, 268(A) (1955); 
and to be published. 

§ Panofsky, Newton, and Yodh, Phys. Rev. 98, 751 (1955); 
Panofsky, Woodward, and Yodh (to be published). 
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the target translation) is related to the number NV,‘ 
of photons produced by the copper radiator, and the 
number N;‘*'” of photons produced in a distance d of 
air by the relation 


N, 2 — N, ir Cu—Co 


; (1) 

Cou—Co 
The experiment was designed so that Y is near unity; 
under these conditions no corrections for thick-target 
effects are necessary; the only geometrical parameters 
which have to be measured with some precision are the 
value of the displacement d and the surface density of 
the copper radiator. : 


C. EXPERIMENTAL ARRANGEMENT 
Figure 2 shows the detailed experimental arrange- 
ment. The beam was monitored by two independent 
GEOMETRICAL ACCEPTANCE OF 
PION DETECTOR (SEE FIG. 3) 


(a) POSITION H 


sean 


| 
COPPER | 


RADIATOR, | 
™ 
BEAM rs (b) POSITION Cu 


/\ 


(c) POSITION O 
L 15" ~»| 


Fic. 1. Illustration of the three configurations of radiator, 
liquid-hydrogen target, and geometrical acceptance of the meson 
detector. Positions are as follows: (a) position H: target “up- 
stream”; hydrogen makes large contribution to radiation; (b) 
position Cu: target “downstream”; copper radiator in place; 
(c) position O: target “downstream”; no additional radiator. 
Acceptance profile (see Fig. 3) and target displacement are to 
scale along the beam axis. The acceptance profile is plotted on a 
logarithmic amplitude scale (similar to Fig. 3). 


secondary-electron monitors described elsewhere.’ The 
pion-detecting apparatus, consisting of a momentum- 
analyzing channel and plastic-scintillator detector, has 
also been described previously.’:* The electronics was 
modified somewhat from the previous arrangement: 
counts were recorded simultaneously in four delayed- 
time gates after the beam pulse and in three integral- 
discriminator channels. 

The liquid-hydrogen target has an inner cup of 
styrofoam of 15-in. length, 3-in. width, and 6} in. 
height. The electron beam passes 1} in. above the 
bottom of the cup. The cup is placed in a double-walled 
styrofoam container. The long side walls of the styro- 
foam container are jacketed with liquid nitrogen. The 


9G, W. Tautfest and H. R. Fechter, Rev. Sci. Instr. 26, 229 
(1955). 


SECONDARY EMITTER MONITORS 
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Fic. 2. Pion-detecting apparatus shown relative to 
target configurations. 
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total consumption rate of the target, including transfer 
losses, is 3 liters/hour, approximately. The target slides 
in dovetailed ways; the displacement d is measured by 
a gauge block. 

The geometrical acceptance of the meson detecting 
channel was measured in separate experiments by 
translating a thin copper target along the beam axis. 
Figure 3 shows a typical profile. As a result of this 
profile, it was felt that a value of d=8 in. would give a 
safe margin for containing the acceptance profile fully 
in the 15-in. hydrogen region. 


D. RESULTS 


The results given here were obtained in two inde- 
pendent sets of runs. In the first set A, the primary 
electron energy was set at 550 Mev; in the second 
set B, at 500 Mev. 

The runs were programmed so as to achieve a rotation 
of counts in positions H, Cu, and O in order to cancel 
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Fic. 3. Pion acceptance profile of pion-detecting equipment of 
Fig. 2. Counting rates are plotted on a logarithmic scale as a 
function of the position of a thin target displaced along the beam 
axis. 
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Taste I. Tabulation of counts obtained for the various radiator and target configurations given in Fig. 1. The quantity Y (see text) 
is evaluated separately for each of the 22 counting cycles; the variation in Y is compared with the expected variation based on counting 


statistics. 








Position Cu Position O 
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336 
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2193 
4014 
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1.275 
0.591 
0.484 
0.682 
0.800 
0.693 
0.214 
1.730 


1.03320.195 
0.852+0.115 
0.8340. 103 
0.718+0.097 
0.850+0.080 
0.721+0.091 
0.769+0.070 
0.8740.052 
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0.792 -+0.097 
0.722+0.116 
0.621+0.133 
0.7960.161 
0.489+0.129 
1.195+0.228 
0.554+0.117 
0.779+0.108 
0.795+0.131 
1.135+0.137 
0.515+0.090 
0.877 +0.135 
0.766+0.131 : 
1.011-0.225 , 1,3¢ 
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possible systematic errors due to drifts in counter 
efficiency, gate timing, etc. 

Table I shows the data obtained. The results are 
tabulated in terms of 22 separate measurements of the 
ratio Y. Each value of Y is evaluated together with its 
individual standard deviation « based on counting 
statistics alone. The average value of Y is computed 
from the measurements of series A and B. In order to 
test whether any fluctuations beyond those accountable 
by counting statistics are present, Table I also includes 
a column of the values of [(Y—Y)/eF, i-e., the square 
of the deviation from the mean in units of the statistical 
standard deviation. The sum of this quantity should 
be equal to the number of entries minus one. 

Series A gives a value of 7 4=0.782+0.031 while 
series B gives a value of 7 g=0.788+0.032 based on 
counting statistics alone. 

The theoretical variation of the ratio of the hydrogen 
to copper cross sections (see below) is very insensitive 
to either the initial or final electron energies. Hence 
the two runs do not contain information as to the 
energy variation of the process; in the discussion we 
will treat the combined information. 


The primary energy is known to +0.5%. The pion 
energy is taken as 7,=68+5 Mev corresponding to a 
photon energy of 2346 Mev. The uncertainties quoted 
affect the theoretical values of the ratio Y by less than 
0.1%. 


E. DISCUSSION 
1. Comparison with W.-L. Theory 


Based on the W.-L. theory, the radiative cross 
sections are then given in Table II. Taking these figures 
in relation to the Bethe-Heitler®:'' values of the radi- 
ative cross sections in copper and air, we can compute 
a predicted value of Y corresponding to the radiator 
thickness (0.337 g/cm*) chosen and corresponding to 
the value of d, taken as 8.007 in.+0.007 in. In addition, 
we take the copper radiative cross section 1.3% lower 
than the Bethe-Heitler value; this is based on the 
theorem of Olsen’? connecting the total cross sections 
of bremsstrahlung and electron-pair production and 

10H. A. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 
83 (1934). 

1H. A. Bethe, Proc. Cambridge Phil. Soc. 30, 524 (1934). 

12H. Olsen, Phys. Rev. 99, 1335 (1955). 
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TABLE II. Comparison of the measured value of Y [see Eq. (1)] with the W.-L. value Yw.—z.. The W.-L. radiation cross section 
¢w.-t. and the radiation cross section in copper ¢;‘° are also tabulated. 








E Fis 


@w.-L. X1029 cm? 


(CX) X 1026 cm? Yw.-.. Yoxp/¥w.-t. 





550 Mev 0.782+0.031 
500 Mev 0.788+0.032 


10.58 
10.29 


3.36 
3.28 


0.807 
0.802 


0.969+0.038 
0.983+0.040 


Mean=0.976+0.028 








the well-known deviation from Born approximation of 
the experimental measurements of the pair-production 
cross section. * Recent measurements by Brown? at this 
laboratory support this correction. As the result of 
these calculations we obtain the values of Yw._t. 
entered in Table II. Hence the mean of the ratios of 
the experimental to the W.-L. values of Y is given by 


M=0.976+0.028. (2) 


2. Calculation of the Effect of the Structure 
of the Hydrogen Molecule 


Kinematically, the minimum momentum transfer in 
the radiation of a photon of energy & by an electron of 
incident energy Ep and rest mass yu can easily be shown 
to be 

Qmin = ku?/[2Eo(Eo— k) }. (3) 


Hence, as is well known, in the high-energy relativistic 
limit the minimum momentum transfer is not limited 
by the kinematics but by the screening effect of the 
atomic electrons. For the parameters used here, gmin is 
roughly equal to 500 ev so that screening is essentially 
complete. However, an appreciable contribution to the 
cross section will originate from momentum transfers q¢ 
such that #/q will be comparable to molecular dimen- 
sions. Hence, interference effects between the individual 
nuclei and electrons in the molecule are not necessarily 
negligible. This effect is of course most pronounced in 
hydrogen where all the available electrons are bonding 
electrons. 

The interaction corresponding to a given momentum 
transfer g in the Coulomb field (taking #=c=1) due to 
m nuclei of Z atomic number and » electrons at position 
R; and r;, respectively, is given by 


(= aie sane a 
J= eia't _— Tr 
1 |r—R;| = |r—r,| 


4nre fm i 

=—[ > Ze! Bi —) ews), (4) 
g \iel i=l 

The matrix element leading from an initial molecular 

state Wo to a final state yy is thus given by 


4re? m n 
u-— for(E Zeu Ri->- ews) 
¢ 





i=1 i=1 


XyYodr: 4 ® -dr,dR,- “dR. (5) 


13 See, e.g., DeWire, Ashkin, and Beach, Phys. Rev. 83, 505 
(1951). 


The transition probability corresponding to a given 
momentum transfer q is then proportional to the square 
of the modulus of this matrix element summed over 
final states. Applying the closure theorem, we obtain 
for this probability : 


4rre? 2 m n 2 
p= (=) fue zeny cer 
q° i=1 =1 


Xyodr,---dr,dR,---dR,,. (6) 


Note that the use of the closure theorem generates 
an expression (6) which includes, as well as elastic 
processes, processes leading to electron excitation or 
ejection, and processes leading to molecular excitation 
or dissociation. 

Equation (6) can be evaluated for the case of the 
hydrogen molecule. Figure 4 shows the coordinates 
used, following the notation of Pauling and Wilson.'4 
Let us use the molecular wave functions according to 
the Heitler-London’® approximation. In terms of the 
atomic ground-state function 
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Fic. 4. Illustration of the coordinate system used in describing 
the hydrogen molecule. A and B are the protons and 1 and 2 the 
electrons. Proton A serves as origin for the position coordinates 
used in the text. 
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4. Pauling and E. B. Wilson, Introduction to Quantum 
Mechanics (McGraw-Hill Book Company, Inc., New York, 1935), 
p: 340 ff. 
16 W. Heitler and F. London, Z. Physik 44, 455 (1927), 
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Fic. 5. Contribution of various momentum transfers g to the 
radiation cross section in hydrogen. The function [4(1—f)/qao }dq 
represents the contribution to the cross section of two separate 
hydrogen atoms in the range g and g+dg of momentum transfer 
to the Coulomb field. The function (A/gao)dg represents the 
corresponding difference in contribution between the hydrogen 
molecule and two separate hydrogen atoms. Momentum transfers 
are in units of #/ao where ao is the Bohr radius. 





where a is the Bohr radius, we therefore put 


[4.4 (71) (r2)+-up(11)¥4(r2) | 
v2(1+72)3 





o= 


X6(Ri)5(R2—raz), (8) 


where “4 and #, are the function (7) referred to A and 
B as origins, respectively, and where 


[= ffs (r)up(r)dr=e?[1+D+(D*/3)], (9) 


is the “overlap integral,” and D=1r42/do. 

We are taking the nuclei to be at fixed coordinates, 
thus ignoring the effect of the spatial extent of the 
nuclear wave functions in the molecular ground state. 

With this wave function, the transition probability 
P in Eq. (6) can be evaluated easily. We shall give the 
result as the difference A between P evaluated for the 
hydrogen molecule and P evaluated for two hydrogen 
atoms. We obtain 


A=P(H,)—2P(H) 
vor pte somadih 2 sin(gras) 
1+P “gral 1tP) 
XL(1+/)—2f—21g—f?], 





(10) 


in terms of the overlap integral J given by (5), the 
“atomic form factor” f given by 


f= f ue'sw(r)de=[1+ (qou/2)*F (11) 


PANOFSKY 


and the “form factor overlap” g given by 


g= f ua(r)up(r)e* "dr 


D[1—cos(gaoD) } 


oo (qPas*D*/2) 
aie. (12) 


4) gaoD 


Figure 5 shows the numerical values of 4 and 2P(H) 
as a function of the momentum transfer g. Equation 
(10) can be used to compute the bremsstrahlung cross 
sections for any combination of photon and electron 
energies by integrating the product of the momentum 
transfer probabilities computed here with the differ- 
ential radiation cross sections as derived by Bethe 
and Heitler’® and Bethe." 

In the particular region of parameters of interest in 
this experiment, screening is essentially complete 
(Qmin0), and hence the correction to the W.-L. 
formula becomes 


¢(H2)—2¢(H) 


dk ° dg 
E+ F?—2EoE | (43 
ca) Ate te) f ao] a 


where ro is the classical electron radius and a is the 
fine-structure constant. Numerical evaluation of the 
integral in Eq. (13) gives 


(¢(H2)—2¢(H) ]/2¢(H)=0.027. (14) 


This result is energy-independent as long as screening 
is complete. This effect is thus barely significant here. 








= sacri 


3. Contribution Due to Exchange 


Calculations on the effect of exchange between the 
two final electrons in the case of pair production in the 
field of a free electron have been carried out by Votruba.‘ 
Using his result Rohrlich and Joseph calculated the 
exchange effect on the total cross section for pair pro- 
duction in a hydrogen atom; they found® 


Pexchange— Pno exchange 


= —0.091+0.011. 





(15) 


Yno exchange 


As long as no calculation on the exchange effect in 
bremsstrahlung for the particular photo energy used is 
available, the above value for pair production can be 
used as a crude estimate. 


4. Comparison between Theory and Experiment 


From the previous discussion, we expect the measured 
value of Y to be (6.4+1.2)% less than the WL. 
predicted values. Our experimental result (Table IT) is 
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(2.44+2.8)% less than the W.-L. result. We therefore 
conclude that theory and experiment are in substantial 
agreement, but that the corrections discussed are 
significant. 

We should like to point out that considerations 
similar to those discussed here apply also to pair- 
production and multiple Coulomb scattering problems. 
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The Hamiltonian of a Dirac electron is transformed to a representation in which an expansion in inverse 
powers of the kinetic energy is facilitated. The approximation of Yennie, Ravenhall, and Wilson is readily 
obtained and correction terms of order (m/p)* indicated. At lower energies, it is shown that the scattering 
gives the gross aspects rather than the details of the charge distribution, as is well known. Effects of the 


spin-dependent terms in the interaction are discussed. 


I. INTRODUCTION 


HERE has been a great deal of interest!” recently 
in high-energy electron scattering from nuclei 
in order to obtain more information regarding the charge 
distribution within the nucleus. Yennie ef al.? have 
done a phase-shift calculation for an electron in the 
electromagnetic potential of a static spherically 
symmetric charge distribution. Inelastic scattering with 
nuclear excitation was not considered, and quantum 
electrodynamic radiative corrections were neglected. 
A detailed account was given of the scattering theory 
for the Dirac equation in which the mass term vanishes. 
This approximation is valid for electron energies 
high compared with the rest mass of the electron. 

In this note we will discuss another representation 
of the Hamiltonian for a Dirac particle in an electro- 
static potential field. The effects of neglecting the mass 
term will be indicated quite readily and the magnitudes 
of correction terms will be noted. 


Il. HAMILTONIAN 


The Dirac equation for a particle in a potential field 
V is given in Hamiltonian form by 


Ey=Hpy=([a-p+im+VW, h=c=1, (1) 


1Lyman, Hanson, and Scott, Phys. Rev. 84, 626 (1951); 
Pidd, Hammer, and Raka, Phys. Rev. 92, 436 (1953); Hofstadter, 
Hahn, Knudsen, and McIntyre, Phys. Rev. 95, 512 (1954); 
L. I. Schiff, Phys. Rev. 92, 988 (1953). 

2 Yennie, Ravenhall, and Wilson, Phys. Rev. 95, 500 (1954). 


where a and £ are the usual Dirac four-by-four matrices. 
Since the a, and 8 matrices cannot all be diagonal, there 
is a mixing of the four-component spinor y by the 
Hamiltonian in Eq. (1). 

Foldy and Wouthuysen® have shown, by performing 
a canonical transformation, that for a free particle 
they can separate the four-component spinor into two 
two-component spinors. For low energies, these two- 
component spinors can be associated with positive- and 
negative-energy states. They were able to take into 
account interactions with electromagnetic fields by 
expanding the Hamiltonian in terms of the inverse 
rest energy. This approximation is valid for energies 
small compared with the rest energy. Case‘ generalized 
the Foldy-Wouthuysen transformation for particles 
with spin other than $. The main feature of this trans- 
formation is that a representation is found in which 
there is no mixing of the components of the four- 
component Dirac spinor (spin 4 particle) by the 
field-free Hamiltonian; and when there are interacting 
fields, they are able to express the Hamiltonian in a 
manner such that the major effects of the Hamiltonian 
do not include the mixing of the two two-component 
spinors and the amount of mixing can be readily 
ascertained. Kursunoglu® found a unitary transforma- 

3L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 

4K. M. Case, Phys. Rev. 95, 1323 (1954). 

5B. Kursunoglu, Office of Scientific Research Technical Note 


55-336 (unpublished). (I am indebted to Dr. M. Danos for 
bringing this report to my attention.) 
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tion which helps him achieve an exact separation of 
positive- and negative-energy spinors for a Dirac 
particle that is interacting with an arbitrary external 
electromagnetic field. However, in general, the operator 
which he has obtained may be infinite and no finite 
solutions will exist. 

In this paper, we perform a transformation that is 
similar to the Foldy-Wouthuysen transformation so 
that we can obtain a resolution of the four-component 
spinors in the field-free case ; but we are able to expand 
the Hamiltonian in terms of the inverse kinetic energy, 
rather than inverse rest mass, so that the amount of 
mixing of the spinor components would be negligible 
for a high-energy electron. 

In order to facilitate calculations, we write the 
Hamiltonian [ Eq. (1)] in the following form: 


Hp=pis-p+pm-+V, (2) 


in which we have chosen the following representation 
of the Dirac matrices*®.”: 


B=p3, (3) 


where p; and p; as well as p2 are determined by 


aj=pidi, 


(4a) 
(4b) 
(4c) 


pips tp spi= 25; ;, 


pipj=tpr, 1,7,k=1,2,3, cyclically, 


(pio; ]=0. 


We first consider the field-free case, so that V 
vanishes. The Hamiltonian is now transformed to 
another representation in which it contains only one 
of the p matrices. The Hamiltonian is given in the 
new representation as 


H=exp(—ip6/2)Hp exp(ip26/2) 
=p:ile- p cosé+m sind ]+p3[m cosi—e-p sind}, (5) 


where @ is taken to be independent of the p operators 
and independent of time. 
If 6 is chosen so that 


tand=m/a-p, 
we then obtain 
H=pim’+p'}}, (7) 


which is an exact expression. The p; matrix can be 
chosen diagonal and its eigenvalues are +1, so that the 
energy eigenvalues are just + the square-bracketed 
terms. By choosing the p; matrix diagonal, we have 
resolved the four-component spinor in the field-free 
case into two two-component spinors which are the 
eigenfunctions of the p; matrix. 

It is of interest to note that the transformation 
obtained from (6) is not continuous with the identity 

*P. A. M. Dirac, The Principles of Quantum Mechanics (Oxford 


University Press, 1947), third edition, p. 256. 
7H. Mendlowitz and K. M. Case, Phys. Rev. 97, 33 (1955). 
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transformation in the limit of small 6. This is so because 
cosd=0- p/(m?-+p*)! (6a) 


does not become unity as m vanishes but approaches a 
quantity whose absolute square is unity. This may not 
be objectionable from a physical standpoint because m 
cannot actually take on a null value. We can, however, 
employ a transformation which is essentially equivalent 
to the one given by (6) by multiplying (6) by (e- p)~ 
X (e- p). This gives 

(6’) 
By choosing this angle of “rotation,”’ we can eliminate 
the p3; term from (2), and this transformation is also 


continuous with the identity transformation. The 
Hamiltonian becomes 


H=p.- p[it(m/p)*}}. (7’) 


It is not the purpose of this note to go into the reasons 
behind the differences between (6) and (6’) and (7) 
and (7’). This may form the subject of a later com- 
munication. In any case, the results of this paper will 
not to be altered in its essentials by employing either 
form of tan6, but the interpretation of the results 
obtained by using (6) might require more careful 
considerations. 

In the high-energy case, the rest energy is small 
compared to the kinetic energy, so that tan@ tends to 
vanish. We have 


tand= m/(o- p)/p’. 


@~tand=m/(e-p)/?p’, (8) 
cosé~ 1—40=[1—3(m/p)?], (9a) 


sind~0~m/(a-p)/p’, (9b) 
and 


H=p,- pl1+3(m/p)"], 


which is in agreement with (7’) for small (m/p). We 
see that by neglecting the mass, the error would be of 
the order of the square of the ratio of the rest energy 
to the kinetic energy. This result has been noted 
previously.?:* 

Consider now the case where we have a static inter- 
action V(r). In the new representation, the additional 
term in the Hamiltonian is 


H’=exp(—1p20/2) V(r) exp(ip:6/2) 
=[cos}@— ips sin3@ ]V (r)[cos}6+ipe sin3é | 
=cos}@V (r) cos}0+sin}0V (r) sindé 

+ip.[ cos}0V (r) sin}@—sin3@V (r) cos36 ]. 


(10) 


(11) 


We note that the trigonometric functions are functions 
of the momentum operator, p, and so do not, in general, 
commute with V. When V is a constant, independent of 
of the coordinates, the additional term in the Hamil- 
tonian in the new representation is also just V. 


8L. K. Acheson, Phys. Rev. 84, 1206 (1951); L. R. B. Elton, 
Prec. Phys. Soc. (London) A68, 741 (1955). 
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The cases of interest are, of course, those in which 
V is some function of the coordinates. Equation (11) is 
simplified when the high-energy approximation [Eq. 
(9)'] is employed and only terms up to second order in 
6 are kept. This then gives us 


H'=V—3}(8V+Ve—0V0}+4ip.[0,V] 
=V—{(m/p)?V+V (m/p)?— (m/p*)e-pVe-p 
X (m/p?)} + dip (m/p*)o-p,V]. (12) 


Thus the additional term in the original representation 
is transformed into this new representation, and it is 
quite clear that the correction terms are of the order of 
the square of the ratio of the rest energy to the kinetic 
energy. The term in p2 in the interaction Hamiltonian 
of Eq. (12), when acting on the wave function, mixes the 
spinor components. This too will give a correction term 
of the same order, because the mixing itself gives a 
factor of (m/p). For energies for which this factor is 
small, the correction terms can be neglected, and we 
obtain 


H=pyo-p+V(r), 


which is equivalent to the Hamiltonian employed by 
Yennie et al. 

Some additional insight may be gained by considering 
Eq. (12) in some more detail. Now 


o- pV (r)o- p= pV (1) +i: po-rV"(r)/|r| 
= pV (r)+i[p-r/|r| —iL-e/|r| ]V'(r), 


where V’ is the derivative of V with respect to r and L 
is the angular momentum operator rX p. Therefore 


H'= V(r) —4{(m/p)?V (8) 
—i(m/p*)(p-t/|r|—iL-o/|r| ]V'(r)(m/p*)} 
+4p2(m/p?)V'(x)r-o/ |r|. 


® Note that we consider the p; matrix as diagonal whereas they 
consider the p; matrix diagonal. 


(13) 


(14) 


(15) 
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In the region where (m/p)? is not negligible, we find 
that the extra terms involve nonlocal interactions. 
This comes from the V’ term which can be thought of 
as the first term in a Taylor’s expansion in r around a 
given point. Also, the p? operator in the denominator 
can be thought of as a displacement operator by 
considering its Fourier representation. Thus, 


1 1 pexp(ip-r’) 
—= ——dr’. 
p> 4n r’ 


(16) 


Now 


ei? f(r) =e? f(r)e P eP = f(rt+r ye? , (17) 
so that 
1 1 
—V(r)= —f dr’ (r’)'V (r+r')e?'’. 
P 4a 


(18) 


For values of p large compared to r~, the integrand 
undergoes rapid oscillations and its effects tend to 
vanish. For comparatively small p, the integral in (18) 
corresponds to the weighted average of the displaced 
potential V(r+r’) divided by the reciprocal of the 
displacement. 

This argument indicates that the effects are nonlocal 
in nature. We can, therefore, think of the electron as 
being subjected to the fields of the charges within a 
region comparable to the electron’s wavelength. It, 
therefore, “sees” a charge distribution smeared out 
over this region. This accounts for the experimental 
results that the electron scattering in the low-energy 
region ({i.e., where the mass energy is not negligible) 
is independent of the details of the charge distribution. 
We also see that the spin-orbit terms in the interaction 
are nonlocal in nature. Therefore, when the electron 
energy is so high that its wavelength is small compared 
to the interparticle distance within the nucleus, effects 
of the spin and angular momentum coupling can be 
neglected. 
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Yields of several nuclides from the gamma-ray spallation of cobalt have been measured, using bremsstrah- 
lung from the Cornell 300-Mev electron synchrotron. With 309-Mev bremsstrahlung, the yields are of the 
order of 1/200 times the (y,#) cross section. A general decrease of yield with increasing number of ejected 
nucleons was found. Excitation curves for some of the reactions were determined from 174 to 309 Mev. 
The results indicate that the (y,2/m) reaction is caused primarily by photons of energy less than 174 Mev, 
while the (y,2p5n), (y,2p6m), and (y,3p7m) reaction yields are contributed to by higher energy photons. 
The average “‘effective photon” energy is found to increase with increasing number of ejected nucleons. 





I. INTRODUCTION 


HE spallation of nuclei by gamma radiation has 
been studied rather extensively in the energy 
region from the (y,m) threshold up to about 70 Mev. 
At higher energies, where reactions involving the 
emission of many nucleons become important, relatively 
little work has been done. Sugarman and Peters' have 
measured yields for reactions in which as many as ten 
nucleons are ejected by betatron bremsstrahlung of 
energies up to 86 Mev. General tendencies were found 
for yields to drop off with increasing number of ejected 
nucleons, and for the preferential emission of neutrons 
over protons. 

With higher energy bremsstrahlung, photostars have 
been observed in photographic emulsions by Kikuchi* 
and Miller,? who found that the combined yield of 
stars with more than two prongs from all elements in 
the emulsion is an increasing function of bremsstrahlung 
energy up to 320 Mev, the highest energy available. 
Strauch,‘ using lead absorbers to degrade a 322-Mev 
bremsstrahlung spectrum, was able to measure relative 
integrated cross sections and effective photon energies 
for several spallation reactions of Zn in which many 
particles were emitted. 

Since the present work was undertaken, a group at 
the Massachusetts Institute of Technology®® has re- 
ported relative yields of many reactions of 140- and 
320-Mev bremsstrahlung with targets from Cu to As. 
When the logarithms of the yields were plotted against 
the number of ejected nucleons, their results were fitted 
roughly by a set of parabolas, one for each value of AZ, 
with maxima near the potential energy valley of 
stability. Arguments were presented for the yield- 


*Supported in part by a grant from the Office of Naval 
Research. 

t Present address: Enrico Fermi Institute for Nuclear Studies, 
University of Chicago, Chicago 37, Illinois. 

t Present address: Chemistry Department, University of 
California Radiation Laboratory, Livermore, California. 

1N. Sugarman and R. Peters, Phys. Rev. 81, 951 (1951). 

2S. Kikuchi, Phys. Rev. 86, 41 (1952). 

*R. D. Miller, Phys. Rev. 82, 260 (1951). 

‘K. Strauch, Phys. Rev. 81, 973 (1951). 

5 Debs, Eisinger, Fairhall, Halpern, and Richter, Phys. Rev. 97, 
1325 (1955). 

* Halpern, Debs, Eisinger, Fairhall, and Richter, Phys. Rev. 
97, 1327 (1955). 


determining role of evaporation of the last few nucleons 
from the excited nucleus. 

In the present work, radiochemical methods were 
employed to measure the yields of several reactions of 
300-Mev bremsstrahlung with Co®. Cobalt was chosen 
because it is a monoisotopic element and forms a 
large number of photodisintegration products with 
short half-lives, enabling sufficient amounts of activity 
to be obtained from bombardments of reasonable dura- 
tion. Moreover, these reaction products are moderately 
amenable to clean and rapid chemical separation. For 
some of the reactions studied, yields were measured as 
a function of bremsstrahlung energy from 174 to 
309 Mev. 


Il. EXPERIMENTAL METHOD 
A. Bombardments 


The target material in each bombardment was about 
ten grams of reagent grade Co(C2H;02)2:4H2O ground 
to a fine, readily soluble powder and packed into a 
Lusteroid tube, the ends of which were closed with 
polystyrene plugs. The sample tube was held in align- 
ment with the bremsstrahlung beam of the Cornell 
300-Mev electron synchrotron by a polystyrene holder 
attached to a lead collimator (Fig. 1).? The amount of 
radiation received by the sample was measured by a 
thick copper-walled integrating ionization chamber 
filled with air at atmospheric pressure. The dimensions 
and arrangement of the collimator-target assembly 
were such that no gamma radiation reached the 
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Fic. 1. Bombardment arrangement. 


7In some experiments, the polystyrene sample holder was not 
used. In these cases alignment corrections were made by employing 
the C" activities induced in the polystyrene plugs. When applied 
to the ‘“well-aligned” bombardments, these corrections in all 
— yielded 1.00+-0.03 as the fraction of sample intercepted by 
the beam. 
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ionization chamber without having passed through the 
target material. 


B. Chemical Separation and Counting Procedure 


In order to obtain the highest spallation product 
activities from bombardments of reasonable duration, 
attention was concentrated on the shorter lived reac- 
tion products, necessitating the use of rapid chemical 
separations. (See appendix.) Chemical yield determina- 
tions were accomplished by redissolving the mounted 
samples after counting and analyzing them colorimetri- 
cally relative to an aliquot of carrier solution, thereby 
eliminating the necessity of preparing carriers of ac- 
curately known concentrations. The chemical yields 
varied between 25 and 80%. 

The samples were mounted under rubber hydro- 
chloride (1.2 mg/cm?) or cellophane (3.6 mg/cm?) on 
1-mm thick cardboard slides and counted with an end- 
window, ring-anode, flow-type proportional counter 
containing one atmosphere of pure methane. The 
radiation constants used in the decay curve analyses 
and counting corrections are listed in Table I. 

All the chromium decay curves were found to show 
a curvature due to a short-lived, previously unreported, 
species. After subtraction of the 41.9-min Cr, a pure 
activity with a half-life, averaged over eight runs, of 
16 minutes remained. The activities of this nuclide 
were too low to permit either its radiation character- 
istics to be measured or its yield to be calculated. 


III. TREATMENT OF DATA 


The application of several corrections is necessary 
before the end-of-bombardment activities can be con- 
verted to yields. First, since fluctuations in the brems- 
strahlung intensity during a run were unavoidable, a 
correction for this effect was obtained from a plot of the 
integrated ionization chamber current against time 
during the bombardment. The resultant curve was 
broken up into many short intervals of essentially 
constant beam, each of which could then be treated by 
radioactive growth and decay systematics. In each 
constant-beam interval, the number of product nuclei 
formed, V, may be expressed as 


N=knQ, (1) 


where & is a reaction constant defined by this expression, 
n is the number of Co® atoms per cm? of target, and 
Q is the number of equivalent photons passing through 
the target. (Q is defined as the total energy in the beam 
divided by the maximum energy of the spectrum: 


o- f ” 1(E)EAB/ Eman (2) 


where /(E)dE is the number of photons in the beam 
with energies between E and E+dE.) The reaction 
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TABLE I. Radiation constants.* 








Half-life 
of decay 
product 


Beta 
energy 
(Mev) 


Mode of 
Nuclide decay 
Fes 
Fes 
Mn‘ 


Half-life Branching 





~140 yr 
21.3 min 
Stable 


8.9 min 2.6 eee 
0.60 EC/g* =1.55 
2.85, 55% 
1.04, 27.5% 
0.70, 17.5% 
2.66 


0.70 

2.2 
1.54, 50% 
1.39, 35% 
0.73, 15% 

1.8 


Stable 
Stable 
27.8 days 
635 days 


Mn 
Mn 
Mn® 
Crs 


21.3 min £t, (IT) 
5.72 days gt, EC 

44.3 min Bt 

41.9 min gt 


B*99.95% 
EC/s* =1,85 


Stable 
Stable 
Stable 


va 33 min pt 
Vs 23 hr B- 0.6 

Ti® 3.07 hr B*,EC 1,02, 94% 
0.57, 4% 








* Taken from Hollander, Perlman, and Seaborg, Revs, Modern Phys. 
25, 469 (1953), and National Research Council Nuclear Data Cards (1955). 


constant & can be shown to be equivalent to 
Emax 
k= fo I(E)AE/0, (3) 
0 


where o(£) is the production cross section at photon 
energy E. The yields measured in the present work are 
reported in terms of k. 

Counting geometries were calculated by using the 
formula of Burtt.* Self-absorption and self-scattering 
corrections were obtained from data given by Nervick 
and Stevenson’ by interpolating the molecular weight 
of the precipitate between the curves for NaCl and 
Pb(NOs)2 presented by these authors. Absorption of 
radiation in the sample covering, air, and counter 
window was calculated according to the methods of 
Gleason, Taylor, and Tabern.” Backscattering correc- 
tions were determined approximately by using the data 
of Burtt® for RaE mounted on 1-mm cardboard. 

It was assumed that x-rays and gamma-radiation 
were detected by the methane counter with an efficiency 
of the order of 1% of that for betas. Counts from these 
radiations were therefore neglected. The calculated 
disintegration rates were corrected for the contribution 
of electron-capture to the decay when the branching 
ratios were known (see Table I). 

Because of the large amounts of sample required 
to yield measurable activities, the beam was attenuated 
somewhat in traversing the target; the radiation reach- 
ing the ionization chamber, therefore, was not repre- 
sentative of the mean effective photon flux in the sample. 
However, since the samples were all of approximately 
the same weight, the attenuation was nearly constant 
in all bombardments, and need not be considered in 
any examination of relative yields. An error will 
nevertheless be introduced in the absolute yield values. 
From the known cross sections for the various photon 
absorption mechanisms as a function of energy," it can 

§B. P. Burtt, Nucleonics 5, No. 2, 28 (1949). 

9W. E. Nervik and P. C. Stevenson, Nucleonics 10, No. 3, 18 
i Taylor, and Tabern, Nucleonics 8, No. 5, 12 (1951). 


1 W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
versity Press, Oxford, 1944), second edition, p. 213. 
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TABLE IT. Known systematic errors for a given nuclide. 





Estimated 


Quantity error, % 





Maximum bremsstrahlung energy 
. Ion chamber calibration 
. Co atoms per cm? in target 
. Sensitivity of chamber at lower energies 
Half-lives 
. Counting geometry 
. Chemistry and chemical yield 
. Absolute beta counting factors: 
Self-absorption 
Absorption in air, covering, and window 
Backscattering 
K/g* branching ratios (where known) 
9. Alignment of targets 
10. Beam attenuation in targets 


ONAM PE Whe 








be shown that this error is of the order of 8% if the 
effective photons have an energy of 300 Mev, and even 
less if the effective photon energy is lower, since the 
total absorption cross section is an increasing function 
of energy in this region. 

Other known systematic errors in the experiments 
have been estimated, and are summarized in Table II. 


IV. RESULTS 
A. Data 


The yields of Fe, Mn, Cr, V, and Ti isotopes from 
Co are shown in Table III. The reactions have been 
written without regard for the possible emission of 
nucleon aggregates such as deuterons and alpha 
particles. Yields include all the corrections previously 
described, with their attendant errors, as described 
in Sec. B, below. 

The values of k for the many-particle reactions are, 
with few exceptions, of the order of 10-** cm?. In order 
to obtain a rough comparison with the magnitude of 
the (7,m) cross section, a bremsstrahlung spectrum of 
the form J(£Z)dE~QdE/E may be assumed. This 
spectrum, when combined with Eq. (3), yields 


kx 


Emax g(E)dE 
f i “oe 10-78 cm?. (4) 


For (7,) reactions in the region of Co, the integrated 
cross sections have values of 


Emax 
f o(E)dE~0.40X 10-* Mev-cm’. (5) 
0 


If the (y,”) excitation function is now approximated 
by a narrow rectangle located at the resonance maxi- 
mum of about 20 Mev, one may divide both sides of 
Eq. (5) by £ and insert 1/E under the integral as a 
constant, giving 


Bmax g(E)dE 
Ruy, w= f ——— = 200 X 10-** cm’. (6) 
0 


4 
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Thus, the many-particle reactions which have been 
measured in the present experiments have cross sec- 
tions of the order of 1/200 times the cross section of 
the (y,#) reaction on the same target. 

With the exception of Fe® and Mn®, each nuclide 
whose yield was measured is situated at the end of a 
decay chain with unknown and presumably very short- 
lived predecessors. The values reported in Table III, 
therefore, are cumulative yields. The yield of Fe® 
has been corrected for the decay of its 21-min daughter, 
while the Mn® values are independent yields. 

Electron-capture to positron decay branching ratios 
for Fe® and Mn® were known and corrected for; the 
yields of the other positron-emitters (Fe, Mn", Cr®, 
V*’, and Ti*®) must, however, be taken as lower limits 
if decay by electron capture exists. 


B. Errors 


The probable errors given in the last column of 
Table III include both systematic and observational 
contributions. Estimated values of the known system- 
atic errors in the experiments have been presented in 
Table II. Compared to these, the observational errors 
involved in the decay curve analyses were generally 
large, because of poor counting statistics resulting from 
the small reaction cross sections and short half-lives. 
In those cases where the yield of a particular element 
consisted of a single isotope of observable half-life, 
thereby eliminating the errors which accompany the 
resolution of complex decay curves, agreement between 


" successive runs was relatively good (<~15%). 


The experimental errors in Table III were estimated 
by combining statistically the errors in those quantities 
of Table II which enter into the calculation of k 
(systematic errors) with the statistical errors in the 
end-of-bombardment activities (observational errors). 


TaBLE III. Cumulative photospallation yields from cobalt. 





Emax k X10” 
(Mev) (cm?) 


309 74 +1.1 
309 
312 
261 
216 
174 
309 
261 
216 
174 
309 
261 
216 
174 
309 
261 
216 
174 
309 
309 


Product 


8.9-min Fe 
8.3-hr Fe® 
2.576-hr Mn** 


Reaction 


(y,p5n) 
,p6n 
(y,2pn) 





(y,2p5n) 5.72-day Mn®* 


(y,2p6n) 44.3-min Mn® 
(y,3p7n) 41.9-min Cr® 


33-min V* 
3.07-hr Ti* 


fo od BS Go om Wm Gr CG 00 
ee CORO mee 


(7,4p8n) 
(7,5p9n) 








* Independent yields. 
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The latter were estimated by drawing the highest and 
lowest possible decay curves consistent with the 
standard deviations of the experimental points and 
taking one-half of the spread between these curves as 
the error. (For composite decay curves, this procedure 
was applied to the “head” and “tail” of the curve 
separately. The two resultant errors were statistically 
combined in order to obtain the error in the activity 
of the shorter-lived component.) 

It should be pointed out that the errors thus calcu- 
lated are to be attached to the absolute yield values in 
terms of k, as presented in Table III. For the relative 
comparison of any of the reported reaction yields, how- 
ever, certain systematic errors will cancel out, with a 
consequent increase in precision. Indeed, in comparing 
yields measured from the same bombardments (e.g., 
Fe® and Fe® or Mn", Mn®, and Mn**), all the system- 
atic errors except items 1, 5, and 8 of Table II will 
vanish. Such yields may then be compared with pre- 
cisions of about 10%. 


V. DISCUSSION OF RESULTS 


A. Reaction Yields from 309-Mev 
Bremsstrahlung 


The relative paucity of data at 309 Mev in the 
present work prevents a detailed comparison with the 
results of the M.I.T. group,®'® since the set of parabolas 
obtained by these authors by plotting the logarithm 
of yield versus AA using AZ as a parameter represented 
only the average behavior of a large number of yield 
determinations, and individual yields may be expected 
to depart appreciably from the pattern. 

The general falloff of yield with increasing AA, 
noted by Sugarman and Peters! for 48- and 86-Mev 
bremsstrahlung on Bi, is discernible in Table III but 
much less pronounced. Most of the reactions studied 
by Sugarman and Peters, however, involve the emission 
of fewer than two protons: reactions which, according 


{pt tt 
” (e) 
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Fic. 2. Logarithm of reaction yields from cobalt as a function of 
bremsstrahlung energy. (a) (7,2pm); (b) (y,2p5m); (c) (v,2p6n); 
(d) (y,3p7n). The curves are least-square straight lines through 
the rimental data. Curvature is due to the logarithmic 
method of plotting. 
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Fic. 3. Photospallation yields as a function of bremsstrahlung 
energy. Kikuchi’s data: photographic emulsion stars with three 
or more prongs (AZ >3 reactions) from all elements in the emul- 
sion. Present data: the sum of the yields of three AZ =2 reactions 
on cobalt: (y,2pn)+(y,2p5")+(y,2p6n). The dashed line is 
one n only to indicate the steeper energy dependence of Kikuchi’s 
data 


to the M.I.T. work,®'* exhibit a different yield pattern 
from those in which the nuclear charge is decreased 
by several units. The large ratio of 16 between the 
(y,p5n)Fe® and (7,p6n)Fe® reaction yields is probably 
due largely to the low-level density of Fe™, as pointed 
out by Miller, Friedlander, and Markowitz.” 


B. Yield Variation with Bremsstrahlung Energy 


The yields of the (7,2pm), (y,2p5m), (y,2p6n), and 
(y,3p7m) reactions are plotted as a function of brems- 
strahlung end point from 174 to 309 Mev in Fig. 2. 
The logarithmic scale of ordinates permits a comparison 
of the energy dependences of the reactions. Obviously, 
there are several ways in which curves could be drawn 
through these data. One restriction, however, is imposed 
by the nature of the problem: the yields must be 
constant or monotonically increasing functions of 
bremsstrahlung energy, since any decreasing function 
would imply a negative contribution to the cross 
section by photons of certain energies."* The yield 
functions have furthermore been restricted to straight 
lines determined by the method of least squares, 
inasmuch as conclusions regarding their shapes are 
unjustified by the precision of the data. 

From these curves it appears that, with the probable 
exception of the (y,2pm) process, photons with energies 
greater than 174 Mev contribute substantially to the 
yields. The yields, moreover, rise more steeply with 


Friedlander, and Markowitz, Phys. Rev. 98, 1197 


2 Miller, 
955). 


More rigorously, a slowly decreasing function cannot be 
ruled out. For example, a reaction caused primarily by low-energy 
photons may show a decrease in yield because the relative number 
of low-energy photons is decreased when the bremsstrahlung 
energy is increased. This effect, however, is minimized when 
yields are normalized to the same Q, as in the present work. 





534 R. 


energy as AA increases, indicating that the average 
“effective photon” energy increases with increasing 
number of ejected nucleons. A comparison of the 
(y,2p5n) and (y,2p6m) energy dependences shows 
little or no difference attributable to the emission of the 
additional neutron. The emission of an extra proton 
(and neutron), on the other hand, produces a marked 
increase in the degree of the energy dependence, as seen 
from a comparison of the (y,2p6m) and (y,3p7n) 
processes. 

Some features of the present excitation curves may 
be compared with the results of photographic emulsion 
studies by Kikuchi,? who has measured the yield of 
stars with three or more prongs as a function of brems- 
strahlung energy from 150 to 300 Mev. In Fig. 3, 
Kikuchi’s results for three-or-more-prong stars (AZ > 3) 
are compared with the sum of the three AZ = 2 reactions 
measured in the present work. The AZ=2 reaction 
yields are seen to increase more slowly with energy 
than the AZ23 yields, in agreement with the conclu- 
sions drawn from the data on individual reactions in 
Fig. 2. For AZ>3, Kikuchi finds k300/ki7s=3.4, while 
the AZ=2 reactions measured here give k300/ki7s= 1.3. 
The (7,3p7n) reaction (AZ=3) agrees more closely 
with Kikuchi’s results, giving k300/k17s= 2.0. 


APPENDIX. CHEMICAL SEPARATION PROCEDURES 


In each of the procedures outlined below, about 10 mg 
of carrier were present, together with equal amounts 
of hold-back carriers for the elements from Ti to Fe. 
All procedures were tested for contamination by the 
other elements present, with satisfactory results in all 
cases but Ti, which is discussed below. 


4 This comparison is somewhat uncertain, however, because 
of the unknown yield ratio of the two Mn® isomers, only one of 
which was measured. This ratio may be a function of photon 
energy. 
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Iron.—Iron was separated by double extraction 
from 7.6N HCI solution into isopropyl ether, followed 
by two Fe(OH); precipitations with ammonia. Chemical 
yields were determined by titration with Ce(SOx.)2. 

Manganese.—Four different procedures were used: 
(1) Mn was precipitated three times as MnO, by 
KCIO; in hot, concentrated HNO; solution. (2) MnO, 
was precipitated once with HO, and NH,OH, and 
twice with KCIO; from concentrated HNO;. (3) Mn 
was precipitated as Mn(OH): and oxidized to MnO,-. 
Tetraphenyl arsonium permanganate was extracted 
into chloroform. MnO, was then precipitated three 
times from dilute HNO; solution with KBrO;. Chemical 
yields were determined by colorimetry on MnO; 

Chromium.—Chromium, as the peroxy-chromate 
complex, was extracted twice into ethyl ether and 
precipitated as BaCrO,. Chemical yields were deter- 
mined by removing the Ba as BaSQO, and analyzing 
for CrO,™ colorimetrically. 

Vanadium.—Fe and V were separated from the other 
elements by extraction of the cupferrates into ethyl 
ether from 10% HCl solution.'® Vanadium was then 
precipitated twice as Pb3;(VO,)2 from an ammoniacal 
solution containing tartrate. Chemical yields were 
determined by colorimetric comparison of the yellow 
peroxy-vanadate complex. 

Titanium.—Iron was first removed by extraction into 
isopropyl ether from HCI solution. Ti and V cupferrates 
were then extracted into ethyl ether. Ti was precipitated 
twice as Ti(OH), and once as Ti(OH)PO,. Chemical 
yields were determined by colorimetric analysis of the 
peroxy-titanate complex. In order to account for small 
(negligibly active) amounts of vanadium which carried 
through the separation procedure and interfered with 
the colorimetric determination, a blank analysis was 
made after removal of Ti as Ti(OH).. 


16 Furman, Mason, and Pekola, Anal. Chem. 21, 1325 (1949). 





PHYSICAL REVIEW VOLUME 102, NUMBER 2 APRIL 15, 


Nonclassical Transformation in Special Relativity* 
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In a previous article, we were led to consider a Lorentz transformation in the general case in which the 
velocity which generates the transformation is no longer parallel to one of the axes of the coordinates. It was 
noticed that the general form of this transformation, which is no longer linear with respect to the components 
of the velocity, could not be conveniently applied to certain problems of wave mechanics. We give here a 
general transformation, linear with respect to the components of the velocity, which is connected with 
Hamilton’s quaternions and Dirac’s matrices. Although the transformation is complex, it may, in certain 
problems, replace with advantage the Lorentz transformation. 

In the realm of wave mechanics, our formalism enables us, by a simple transformation of the wave func 
tions and of the well-known Einstein relation W=hyv, to obtain a very general system of equations which 
contains Proca’s equations, de Broglie’s equations of the photon, and the Maxwell-Lorentz equations. 
Our method leads us to consider the equations of electromagnetism as a natural generalization of the Cauchy- 
Riemann conditions and electromagnetic fields as generalizations of analytic functions, the variable being 


a quaternion. 





HE previously proposed transformation' differs 

from the classical Lorentz transformation mainly 
by the fact that it is complex and remains linear with 
respect to the components of the velocity »v for any 
inclination of this vector with respect to the axes of 
space coordinate. The matrix of this transformation 
may be written 


U4 e.* rR 
ig | 

74. “Bs 

03 04 


1 4 
=—[vJ=V"Z ex, 
V 1 
(1) 














\ 


where the symbols - 
—1, and +1. 

This transformation operates in an Euclidian hyper- 
space of coordinates x1, %2, x3, %4=icl. V is a world 
vector of components »,=dx;/dt. We have v4=1c, and 
set 


— + represent, respectively, 0, 


so that V=i(c?—v*)4, It is easy to see that the multipli- 
cation table of e, is precisely the one of the basis of 
Hamilton’s quaternions, so that R may be considered 
as a quaternion. The signs depend on the choice of the 
positive sense on x, and on the orientation of the other 

* The research presented here was started in Grenoble and 
completed at Syracuse University, thanks to the aone of a 


U. S. Government grant (G.5. Exchange visitor program). 
' René Reulos, Ann. Inst. Fourier 5, 528 (1953), formula (1). 


axes. A change of sense on x, produces a change of sign 
of Ris and Ry, whereas a change of the orientation of 
the axes of space yields a change of the terms Ry: (with 
k, l#4, kl). 

If R? is the transposed transformation, it is easy to 
verify that 


R-RT=1, (3) 


so that R?’=R“. This proves the orthogonal character 
of the transformation. Its complex feature will be 
displayed by introducing the physical time = — (i/c)x.. 

The invariance of the Maxwell-Lorentz equations 
has interesting consequences. Under our transformation, 
the electromagnetic field tensor remains unchanged, 
while the world vector potential still transforms as a 
covariant vector and the world current density is 
contravariant. For instance, if in the electrostatic field 
of a particle at rest, we define a change of variable by 
the transformation (1), we obtain a complex field 
whose real and imaginary part represent, respectively, 
the electric and the magnetic field of a particle in 
uniform motion. We thus obtain directly the formulas 
of Thomson. 

The main applications of this transformation are, 
however, those which are consequences of its linear 
character with respect to the components of the 
velocity. That is how this transformation seems 
especially applicable to the fundamental problem of 
the wave equations in wave mechanics. 

Let us consider a particle in uniform motion in a 
Galilean frame of reference. Let us call mp its rest 
mass, v its velocity (assumed to be constant), and e its 
charge. We now wish to place ourselves in a frame of 
reference bound to the particle. We do this by using 
the transformation whose matrix is given by (1). 
Multiplying the numerator and the denominator of 
1/V by m=moc/(?—2)!, this transformation may be 
written as 


R=[mv]/imo. (4) 
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The wave function ¢ whose components are ¢1, ¢2, ¢3, 
¢4, is assumed to be transformed as a covariant vector, 
so it undergoes the transformation 


v=R-¢, (5) 
which yields the inverse transformation 
o=Ry. (6) 


In the frame of reference bound to the particle, the 
¥, have the form 


W=V,er", 


This is a consequence of Einstein’s relation, and of the 
hypothesis of de Broglie. Hence, the ¥, satisfy the 
differential equations 


0 0 
(+ —imee )ys=0, b—g,=0. (7) 
ot Ox; 


A relativistic transformation (classical or not) gives 
us the more general relations 


0 te) 
(#—- mor Wa=0 (#—- me) g.=0, (8) 
Ox Ox; 


valid for the four dimensions in all Galilean frames. 

The elimination of p;= mz; between (5), (6), and (8) 
gives us a hyperbolic system of equations between the 
complex components of ¢ and y. These equations may 
be written 


Y=Re, g=R'Y, 


where ® is the product of #/moc by the quaternion 
differential operator obtained in changing »; into 0/dx., 
in the quaternion tensor [»; ] of the transformation (1). 

The author has studied this system (see reference 1, 
Chap. 4) which contains as special case, the equations 
introduced by Louis de Broglie for the photon waves. 
The latter are obtained by taking ¢1, ¢2, and ¢; real, 
ga imaginary, 1, Y2, and ws; complex, y4 equal to zero, 
and performing a change of unit, of ratio moc/h, in the 
wave function ¢. Letting now mp tend to zero, we find 
the Maxwell-Lorentz classical system. 
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We have thus obtained the equations of electro- 
magnetism by simply using the purely geometrical 
idea of the four-dimensional space of special relativity 
and de Broglie’s interpretation of Einstein’s relation. 
It therefore seems that the form of the equations (5) 
and (6), and also of the equations of Maxwell, Lorentz, 
and de Broglie, are simple consequences of the form of 
the rotation quaternion operator in the Euclidian four- 
dimensional space. 

The same argument may be applied to the case in 
which the particle is submitted to the action of a 
potential four vector A. The momentum of the particle 
will be increased by (e/c)A, so that we have now the 
well-known relations [ih(0/dx;)—mv,— (e/c)ArWi=0 
instead of (8). We thus obtain the equations which we 
proposed previously (see reference 1, Chap. 4). The 
latter equations contain the equations of Proca as well 
the equations mentioned in this paper. 

The case in which the mass of the photon is equal to 
zero is to be considered as degenerate. The potentials 
are no longer bound to the fields and the system splits 
into two Maxwellian systems. The condensed equations 
take the symbolic form 


Re=0, Ry=0, (9) 


which contain the Maxwell equations.? This is easy 
to verify by putting ¥4=0, Y=H+E, and separating 
the real and imaginary parts. 

Equations (9) may also be considered as generalizing 
the Cauchy-Riemann equations in a new direction 
(reference 1, Chap. 1), which will become obvious by 
writing the Cauchy-Riemann equations in the form 


G *)x(") <0 (with d,=0/dx,). (10) 
02 01 


fe 


We note that, from the physical point of view, Eqs. 
(10) and the resulting Laplace equation apply to the 
stationary problems of electromagnetism, whereas 
Maxwell’s and d’Alembert’s equations, which are con- 
tained in (9), apply to the more general nonstationary 
problems in three-dimensional space. 


2 René Reulos, Compt. rend. 208, 1389 (1939). 
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Formulas are derived for the scattering cross section of a high-energy electron in a static potential, correct 
to second order in the potential, in terms of certain integrals. The potential is that due to a screened, spherical 
charge distribution. The integrals are evaluated explicitly for Yukawa, exponential and Gaussian charge 
distributions, and are expanded in power series in k and in 1/k for an arbitrary charge distribution. 


Numerical results are presented. 


I. INTRODUCTION 


HE elastic scattering of high-energy electrons in 
nuclei is at present described as scattering from 
a stationary potential, which is a problem amenable to 
numerical computation.! This has rendered the per- 
turbation treatments of scattering in a potential rather 
obsolete, especially since they are known to be badly 
in error at large angles for heavy elements.? Unfor- 
tunately, however, we have not seen the last of per- 
turbation calculations of scattering; the replacement of 
a many-body system by a stationary potential is itself 
an approximation, and any attempt to improve this 
approximation leads to problems which are not amen- 
able to numerical computation, forcing us back to 
perturbation methods. Inelastic scattering has also only 
been computed using perturbation theory, or phe- 
nomenological potentials. It is felt that the scattering 
from a stationary potential provides a good testing 
ground for approximation procedures, since some exact 
results are known for comparison. 

In the course of estimating effects due to second- 
order virtual transitions of the nucleus during electron 
scattering,* some results have been obtained for the 
second Born approximation to scattering from a sta- 
tionary potential. These results consist of closed for- 
mulas for the scattering from special models of the 
charge distribution (Yukawa, Gaussian, exponential)‘ 
and expansion formulas for the high- and low-energy 
limit of the scattering from an arbitrary regular charge 
distribution. Numerical results will also be given. 


Il. GENERAL FORMULAS 


We will derive here the formulas for the scattering 
cross section of unpolarized electrons incident on a 
stationary spin-independent potential, keeping only 
terms of first and second order in the potential. The 


* Based in part on a thesis submitted to the University of 
Michigan in partial fulfillment of requirements for the degree of 
Doctor of Philosophy. 

t National Science Foundation predoctoral fellow. 

1G. Parzen, Phys. Rev. 80, 355 (1950); L. Acheson, Phys. Rev. 
82, 488 (1951); D. R. Yennie ef al., Phys. Rev. 95, 500 (1954). 

2D. R. Yennie e al., Phys. Rev. 92, 1325 (1953). 

3R. R. Lewis, Jr., following paper [Phys. Rev. 102, 544 (1956) ]. 

“Some of these results have been mentioned previously in the 
literature: Vachaspati, Phys. Rev. 93, 502 (1954); R. N. Wilson, 
Phys. Rev. 93, 949(A) (1954). 


potential will be that of a shielded, spherical charge 
distribution p(r) : 


p(r')e rr 
Vin)=—2e far <8 thas (1) 
ly—y’ 


The shielding will prevent divergence difficulties due to 
the long range of the Coulomb field; we will let A-0 
in any result which remains finite in that limit. 

Using the Green’s function for the Dirac Hamiltonian, 


; 1 1 ‘le ik| r—r’ 
G(r,r')=—-—| H vy.) +e [- ; 
4a t r—r 
we can write the explicit solution of the Dirac equation, 
correct to second order, as 


V(r) =o()+ fare(ry) V (r’)o(r’) 


+f favaerecy’ V(r’) 
XG(r',r”) V(r’ \o(r'") + 7 (3) 
Here H(p)=+a-p+8, and e, k are the energy and 
momentum, respectively. We use relativistic units 
h=m=c=1 throughout. The incident wave is repre- 
sented by ¢(r)=we**i-*, The scattering amplitude ob- 
tained from the asymptotic form of (3) is 


1 
f=——(H (ky) +e]Tu, (4) 
4a 


where T is 


T= fare vinesort ff drarem 


XV (r)G(r,r')V (r’)et ieee’ - ++. (5) 


Using the familiar rules for summing over spins, we 
can write the cross section for the scattering of an 
unpolarized electron into an unspecified final spin state, 
as 


Led 
sr a BL eh os BD ll a (6) 
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The first-order term in T is® 
T) = (ky| V | ki) = —4eZeF(K)/(K*+ 2), (7) 


where F(K)= /dre****p(r) is called the “form factor” 
of the charge distribution. Note that we have chosen 
p(r) normalized to unity. 

Keeping terms through second order leads to a simple 
form for the matrix dependence of 7: it is a linear com- 
bination of the matrices a, 8, and 1. It is appropriate 
to define the coefficients of these matrices in the fol- 
lowing way: 


4nZ Aa-P 2B(e+8) 
T=- + : 


e 
[F 
K*+)? k k 


Ca-K Da-(PXK) 
+ | 
p2 
A-+-D will be complicated integrals, proportional to 
Ze’. We can now perform the trace in (6); discarding 


the terms proportional to A*, AB, ---, D* as of higher 
order, we find for the cross section 


Zé \? 4e P*? A+B 
io~(—) (P+ayeli+— ——— ———_ 
K*+) kP+4 F 


4e 4 2B 


+———_—;@Q,,_ (9) 
k P?+4 F 


where by A, B we understand the “real parts only” of 
the corresponding integrals. These integrals will be 
slowly varying functions of the angle, and so, for very 
high energies, the first term will always dominate the 
second, except for angles very near 6=180°, where 
P*?=0. Thus, as long as P*>>4, we can write simply 


Zé \? (A+B) 
io=(——) (P+ar( +4 )ao 
K?+)? F 


doi{1+R}, (10) 


where do; is the cross section in first order: 
Zé \? 
do\= (—) (P?+4)F?, 
K?-+ 2 


III. REDUCTION OF THE INTEGRALS 


Introducing the momentum representation of G(r,r’) 


.. H(k’)+«¢ 
G(r’) > (—) lim fae . (ee) 
any k+i5—k”? 


and comparing terms in (5) and (8), we find for A, B, 


(11) 


5 We will use the notation K=k;—ky, P=k;+ky throughout. 
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These are the integrals which we must discuss for 
various charge distributions. They have been per- 
formed explicitly for only a few special models: the 
Gaussian potential,6 Coulomb potential,’ and the 
Yukawa potential.® 

The most systematic method of performing such 
integrals is to reduce them to integrals over denomi- 
nator factors alone; in the present case, this can be 
accomplished by using the following representation of 


F(K): 





(12a 





(12b 


1 
F(K)=— f dsF(s)s[K?—s*>, (13) 
Cc 


us 


where the contour C is the real axis, avoiding the sin- 
gularities at s=+K by passing above them. This will 
reduce the integrals (12) to the desired form 

ZéeK* 


A+B=—- J assre) f aurorisy, (14) 
4 . c 


P?x4 
where 


U 


P2+2k’ 
I(s,)=k J dk’ (K2-40%)(K2—s%) 
kh 18 


x (K2+2)(K2—-#)}. (15) 


Here we use the notation K;=k;—k’, K.=k’—ky. 
If we introduce the further symbols 
a=K?+), b=K?+., c=k?—kR—i, 
d=k?—-s, e=K?7-F, 
then 2k’-P=4k?+2c—a—b, and I(s,t) reduces to 


(16) 


1 (sf) =k(P2+48) J dk’Labcde}'+2k f dk’Labde}? 


—k f ak’ (bade}-*—b f dk'Cacde}. 


Use of partial fractions expansions further reduces this 


*T. Y. Wu, Phys. Rev. 73, 934 (1948). 
™R. H. Dalitz, Proc. Roy. Soc. (London) A206, 509 (1951). 
®R. Jost and A. Pais, Phys. Rev. 82, 840 (1951). 
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to the final form’ 


k 
I =—| (P?+4k?— s*— f) f dk'[ cde}? 
sf 
— (P*?+4h?— s*) f aC} I 
rent (Pane) f ak’ Lacey'+-2 f dk'Cde} 


a3 f dk'Cac}!—2 f dk’ [bd 
42 f dk’'[ab} ; (17) 


which are all integrals with denominator factors. 
Defining 


Malay) =k f dk’ (K +04) (K+) }, (18a) 
M3(u,») = f dk’ (k—k—i8)(K2-+u) (K2-+e) P, 


(18b) 
we can write 


1 (P44 — 8-8 
s)=— | Malis, -i0(— aes ) 


PP44ke—s2 
~M;(0, -i)(———) 
2 
P44 
—M4(0, -i( 2 i -) +2Ma(—is, —ip 
—2M,(0, —is)—2M,(0, —it)+2M;2(0,0) . (19) 


These integrals are performed in Appendix I. 


IV. SPECIAL MODELS 
(a) Pure Coulomb Potential 


As a first application, and a check on our formulas, 
let us consider the pure Coulomb potential. This is 
obtained by setting p(r)=6(r) and F(K)=1. Then 


ZekK? 
re {4 f dk'Labe}"+2 f dk'Tab}? 
4n? P? 


os f dk'[ac}— f abe}, 
Bi tai f dk’[ abc |". 
4? 


® We have dropped a term proportional to fdk’[abc]}™ which 
vanishes as \—>0. This is just the term which gives the non- 
relativistic limit of the pure Coulomb potential, which is well 
known to vanish in second order. 
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As \->0, the first terms in each vanish and the other 
integrals are easily shown to be 


f dk'Cab]=/K, f a a}= f dk'[bc}'=23/2k, 


so that (9) becomes 
do =[Ze?/(K*-+*) P{ (P?-+4) 
+4Ze*ek sin(6/2)[1—sin(@/2)]}dQ, (20) 


which is a well-known result.”° Note that this gives 
for R, 


R=4A=nZe sin(6/2)/[1+sin(6/2)] (21) 


which is a monotonic positive function of the angle, 
never exceeding Ze*x/2, and independent of the energy. 


(b) Yukawa Charge Distribution 


The charge distribution leading to the least com- 
plicated integrals is the, Yukawa charge distribution 
p(r) = poe~*"/r. Now F(K) = a?/(K?+-a’) and the integral 
in (14) can be performed by contour integration, giving 


A+B= (ZéK*a*/4n?P?)I (ia,ia) 


ZéK? P?+4k?+ 2a? 
(EE) wien) 


4n? P? 
P+4k+a? 
- 2M;(0,a) (- ——) +2M,(a,a) 
—4M,(0,a)+2M,(0,0) . (22) 


Using the results of the appendix, we find, with some 


rearrangement 


F 


‘ 4(A+B) eee lg 


a’P? 
| k P?+-4R+2a? 
po ee ee ee ee 
K [k?K®+4ka?+a‘}! 
aK 
Xarctan—— a 
2[ k?K?+-4ka?+ a‘}} 
2k 2a* 
+— arctan—————_—_ 
3 K (K?+3a?) 
P?+-4k?+ a? a 


— arctan—}. 


Rie (23) 


(c) Exponential Charge Distribution 


The exponential charge distribution p(r) = poe~*” leads 


to similar results. Now F(K)=[b?/(K?+08*) f, and the 


1H. Feshbach, Phys. Rev. 88, 295 (1952). 
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integral (14) can again be performed by contour inte- 
gration, giving 


ZEeR*b\ & 
B= ( ) T (ip,iv) 
162°P? / dpdv pawrech 


ZERO) # 1 

oa adv per? 

x {M3(u,v) (P2+4k+y?+ v°/k?) 

—2M;(0,u) (P?+4h+-u?/k*)+2M 2(u,r) 
~4M2(0,u)+2M2(0,0)} pr». 


(24) 


This is actually a very cumbersome function after the 
differentiation is carried out, but is not too difficult to 
differentiate numerically. 


(d) Gaussian Charge Distribution 


This is the first of the models treated which has a 
form factor which is not algebraic; in this case the 
integrals cannot be done explicitly, but only reduced to 
a single integral. The reduction proceeds as follows: 

If p(r)=po exp(—f*r’), then F(K)=exp(— K*/46") 
and 
F(Ki)F(K2)=exp[— (K’+K;’)/48"] 

= exp(— K?/86*) exp[ — (k’— 


Thus we get from (12) and (13), 
ZeRK? | 
'+B-( ) exp(—K7/88%) [ dssJ(s) 
i P? 


21 c 


3 P)?/267), 


Xexp(—s?/26*), (25) 


where 
1(9)=3 f dk’ (P*+-2k'-P) /abcf 


with 
f=|k’—4P|?-s*. 

It is important to note that /(s) can be reduced to 
three-denominator integrals alone. This follows from 
the fact that the numerator can be expressed as a linear 
combination of the four denominator factors: 


——~) 
K?+4s? 


P+2k'-P=2e(a+8)( 


and so 


J(s)= f dk'Tab f+(——~) f dk'Lacf}. 


K?+4s? 
(26) 


These integrals are evaluated in Appendix II. The final 


R. LEWIS, 


JR. 


result for (A+B) is 


ZEORK © xdx 
ahs 
0 +1 
x+1 6 x°+29x+1 
oe =) ~sin, log —- 


eee 
2Zeé* 
+(= —)e-rv.f = 
0 #+127-1 


v?+29qx+1 Ze 
Xexp(—ax’) log) ————_| — (= Jers (27) 
x? —29qx+1 2 


where a= K*/86?, and g=csc(6/2). 
The discussion of formulas (23), (24), 
given in Sec. VI. 


exp(—ax*) 


and (27) is 


V. EXPANSION OF THE INTEGRAL FOR AN 
ARBITRARY MODEL 


The integral in Eq. (14) provides a fairly explicit 
form for the integral arising from an arbitrary charge 
distribution. For example, we can derive from it the 
expansion of the integral in powers of & or in inverse 
powers of k, for an arbitrary “regular” charge distribu- 
tion. The derivation of these expansion formulas is 
tedious but straightforward, requiring the expansion of 
the function J(s,/) and the subsequent termwise inte- 
gration of (14). We will only present here the leading 
terms.” 

At low energies, if we keep only terms through those 
quadratic in k, we find 


R&[2nZekK (1— K/2k)/P]{1—K (K+4k) (1°) /6}, 
(28) 


where (r*)w= /drr’p(r). The first term is the pure 
Coulomb result, and, to this order, there are deviations 
depending on the mean square radius of the charge dis- 
tribution. This is explicit verification, in second Born 
approximation, of Feshbach’s” theorem on the model 
independence of the low-energy electron scattering. 

At high energies, if we restrict ourselves to charge 
distributions having a derivative at the origin,” we find 
for the leading term, 


R~—8Ze?(1/k){1/r)y. (29) 


Note that this is the result of expanding in powers of 
1/k, and 1/k sin@/2; i.e., we must hold the angle fixed 
and let the energy increase. The limit (29) is un- 
doubtedly reached more slowly at small angles than at 
large. 

This result is somewhat surprising, in view of the 


4 For further details see R. R. Lewis, Jr., Ph.D. thesis, Univer- 
sity of Michigan, 1954 ( unpublished). 
2 H. Feshbach, Phys. Rev. 84, 1206 (1951). 
8 Except for a ’multiplicative factor, the same result applies to 
the Yukawa charge distribution. 
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fact that the phase shifts do not approach the first Born 
approximation phase shifts in the high-energy limit." 
Of course, we have only proved that the second Born 
approximation is small compared to the first in the 
high-energy limit, yet one would guess intuitively that 
the same result was correct to all orders of the Born 
approximation. This is mot inconsistent with Parzen’s 
result for the phase shifts, due to the nonuniform 
approach to this high-energy limit at different angles. 
This nonuniformity means that the usual relations 
between phase shifts and scattering amplitudes do not 
hold for the leading terms in the high-energy limit. 
Thus, the correct scattering amplitude could approach, 
at any angle, the first Born approximation scattering 
amplitude, even though the phase shifts do not approach 
the first Born approximation phase shifts. 

We should point out that the imaginary part of the 
second Born approximation scattering amplitude, 
which we have always dropped, is in fact independent 
of the energy in the high-energy limit, for any finite 
shielding constant \. Thus, the high-energy limit of the 
scattering amplitude in second order, differs from the 


TABLE I. The ratio R of the second-order term to the first-order 
term (do2/do,), divided by Ze, for the Yukawa charge distribution. 








@=150° 


1.39 
— 0.323 
—1.45 
— 1.62 
— 0.396 


@=120° 


1.37 
—0.116 
—1.24 
— 1.46 
— 0.394 


@ =90° 


1.24 

0.168 
— 0.805 
—1.15 
—0.390 


6 =30° 


0.636 
0.450 
0.197 
—0.005 
— 0.326 


Energy 


k/a=0.1 
k/a=0.5 
k/a=1.0 
k/a=1.5 
k/a=10 


@=60° 


1.01 

0.411 
—0.250 
— 0.626 
— 0.380 











first Born approximation only by a phase factor, which 
diverges as \—>0. 


VI. RESULTS 


Numerical calculations of formulas (23), (24), and 
(27) have been carried out. The values of R/Ze’ for 
the Yukawa charge distribution for various energies 
and angles are given in Table I. In general, they are 
positive for small momentum transfers, and negative 
for large momentum transfers, and never exceed about 
1.6. Thus for a light nucleus like copper (Z=29), the 
corrections would be at most ~35%, while for a heavy 
nucleus like gold (Z=79) the corrections would be at 
most 90%. Since the large-angle corrections are nega- 
tive, this represents an almost complete cancellation for 
heavy nuclei. For long wavelengths, R approaches the 
pure Coulomb result (21), and for short wavelengths it 
approaches a value decreasing like 1/E and independent 
of the angle. 

The values of R/Ze* for the exponential charge dis- 
tribution have been computed at a single energy, such 
that k/b=1.10; these results are given in Table II. 
They are also positive at sufficiently small angles, and 
negative at large angles, which is in agreement with 


4G. Parzen, Phys. Rev. 80, 261 (1950). 
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TABLE II. The ratio R of the second-order term to the first- 
order term (do2/do:), divided by Ze*, for the exponential charge 
distribution. 








120° 
— 3,93 


150° 
— 3.57 


6 =30° 60° 90° 
— 1.85 — 1.50 — 2.62 


Energy 
k/a=1.10 











the sign of the deviations of the first Born approxima- 
tion from the correct result.!® The root occurs at about 
25°, while the correct value of the root is near 65° for 
Z=79. The deviations are now much larger, leading to 
ridiculous results for heavy nuclei; since R is large and 
negative, the “correction” term becomes larger than 
the first Born approximation, giving a negative result 
for the cross section. This indicates the seriousness of 
the errors involved in discarding higher order terms, 
which complete the square and prevent negative values 
of the cross section. Thus, one can only apply the ex- 
ponential model results to fairly light nuclei, where 
they still represent sizeable corrections (~75% for 
copper at 150°). For high energies, the ratio R decreases 
like 1/E. 

Similar results have been obtained for the Gaussian 
charge distribution; here the energy was chosen so 
that k/8=3.1. The root now occurs at about 30°, and 
the ratio R/e’Z reaches even larger values at large 
angles, due mostly to the very rapid decrease of the 
first Born approximation. These results are given in 
Table III. In this case, not even the sign of the second- 
order terms seems correct; exact calculations show that 
for heavy nuclei, the first Born approximation always 
gives too small a cross section, and the second Born 
approximation decreases it further at large angles. For 
the Gaussian charge distribution, R increases exponen- 
tially with the energy, at high energies. This increase in 
R probably results for any charge distribution whose 
form factor falls off faster than any power of the energy 
at high energies (i.e., exponentially, etc.). 


VII. CONCLUSIONS 


Several conclusions can be reached from these 
results : 

(a) The second Born approximation provides a godd 
criterion for the validity of the first Born approximation. 
Thus whenever the first Born approximation is seriously 
in error, as at large angles for heavy nuclei, or at high 
energies for ‘“‘special”’ models like uniform and Gaussian, 
the second Born approximation provides very Jarge 
corrections (not however in the correct direction 


TABLE III. The ratio R of the second-crder term to the first 
order term (do2/do,), divided by Ze*, for the Gaussian charge 
distribution. 








150° 
—73.4 


Energy 
k/a=3.10 


6 =30° 60° 90° 


120° 
0.005 — 3.10 — 10.9 


— 35.8 











16D. R. Yennie et al., Phys. Rev. 95, 506 (1954), Fig. 2. 
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always). When the corrections are small, they are of 
the correct sign, and probably provide a considerable 
improvement in the Born approximation. It would be 
of interest to check this with exact computations for 
medium weight nuclei. 

(b) The Born expansion must converge very slowly 
for heavy nuclei, large angles, and kr~1, if at all. The 
behavior at higher energies will depend very much on 
the character of the charge distribution: in particular, 
on the behavior of the charge distribution at very small 
radii. The second Born approximation indicates that, 
for charge distributions with a derivative at the origin, 
such as the exponential model, the first Born approxi- 
mation becomes valid again at very high energies. 
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APPENDIX I. GENERAL THREE DENOMINATOR 
INTEGRAL 


The integrals required in this work are all special 
cases of the three denominator integral, or simpler two 
denominator integrals. 


T (A; Qi,t1 3 G2,2) 


“i f dal (g¢+0?)(Ja—aul?+m:2)(|q—a2l?+u22) 2. 
(1) 


The following properties of this function follow from 
examination of the integrand: 

(a) The function is even in A, wi, and pe. 

(b) The function is symmetric under the simul- 
taneous interchange of q; and yi, with qe and po. 

(c) The function is analytic in A, wi, and ue, except for 
points on the imaginary axes, where the value of the 
integral depends on whether the axis is approached 
through positive or negative values of the real part. 
Using property (1), we can restrict ourselves to evalu- 
ating the function for values of the parameters with 
positive real parts only; the function can be evaluated 
at other points by symmetry. 

Using the integral representation 


1 1 
caulk f dxfax+b(1—2) P, 


ab 0 


we can write (1) in the form 


= f dx f dq(g?-+X)C| q—O]?-+47}, 


LEWIS, JR. 


where 

Q=xq:+ (1—x)qo, 

A?= (qi— qo)*x(1—x)+xu°+ (1—x)u2’, 
Thus 


| nee ee 
t=—— fdr — fagl (g+9%)(\4-O\+49T 
2 AoA 


1p’ 1 a;ri s\+A-i0 
at an ae 
2J, AdalQ “\v+a+iO 


1 
= ef dxd[d?+2(¢?+- 1") + (1— x) (go? +2”) 
0 
+2\A}", (3) 
which is a rational function of x and A. Note that the 
symmetry (b) is obvious, by simply substituting u=1 
—«x in the integral. 
The last integral can be performed by reducing the 


integrand to rational form, using linear fractional trans- 
formations. First put 2= (u:/u2)[«/(1—x) ]: then 


1 ) 
f dx= wun f dz(uoz+p1), 
0 0 


A=pyelS(z) ]*/(u2z+u1), 
S(2)=2+((qi— qe)? t+turt+ue? ]2/umwe+1, 


and so 


i=nf d2S~*{ 22 (\?-+-91?-+ 1”) 
0 

+i (\?+ 922+ m2”) + 2p ST, (4) 
which has the advantage that the roots of S(z) are 
negative definite for real positive A, u1, we. This integral 


can now be put in rational form by introducing a trans- 
formation based on the roots of S(z). Let 


S(z) = (+21) (z+22), 
where 
21,2=((qi— qe)? +urt+u? 
 {C(qi— q2)*+urt ye? P—4us2ue? }}4/2u ape. 
Then, introducing 
u=2)[ (2+22)/(s+2:) }', 
we find 
v2 
r=ef du(lau?+2bu+c}", 
vz 
with 
a= yySo! (A?+ go? uo”) — woes (A2+-9:?-+- 1), 
b=Auie(%2—21), (6) 
C= mo8e* (A2+- G1? 1?) — wait (A+ gs?+- 2”). 


This has the disadvantage that a, b, and c are not posi- 
tive-definite for real positive A, ui, and ws, and so we 
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perform one further linear fractional transformation : 
u—2! 
v= zi ) j 
Z!— u 


I=29* f dvLav*+260+7}", 
0 


which gives 


where 


a= wo(214+- 223) Lor+ (A +yu1)"], 
B=pyord(2+214+-22)+42(?+ 972+’) 
+ui(\?+92?+u2"), (8) 


= m1 (21'+-204)[g2?+ (A+-u2)?]. 


Now the integral is a simple function of the roots of 
the quadratic: introduce 2, and v2 by 


LS a [B+ (—ay)*]/a, 
and then, by a simple integration, 
B+ (8*—ary)! 
aim ge 


T(A5 G11; Q2,42) = 2° (8?—ary)# oe (ay)! 


with 





ary=[(qi— q2)?+ (uitue)® Ig? + (ui +A)? ] 
X [q+ (A+u2)"], 
B= XL (qi— G2)?+ (uitue)? }+-m2(A?+- 912+ 22) 
+yi(\?+92?+ m2”). 


This function is clearly single valued, even when we 
cross a branch cut of (6?—av)!; i.e., we can choose either 
square root. Thus the function is obviously analytic 
even for complex values of , ui, and pe. The only 
remaining problem is the specification of the branch of 
the logarithm; examination shows that one must take 
the arguments of numerator and denominator from —7 
to +7. 

The integral M;(u,v) defined in (19b) is a special 
case: 


(10) 


M 3(u,v) =F (—1k; ki; ky). (11) 


The integral M2(u,v) can be done directly by introducing 
polar coordinates: 


wik utv—ikK 
M2(u,v)=— log) 
K utv+ikK 


(12) 


or by using 
M2(u,v) =k lim N77 (A; ki,u; ky,v). 


00 


Let us list the various special cases used in the text: 


ALK? (uty) + [0K at + 4)8— Ph) 





Re M3(u,v) =2k®Lk?(K?+y2+ *)?— Pusey)| arctan] 


Re M3(u,u) = 20?k*{ [k2K2+-4hy?+ yt }-4/K} 


Xarctan{ Kul k?K2+4ky?+ yt}, 


Re M3(0,u) =[w°k*/(K?+n*) ] arctan (u/2k), 
Re M2(u,v) = (29°k/K) arctan[K/(u+v)], 
Re M2(0,u) = (2x°k/K) arctan(K/u), 

Re M:(0,0)=7°k/K. 


APPENDIX II. GAUSSIAN CHARGE DISTRIBUTION 
INTEGRALS 


The two integrals which appear for the Gaussian 
charge distribution are special cases of the integral in 
the previous Appendix. Substitution into the formulas 
derived there show that, as 0, the integrals approach 


— arctan| 


pv(u+r) 
k(K?+ (ut+v)?]—[k?(K?+y2+ ae] | 
pv(ut+r) 











i i(s—K/2)? 


dk'[ab f= l 
J Labs] iK (s¢4+-K2/4)  L—i(s+K/2)" 


ri ——— 
k(s*— K2/4) ies 2ik(s*— K2/4) | 





fates 


In each case, the argument of the numerator and 
denominator factors is to be chosen between —z and 7. 

The final answer can be expressed in terms of real 
integrals by substituting the above functions into (25) 
and (26) and deforming the contour onto the real axis. 
Considerable simplification then results due to the fact 
that the odd portions of the above integrals give no 
contribution, and only the real parts need be kept. The 
only care that need be taken is in properly treating the 
contribution near the poles at s=+K/2, in the second 
integral. 
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Scattering of Electrons from Nuclear Charge Fluctuations* 


R. R. Lewis, Jr.t 
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An attempt is made to discuss the influence of non-potential-scattering effects in the elastic scattering of 
electrons from nuclei. It is shown that in the second order of perturbation theory, if we assume the major 
contributions to come from low-lying nuclear states, the scattering is completely determined by specifying 
the average charge density of the ground state, and the density of the fluctuations about this charge distribu- 
tion. Numerical computations are presented for one simplified model of these distributions. 





I. INTRODUCTION 


HE elastic scattering of electrons from nuclei is 
generally treated! as the scattering from a static 
potential, while it actually involves the scattering from 
a many-body system. Although the experiments per- 
formed to date are consistent with analyses in terms of 
static potential,” there are in principle corrections to this 
analysis, which can not be ascribed to a static potential. 
It is of some interest to estimate these corrections, 
particularly since electron scattering from light nuclei 
represents a sufficiently simplified limit of the general 
many-body problem to admit a comparison of the two 
points of view. This limit, which is called the static,’ or 
adiabatic, limit, pertains to the scattering of a light, fast 
particle from a system of heavy, slowly moving bodies. 
There is little energy transfer from the particle to the 
system, and so the scattering is mainly elastic. We can 
take advantage of this simplicity by expanding the 
scattering amplitude in powers of the velocity ratio, and, 
at the same time, in powers of the interaction potential ; 
that is, we will compute the plural scattering of a 
particle, in the static limit. It will be shown that this 
limit is then sufficiently tractable to allow detailed 
calculation of the deviations from potential scattering. 
Specifically, we will calculate terms of first and second 
order in the potential, neglecting terms of the order of 
the velocity ratio. The static approximation, as we shall 
see, involves the neglect of terms proportional both to 
the unperturbed velocity of the proton, and to its recoil 
velocity during the collision, which restricts the electron 
energy to a range from, say, 1 Mev to 300 Mev. At 
higher energies than this, there will be considerable 
excitation of the nucleus, and the static approximation 
will break down. The accuracy of the expansion in 
powers of the potential is discussed elsewhere,‘ and 
limits the application of these calculations to light or 
medium weight nuclei, say Z <40. 


* Taken in part from thesis submitted in partial fulfillment of 
the requirements for Ph.D., University of Michigan, 1954. 

+ National Science Foundation predoctoral fellow. 
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The only previous calculation of such effects for the 
nuclear scattering of electrons was carried out under 
different conditions of validity.’ For atomic scattering 
of electrons, these approximations have long been in 
use. A discussion of both of these predecessors of this 
work will be given in Sec. VI. 

The principal result of the present treatment is a 
proof that, within the above restrictions, the deviations 
from potential scattering can be related to a single 
further property of the ground state; namely, the pair 
correlation function. Thus, so long as only low-lying 
states of the nucleus are excited, and we can neglect 
third- and higher order terms, the scattering can be 
represented as potential scattering from the charge 
distribution, and fluctuation scattering from the pair 
correlations. By making rather crude assumptions re- 
garding these two properties of the ground state, we can 
calculate the scattering in complete detail. A further 
result, already well known,’ is that the total inelastic 
cross section also depends on these same two functions, 
suggesting that future experiments should attempt to 
measure both the elastic and total inelastic cross sections, 
in order to determine simultaneously both of these 
features of nuclear ground states. 


Il. DERIVATION OF THE SCATTERING AMPLITUDE 


Two alternative, equivalent derivations of the rele- 
vant formulas are available. The first starts from the 
“stationary states” formulation of scattering theory, 
and the second from the “time-dependent” formulation. 
We shall present the first here, as somewhat more 
familiar. 

We want to consider the scattering of a Dirac particle 
from a system of many bodies, with which it interacts 
via a central, spin independent potential (the Coulomb 
potential). The time-independent equations of motion 
for the wave function describing the entire system are 
thus 


{3p (7) +5Ho(é:: - - En) 
+h V (r—&)—E}W(r,81---Ev)=0. (1) 
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If we expand the wave function ¥ in terms of the (com- 
plete) set of nuclear states ¢,(£:- - -w), with energies E,, 


W(r,E1- + + Ev) =n Walt) ons: - Ew), 


we find the following equations for the various energy 
electrons present : 


{€n—H(r) } War) = Lim Vnm(r)Wm(r). (2) 


In the above equations 3Cp is the Dirac Hamiltonian, 
Ko is the entire nuclear Hamiltonian with neutron 
coordinates suppressed, V(r) is the Coulomb potential. 
Also, E,+€n= E and Unm(7) = (¢n| oi V(r—:)| Gm). 

We can rewrite (2) as integral equations by intro- 
ducing the Green’s functions satisfying 


{€n—Hy(r)}G(en,7,2’) =5(r—1’) (3) 


and appropriate boundary conditions. Using the bound- 
ary condition that there be an incident wave ¢(r) only 
for the ground state of the nucleus (n=0), and outgoing 
scattered waves in every state, we find 


Jal) =b,.060)+Ee f G(ént0)Van(" ult’). (4) 


The scattering amplitudes, correct to second order in V 
can be obtained by iterating (4) in the familiar way. 
Using 
etknr 
ots-t, (5) 
r 


1 
G(én,¥,0') ~ ——{HKp(ks)+€n} 
r—o0 dr 


we find for the elastic scattering amplitude 


1 ; 
fie-—10e (by) +4) f dre *-Ve(N (0 


+> J feraee iks-TU)o,,(r) 


XG(Emt 7 )Vmol(r)O(r’)+->-}. (6) 
To simplify the notation, let us write 


Unm(r) _ (on| Ei V(r—&,) | bm) 


= f dkV 9 Gs1Zi80-8) 0) 
and then call 
Pam (r) ond (on|> 5 5(r— é,) | dm); 


(7) 
Pam” (r,7’) - (¢n| 2 5r— £,)8(r’— £;) | dm). 


These are the (transition) densities of single particles, 
and of pairs of particles. In terms of these quantities, 
and in the momentum representation of the integrals, 


(6) becomes 


1 
fose——100(br)+03}{ (br V |.) (ley poo |.) 


3 dk’ (ky| VR’) (R'| VR 
+(—) favervienaivien 


(Rs| 00m | k’) (| pmo” | Ri) 
xd foes bey. 
™ en i3—Ip(k’) 





We have set (r) = e***-tu;. 
Ill. THE STATIC APPROXIMATION 


Had we assumed the nucleus to remain in its ground 
state during the scattering, only the m=0 term would be 
present in (8); this single term is the only second-order 
term included in a calculation with a static potential. 
The other terms, in which the nucleus is (virtually) 
excited during scattering, are our primary concern. 
Their contribution to the scattering has been called the 
dispersion contribution,® in analogy with calculations of 
the light scattering. Since the sum includes all excited 
states of the nucleus, the scattering depends on more 
detailed features of the nucleus. Rather than relate the 
scattering to details of the excited-state wave functions, 
we can, by very general relationships of quantum 
theory, carry out the sums and relate the scattering to 
matrix elements involving only the ground-state wave 
functions, and details of the nuclear Hamiltonian. It is 
the purpose of this section to show that, in the static 
approximation, these sums can be easily carried out, and 
lead to particularly simple results. 

This simplification results whenever the major contri- 
butions to the sum in (8) come for energies €m~ €0; i.e., 
whenever the excitation of highly excited states is 
negligible. In this case we can expand G(e€) about 
G(eo), and carry out the sums over m term-wise. The 
expansion is in powers of the ratio of the virtual 
excitation energy to the initial electron energy, and will 
converge rapidly if the electron is not too energetic. It 
breaks down at high energies due to the excitation of 
continuum states, such as (e,ep) reactions, which carry 
off a large fraction of the electron energy. When the 
electron wavelength becomes much shorter than the 
nuclear radius, these reactions will predominate over 
elastic scattering. At 300 Mev, an electron can give up 
about 40% of its energy in a collision with a free proton, 
and the static approximation will no longer be valid. 

If we replace ¢, by €o in (8), the sum can be carried 
out as follows: 


Lim Pom” (r)pmo™ (7) = Xm (Go| 2s 5(r— Es) | bm) 
X (dm| 5 5(r’— £5) | Go) 
= (Go| Ds 5(r— £:)5(r’— E;) | G0) 
=8(r—r’)poo™ (r) +00 (r,7’). (9) 
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Thus, in the static limit the scattering depends on the 
nuclear state only through these two features of the 
ground-state wave function; i.e., its single-particle 
distribution function (charge distribution) and its pair 
distribution function. 

The succeeding terms in the expansion about this 
static limit will involve the same sum with higher 
powers of the energy transfer ¢o>—¢€,. For example, the 
next term will be, after taking its momentum matrix 
elements, 


Lalks Pom” (r) | k’)(eo— Em) (R’ | pmo (r’) | k,) 
= Lo m(oo| Xs exp(tKa- €,) | Gn) (Em— Eo) 
X (Gm| 20; exp(+iKi&;) | Go), 


where K,=k;—k’ and K,=k’—ky, are the momentum 
transfers in the two collisions. This sum can be per- 
formed, using 


(10) 


Em|¢m)=KXo|m)- 


If we treat the protons nonrelativistically, and neglect 
exchange forces, it follows that the sum (10) is 

1 . . 
— ¥ G@olexp(iKi- &:+iKs-&;) 
4M ix; 


X[2p;-K:—2p,;-K.+K°— K;?]|¢0) 
1 
i X (ol exp(iK- E,) 


X([2p.- (Ki— Kz) +2K ?— K*]| $0), (11) 


where K= K,+K; is the total momentum transfer, M 
the proton mass, and p; the momentum operator for the 
ith proton. 

Examination of (11) shows that the terms, when 
divided by ¢o, are all proportional to a proton velocity 
divided by c, with terms involving the unperturbed 
velocity p/M and the recoil veloclty K/M both ap- 
pearing. Actually, the unperturbed terms would drop 
out to this order, due to their approximately isotropic 
orientation with respect to the electron direction; that 
is, matrix elements of p; should be zero, or very small for 
most nuclei. Thus, in neglecting (11), we are dropping 
terms of order K/Mc, and of order (p/Mc)?. 


IV. INTRODUCTION OF THE CORRELATION 
FUNCTION 


It is convenient for several reasons to rewrite Eq. (9) 
by adding and subtracting the m=0 term to the expres- 
sion. This enables us to separately discuss the potential 
scattering terms, and also clarifies the physical interpre- 
tation of the additional “dispersion contribution.” 
Writing poo (r,7’) as 


poo (r,7’) _ poo™ (r) poo' 1) (r’) 


—Lpo0 (7) p00 (r’)— poo (r,r’)], (12) 
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corresponds to the expansion of the pair distribution 
function in terms of its “cluster functions,” a procedure 
commonly employed in classical statistical mechanics. 
The first term in (12) represents the random (asym- 
ptotic) portion of the pair distribution function, and the 
second term the fluctuations, due to correlations, about 
this random value. Presumably for r>r’, the first term 
will predominate®; that is, the second term has a shorter 
“range” than the first. 

Asa final further simplification, again made in analogy 
with statistical mechanics, we will assume that the 
fluctuation density has the form 


poo™ (r) p00 (r’) — poo (r,7’) 
~} [p00 (r) +0 (r’) ]e( |r—r’|). 


We will refer to g(r) as the correlation function. Notice 
that (13) implies that /drg(r)=1. It should be pointed 
out that (13) is appropriate for distributions of classical 
bodies (i.e., obeying classical statistics) in an homo- 
geneous, isotropic medium, and may be far from the 
truth for an actual nucleus. Our point of view is frankly 
phenomenological at this point, since we have little 
knowledge on which to base more accurate assumptions. 

Combining these assumptions and definitions, Eq. (8) 
becomes, in the static approximation 


(13) 


1 
fise-—{8¢0(t,) +4}| (h;| V| Ri) (s| p00 | Rs) 


Oy PR LALeLGARALD 
+(-) J - me ee 





1 3 
X (tou? |B) (H ow |) + (—) (kyl oo. |.) 
Tv 





ky| VR’) (R'| VR, 
x fa! |e’)(’|V |.) 
eo+i5—H p(k’) 





Lye G|VIRD@IVIR) 
+(-) fa eo+ib—3Cp(k’) ote) Ms (14) 


where 


g(k)=— f [arrdesiee nto 


X {p00 (11’) p00” (72) — poo" (11,72) } 
= —Heslont || f areeg( 
+ faremrg(n}, 


8 These statements are true only if we neglect terms of order 
1/N. Notice for example, that a properly defined density of 
fluctuations would give a total fluctuation of zero, when averaged 
over the entire nucleus, while actually (1/N*) {(f'dridre{p' (r1)p’ (r2) 
—p*(rir2)}=1/N. Thus our correlation function and fluctuation 
density are defined slightly differently than is customary in 
statistical mechanics, differing by terms of order 1/N. It is 
deemed appropriate to define the functions as in (12), however, 
since they appear that way in the total inelastic cross section. 
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These terms are readily interpreted physically ; they all 
describe single or double scattering events, depending on 
whether one or two proton coordinates appeared. Thus 
the first and third terms are the first- and second-order 
contributions to single scattering. The second and 
fourth terms are the double scattering, which we have, 
in (12), divided into double scattering from the average 
density, and from the fluctuations in density, re- 
spectively. 


V. CROSS-SECTION FORMULAS 


The final formulas for the differential cross section for 
the scattering of unpolarized electrons can now be 
deduced from (14) in the usual manner. We will simply 
collect the results, using a terminology very similar to 
that used in the preceding paper‘ for ease of comparison. 

Writing the cross section in the form, 

do (6) =do,(0)[1+Rit+Ro+Rs |, (15) 
with 

2 
do,(6) = (..—_) [1+-k* cos?(6/2) |F*(K)dQ, (16) 

; 2k? sin?(6/2) 


we find, for the three second-order correction terms,° 


ZekK? 
Sidorr-rre f dk’ 
P*F(K) 


(P?4-2k’-P)F(K;)F(K:) 
(k'"— kid) (K P+?) (Ke-+22) 
(P?+-2k’- P) 
(k!2— kid) (K 2-402) (Ke?-+22) 
; (P?-2k’- P) 
(k’?— k?— 16) (K?+-A?) (K2?+)?) 
X$LG(Ki1)+G(K2)]. 


A simple derivation gives for the total inelastic 
differential cross section, correct to order (Ze?)?, 








e’kK? 
R= f dk’ 
pr 


ekRK? 


Pp? 





(17c) 


1 1 
doinetastic (8) ==to,(0| 1-— J fares 
Z Z 


X {p00 (71) p00 (72) — poo (rir2) } | (18) 
and using (13), this becomes 


1 
dotatnater —doi(O)L1 —G(K)}. (19) 


® The notation is as follows: k;=initial wave number; ky = final 
wave number; Ki=k:—k’; K.=k’—ky; K= K.+K:; P=ki+k,;; 
F(K) = (1/Z) fdre™ **poo(r), G(K)= fdre'™**g(r). In com- 
puting the integrals, we are to let 5, \ approach zero, and keep only 
the real parts. 
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We propose to compute these integrals with the 
choice of exponential models for both the charge density 
poo”) (r) and the correlation function g(r) : 


poo (r) = poe”, (20) 
g(r) = goe*”. 


The integration of R; for this model has been carried out 
elsewhere’; the evaluation of R2 and R; is readily 
carried out by the same methods: 


R.= re sin(6/2)/[1+sin (6/2) ], 
2e?K? | 4k?K?+-8k?a?+-a!4 ( a ) 
arctan{ — 
pe | (Ka)? 


2k ( a ) 
—— arctan{ — . 
K K 
The numerical results for these models are presented in 
the next section. 

As an alternative to introducing a special assumption 
regarding the form of g(r), it may be appropriate to 
simply use the “model-independent” value of Rs, 
derived on the basis of “short-range” correlations. 
Thus, one readily proves that for correlation lengths 
short compared to the wavelength 1/k, the value of R; 
approaches 


R3= —7e’ sin(6/2)/[1+sin (6/2) ] 
+ $e? Kr"), +-0((kr)*), 


(= f * gl dr / f " pglehar 


Under this assumption we find 


do (0)do,(6)[1 +RitnreK%X(r"),,/6], 


R3= 





(21) 


(22) 
with 


(23) 
and 


1 
einceeent ane (6) K*(r?),,/6. (24) 


VI. DISCUSSION 
A. Numerical Results: Application to Light Nuclei 


We have carried out computations based on the 
models (20), for several different values of k/a, keeping 
k/b=1.10; that is, for several different values of the 
ratio of nuclear radius to correlation length. The results 
are summarized in Table I. 

The principal features of the fluctuation scattering 
contribution are that it is always of order e’, in contrast 
to the second-order potential scattering which is of 
order Ze’, and that it ismost important near k((r*))?~ 1. 
This follows from the fact that at low energies R, and R; 
nearly cancel, and potential scattering predominates, 
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Taste I. Values of the correction factors R:/Zé, and R;/é 
ped exponential models of the charge distribution and correlation 
ction. 








6 =150° 


—3.6 
—1.6 
—0.72 
—0.11 
0.031 
0.011 


@=120° 


—3.9 
—15 
—0.76 
—0.17 
0.025 
0.014 


6 =90° 


—2.6 
—1.3 
—0.80 
—0.26 
0.011 
0.018 


@=60° 


—1.5 
—1.0 
—0.78 
—0.39 
—0.043 
0.012 


@ =30° 


—0.19 
—0.65 
—0.57 
—0.43 
—0.19 
—0.066 


Energy 


R,/Zé k/b=1.10 
k/a=0.1 * 
k/a=0.25 

R;/é@< k/a=0.50 
k/a=1.0 
k/a=15 











and at energies such that k((r*),)*>1, the fluctuation 
term falls off with the energy. It is clear that there is 
only one circumstance for which the fluctuation term 
can become important; namely, when there is strong 
cancellation between the first- and second-order po- 
tential scattering. This is known to happen however, at 
large momentum transfers. It is unfortunate that it is 
just such a cancellation that a second-order calculation 
cannot adequately describe. There is perhaps a region 
of atomic weights, say from Z= 20 to 40, for which the 
second-order calculation achieves fair accuracy, and for 
which there is considerable interference between single 
and double potential scattering. The fact that Rand R; 
usually have opposite signs, and are both of order 
e’= 1/137 forces us to conclude, however, that only for 
unusually strong cancellation, reducing the potential 
scattering by at least a factor of ten, will the “disper- 
sion” terms become appreciable. 


B. High-Energy Limit 


Schiff® has presented a discussion of the static ap- 
proximation to the first- and second-order scattering, 
valid in the limit of wavelengths shorter than the nuclear 
radius. We have repeated this calculation, with different 
results. For example, let us compare his results for the 
second order scattering from a static potential, with our 
results. As stated in the discussion following his Eq. 
(31), Schiff’s method gives, for the ratio of second-order 
to first-order contributions in a static potential," 


Ri~—48Ze?/(kR)* sin*(6/2), (25) 


while more detailed calculations," for most potentials, 
lead to a considerably larger result : 


Ri~—8Ze/kR. (26) 


We have set 


R= f roloar | rp(r)dr. 


Examination of Schiff’s technique indicates that it is 
equivalent to assuming that, in momentum space, the 
major contributions come in such a way that the total 


” We have corrected a trivial error in the over-all sign of the 
“RR Poo gy omg edi (Ph 102, 537 
_ is, Jr., preceding paper ys. Rev. i 
(1956)], Eq. (29). 
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momentum transfer is shared equally by the two colli- 
sions; i.e., the double scattering proceeds mainly 
through two scatterings of 6/2 degrees. The detailed 
calculations lead to a different conclusion, that the 
momentum is transferred predominantly in a single 
large-angle scattering, followed (or preceded) by a 
small-angle scattering. One easily sees that the former 
assumption leads to a much smaller estimate of the 
scattering than the latter, as is shown by comparing (25) 
and (26). 

One can attempt to repeat Schiff’s discussion on the 
basis of this revised estimate (26). If we assume for the 
moment that (26) and the static approximation are 
simultaneously valid, then we would be led to conclude 
that the “dispersion contribution” was small, (~1%) 
since there is no appreciable cancellation between first- 
and second-order potential scattering. This conclusion 
would presumably apply even for heavy nuclei, if we 
assume, as is probably true, that higher order terms 
vanish as rapidly as second-order terms in this limit 
(kR>1). It is probably not appropriate to assume that 
the wavelength is also short compared to the correlation 
length, and so the value of R; need not be small (i.e., one 
might still assume R;~e?=1/137). There is, however, 
considerable doubt that (26) and the static approxima- 
tion have any common range of validity. For example, 
(26) is certainly mot yet valid for gold at 125 Mev 
(kR~4) ; for a gold nucleus, RR~10 at ~300 Mev, and 
the static approximation is of doubtful validity. 

Thus it should be emphasized that the region of most 
interest, i.e., heavy elements, large angles, energies 
around 100-200 Mev, is completely inaccessible for 
either of these methods of estimating the fluctuation 
scattering. There seems to be no a priori reason for it to 
be negligible in this region; on the contrary, the large 
cancellation between the various orders of potential 
scattering, evidenced by the complete failure of the 
Born approximation, make it likely that the fluctuation 
scattering is considerably enhanced, and may contribute 
an amount greater than the experimental errors. 


C. Dispersion Contribution to Atomic Scattering 


The dispersion contribution to atomic scattering of 
electrons, or “polarization correction” as it is there 
called, has been estimated by the same techniques,*® 
keeping second-order terms and making the static 
approximation. The result, however, is quite different : 
the dispersion contribution now makes up the major 
portion of the small-angle scattering, diverging loga- 
rithmically at 0 degree, while the potential scattering 
remains finite. The origin of this difference is readily 
discovered: the interaction energy now consists of a 
static nuclear potential, plus the interaction with the 
atomic electrons, giving a potential which falls off 
rapidly at large distances for a neutral atom (expo- 
nentially for a spherical electronic charge distribution). 
The potential scattering at small angles is therefore 
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finite, characteristic of a short range potential. The 
dispersion contribution however comes from the inter- 
action with the atomic electrons alone, since the atom 
cannot be excited via the static nuclear potential. Thus 
the dispersion contribution is characteristic of scattering 
in a long-range potential (as in the nuclear case), and 
contributes very strongly to the small-angle scattering. 

The present analyses in atomic scattering, however, 
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always neglect the fluctuation scattering portion of the 
dispersion contribution ; it would be of some interest to 
search for visible effects of these terms. 
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The calculation of the wave function of a particle subjected to the field of two isolated potential wells is 
arranged in such a way as to bring into evidence the penetration factors for passage through regions of 
negative kinetic energy between the wells. The Schrédinger equation is replaced by an equivalent integral 
equation and the eigenfunction system of the latter is used for the expansion of the wave function. The 
dependence of the kernel on energy and the transformation from the reference system of the integral equation 
to that of the wave equation are considered. Extensions to three-dimensional problems and to many nuclear 
particles are discussed and some characteristic differences from the one-dimensional case are pointed out. 
The presence of more than one tunnelling factor in the general case and the participation of tongues or 
tentacles in configuration space which correspond to the temporary formation of nuclear aggregates such 


as deuterons or alpha particles are considered. 


I, INTRODUCTION 


N calculations of stripping reactions taking place in 
collisions of heavy nuclear aggregates it is useful to 

be able to calculate the process by means of adiabatic 
wave functions such as occur in the work of Wigner 
and Pelzer.! In the molecular problem considered by 
them these are the wave functions of the electron system 
for fixed positions of the nuclei. Modifications of this 
method, employing a semiclassical discussion in which 
the motion of the heavy particles is treated classically 
while the motion of the transferred particles is calcu- 
lated quantum mechanically, are also possible.? In both 
procedures it is essential to be able to calculate the 
wave function of a nucleon for fixed positions of the 
nuclear aggregates to the field of which it is subjected. 
For well separated nuclear aggregates, the fields of 


* This research was supported by the U. S. Atomic Energy 
Commission and by the Office of Ordnance Research, U. S. Army. 
1H. Pelzer and E. Wigner, Z. physik. Chem. 15, 445 (1932). 

2 This extension is readily made. Some considerations regarding 
the role of accelerations in causing gravitational effects and their 
relationship to the terms occurring in Pelzer and Wigner’s paper 
will be discussed in another publication. The reference to the 
work of Wigner and Pelzer and of the use of wave functions for 
fixed nuclei is not meant in the sense of considering the expansion 
of the wave function in terms of such eigenfunctions as being the 
best from the viewpoint of convergence. It has nevertheless some 
definite advantages inasmuch as it provides a clear and definite 
starting point. In cases of slow convergence caused by resonance, 
linear combinations capable of improving convergence can never- 
theless be introduced. This matter will be discussed in connection 
with an application as og of a paper which is being prepared in 
collaboration with Dr. M. E. Ebel. 


which do not overlap, it is especially desirable to have 
convenient approximations for such wave functions. If 
the problem is treated by usual perturbation theory, 
the expansion involves the wave functions of the con- 
tinuum of the eigenfunction system of the nucleon in 
the field of one of the nuclei and the rather small prob- 
ability of transfer which may result on account of the 
presence of a region of negative kinetic energy which 
must be traversed by the nucleon becomes apparent as 
the result of an interference between the effects of dif- 
ferent regions of the continuum. It is desirable to have 
a treatment which is free of this complication. 

A possible treatment of this type consists of expan- 
sions of the Wigner’ type in which boundary conditions 
for internal wave functions are used. An infinite number 
of such eigenfunction systems can be introduced by 
changing the nuclear radius or the boundary condition. 
Such a procedure has many advantages but its flexi- 
bility regarding the introduction of the nuclear radius 
makes the barrier tunnel effects entering in first approxi- 
mation flexible also. A complete calculation of all effects 
which is free of the initially assumed radius is possible 
but lengthy. 

In the present note a treatment is described in which 
the tunnel effect factors are present throughout in a 
simple manner in the case of one-dimensional potential 

+E. P. Wigner, Phys. Rev. 70, 606 (1946); E. P. Wigner and L. 
Eisenbud, Phys. Rev. 72, 29 (1947); R. G. Thomas, The Theory 


of Nuclear Exchange Collisions, Los Alamos informal report (un- 
published). 
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fields and in which qualitatively the same situation 
applies in the many-body problem. This treatment has 
some features in common with the Wigner® and the 
Kapur—Peierls‘ approach. The similarity consists in 
an eigenfunction system which is not that corresponding 
to the Schrédinger energy equation. The procedure will 
be first described for transfer between two one-dimen- 
sional potential wells. 


II. TWC ONE-DIMENSIONAL POTENTIAL WELLS 


The particle coordinate is called ¢ and the energy 
enters through the parameter x«*. A positive «* corre- 
sponds to a negative energy. In the absence of the 
potential wells, the wave equation is 


Lu=0 (1) 


L£= (€/d?)—P—V(E). (1.1) 


The function U(£) represents the effect of a general 
field such as a Coulomb field which may be present in 
addition to the potential wells. In an application § may 
represent the distance of the particle from a fixed point 
in which case the boundaries are at §=0 and = ~ ; or 
else it may stand for the distance along a line in space 
corresponding to boundaries at £==+ ©. In either case, 
one can introduce two functions » and w satisfying 


with 


£y=0, Lw=0, 


with » satisfying the boundary conditions on the right 
boundary and w those on the left. In the well-known 
manner, one forms 


K(é,£)=0(é>) w(E<), 


(§<£), 
(§>£); 


(1.2) 
with 
(1.3) 


(1.4) 


(<,E>) = (€,€’), 
(t>,¢<) = (&,2’), 

and employing the normalization 
wdv/di—vdw/dé=1, 


there results 
£ f Kee )o(e de’ = 018), (1.5) 
where p is an arbitrary density function. 
The two potential wells modify the wave equation so 
that it becomes 
(£—Vi—V2)u=0, (2) 


the potential well V; being taken to be to the left of V». 
Conversion to an integral equation is accomplished by 
the substitution 


u(é)= f K (&,e)0(8) de’. (3) 


Substitution of Eq. (3) in Eq. (2) gives, taking account 


*R. L. Kapur and R. Peierls, Proc. Roy. Soc. (London) A166, 
277 (1938). 
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of Eq. (1.5), 
p(é)=(Vi(E)+V2(E) Ju(é). (3.1) 


The density in the integral representation of u, for 
finite w thus has a value only in the regions occupied 
by Vi, V2. On multiplying Eq. (3) by Vi(¢)+V2(é), it 
follows from (3.1) that 


o()—[Vi(8)-+V2(8)) f K(&,e/)0(e)de’=0. (3.2) 


This integral equation will be used in place of the 
original Eq. (2). The method used does not lead exactly 
to Eq. (3.2) in the first step. Instead, the modification 


o()—aLVi(8) + V2(8)] f K(&,)o(@)d¢’=0, (3.3) 


with A nearly 1, will be satisfied and a correction for 
A—1 will be made later through a modification of the 
energy parameter x’. The reason for \¥1 is that the 
proximity of V2 modifies the energy of a stationary 
state in V;. 

If the two potential wells were at an infinite distance 
from each other, the wave function in either could also 
be treated by means of an integral eauation such as 
Eq. (3.3). The energy parameter «’ will be chosen to 
correspond to the value of the energy which gives a 
solution of the corresponding differential equation for 
one of the potential wells, say V;. The potential well V2 
will be supposed to be at an infinite distance in this 
adjustment of «*. Two sets of eigenfunctions can be 
introduced by means of 


tin()—Ain f K(&¢)Vi(£’)uin(’)de’=0, 
(4) 
stan (8) Dan f K(8,t/)V2())tam(/)d8'=0. 


To these there correspond two density functions 


Pin=Vithin, pP2m=V atom, (4.1) 


and the corresponding equations for these are 


prn(@)—AanV (8) f K(&t)pin(¢)d¢’ =0, 
(4.2) 


pam()—AamV2(8) f K(&t))pom(&’)d8’=0, 


which are similar to (3.2). The p:, has a value only in 
Vi, pom Only in V». One of the Aj, is 1. It follows from 
the first Eq. (4.2) and its complex conjugate that the 
normalization can be such that 


J oretoindt/Vi= f ist stnde= —Snm, (4.3) 
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provided all the Ai, are distinct. The sign in —dnm is 
taken such as to make Eq. (4.3) possible for an attrac- 
tive potential well. Equations (4), (4.2) are such that 
the differential equations satisfied by #1n, “im are 


(L—AinV1)Min=9, (L—AomV 2)tom= 0. (4.4) 


The set of eigenfunctions corresponds therefore to 
potential well depths adjusted to make «* correspond 
to a possible energy, and in this respect the procedure 
differs from that of Wigner’ and of Wigner and 
Eisenbud.* The eigenfunctions un, 41m Satisfy the same 
differential equation independently of m and m in the 
space between the potential wells and each of them has a 
barrier penetration type of decrease as one moves away 
from the parent well. The expansions used in the present 
note are not intended to furnish a representation in 
terms of energy in the form of resonance terms. The 
energy of the transformed particle enters through K, 
and if one employs the bilinear expansion the energy 
dependence can be seen in a manner similar to that of 
dispersion theories of nuclear reactions. 

In order to solve Eq. (3.3), the density function p 
will be represented as a sum of two parts confined 
respectively to regions occupied by V; and V2. This 
representation is consistent with Eq. (3.1). These 
densities pi, pp may be expanded respectively in terms 
of the pin and pom so that 


p2= Dom Dempom- (5) 


In many-dimensional generalizations the expansions 
will at least partly involve integrals rather than sums, 
and even in the one-dimensional case the expansion may 
involve the Gibbs’ phenomenon. These circumstances 
do not interfere, however, with the possibility of using 
them. Writing the equation separately for the regions 
occupied by V; and V2, one has from Eq. (3.3) 


Pi=don Dinpin; 


or(&1)/TAV1(€) = f K (Eyty)ou(ty)dby 


+ f K(Etson(esats, 
(5.1) 
p2(&2)/[AV2(&2) J= fk eotidoesnaes 


+ JK (énésDon(ed)aes 


In most of the discussion the potential wells are sup- 
posed to be isolated in such a way that there is no 
overlap of the regions occupied by V; and V2. The 
equations hold, however, even if there is an overlap, 
the total potential being then V=Vi+V2. The sepa- 


ration of p into pi+ pe is made by defining 
p= Vu, p2= V ou. 


Equations (5.1), (5.2) combined with (3.3) are then 
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equivalent to p:=(Vi/(Vi+V2) |p, p2=[V2/(VitV2) Jp, 
which are consistent with the definitions of p;, p2 and 
with Eq. (3.1). The applicability of the equations to 
overlapping potentials is not especially useful in the 
one-dimensional problem under discussion. It is con- 
venient to use it in some many-dimensional problems. 

The applicability of the equations to overlapping 
potentials can be seen also by noting that in (5.1) the 
limits of integration are automatically determined by 
the presence of factors V;, V2 in pi, p2. The specification 
of variables as &, & is therefore only convenient but 
not necessary and Eqs. (5.4) apply also if the ranges of 
€ and £ overlap. Introducing the expansions of Eq. 
(5), there result two sets of linear equations on the };, 
and be». From the first of the two Eqs. (5.1), a par- 
ticular b;, can be isolated on the left by multiplication 
with p:,* and integration over £, making use of Eq. 
(4.3). On the right side, there occur then quantities as 
follows: 


ff @r@xeerva(erma(e aga 


= fuse QVC) dere = Vie) he (5.2) 


J fe VK GeV aCe) nam()aede 
= f 1ss"(V (O46 han V inm/Aam, (5.3) 


use having been made of Eq. (4.1). In Eq. (5.2) the Vin 
may be replaced by —6,, in accordance with Eq. (4.3). 
Performing the substitutions and going through similar 
manipulations with the second equation in (5.1), one 
finds 


bin/A= bin/Ain— dom V inm02m/A2m, 
bom/A= bom/Aem— don VomnDin/ Ain: 


The Vinm are defined as in Eq. (5.3) and the Voma by 
an equation obtained by interchanging 1 with 2 and m 
with m in (5.3). One has 


( V inm/A2m)* 


(5.4) 


a f f tbrn()V1(8)K*(E,8°) V2(€") tom" (&")dede! 
i f f than® (8)V2(€)K(E,8)V (tein (dd? 


= f than®(£)V (8)ttin(€)d8/Min=Vama/dine (5.8) 
Here use is made of the Hermitean character of K and 


of the first of the two lines in Eq. (4). According to 
Eq. (5.5), the matrix of coefficients in (5.4) is Her- 





552 


mitean. The quantity V2», vanishes unless the function 
é, has an appreciable value in the potential well V2. 
For sufficiently large separations of the two potential 
wells, the system of Eqs. (5.4) can be satisfied by 
A=Ain for a particular m and only };,+0; similarly 
A=)om for a particular m, and for this \ only be,+0. 
These solutions correspond to uncoupled pin, pom and 
to eigenfunctions #1, Hom Satisfying Eq. (4). Only the 
solution with A;,=1 satisfies the original Eq. (3.2) for 
an infinite interweli distance, all other solutions cor- 
responding to modified potentials as is seen from (4.4). 
It is supposed that the potential wells are not identical 
and that there are no accidental degeneracies in the 
systems Ain, Aom- 

In the case of attractive potential wells the presen- 
tation can be conveniently put in a symmetric form 
through the introduction of quantities 


Cin= (= V a) Min, (t= eS 2) 
G(é,e’)= (— V)IK (é,€’)(— V)i, 


leading to 


oin(8)+Yin f G(EE)oin(G 848" =0, (5.53) 


(5.51) 
(5.52) 


fetosdt= inn (5.54) 


and to Eq. (5.4) as before. 

The proximity of the potential weils couples the ;, 
to the b2,, as in Eq. (5.4). For large interwell distances 
the be», are of order V2,, which contain the wave 
function barrier penetration factor once. The d, for 
vn occur as a result of coupling of the b,, to the do», 
and expressions for them contain the barrier penetration 
factor twice. For small barrier penetration factors the 
largest effects are therefore on the bem. From (3.1) and 
(3.3), it follows that 


w=) f K(&,e)0(&)de’, 6) 


a modification of (3) required by the introduction of \. 
Substitution of 


p=pitp2, (6.1) 


making use of Eq. (5) gives 
B/A= Yin Min/Aint Lim Mam/A2m (6.2) 


for the space eigenfunction. Equations (5.4) can be 
satisfied only for certain \. Among these, only the par- 
ticular A which becomes 1 for large interwell distances 
is of interest. Since this is also not exactly 1, it is Eq. 
(3.3) rather than (3.2) that is satisfied. From (6), (1.5), 
and (3.1) it follows that 


(£L—-AVi—AV 2) u=0. (7) 


The problem solved so far is thus not quite the intended 
one, the potential well depths being slightly wrong, the 
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depths of V; and V2 having been changed in the same 
ratio. It will be seen presently that the change of depth 
can be compensated by a change in x«*. This is natural 
because the x? used so far corresponds to uncoupled 
potential wells and the coupling produces a change in 
the energy of a stationary state. The potential wells 
adjust themselves in the solution obtained so far in 
such a way as to accommodate the originally chosen x’. 
It will be necessary therefore to change x’ in such a way 
as to make X return to its original value, \=1. A change 
in «° gives a change in K which makes it possible to 
satisfy 


o()—LVa(e)+Vo(8)] f (K-+8K)(é,¢’)0(#/)de’=0. (7.1) 


In order to see how this happens it is desirable to know 
how K depends on x*. This question is considered in the 
next section. It should be noted however that for an 
approximate correction it suffices to apply the ordinary 
first-order perturbation formula. 


Ill. CHANGE IN ENERGY; ENERGY 
REFERENCE SYSTEM 


The useful property of the kernel is Eq. (1.5), which 
can be written as 


£K (if) =5(E—&). (8) 

Employing the definition of £ as in Eq. (1.1), one 
obtains 

—K(E,t’)+£0K (§,¢’)/d(e) =0. (8.1) 

Here and below, K without explicit specification of 

value of x? is meant to be evaluated for the value «° 


rather than «°+-éx?. One has therefore, making use of 
(8.1) and of partial integration, 


f K(&,¢)K (6,¢")d¢= f (2K (E,8))0K (6,8”)/A(e2)d8 


= OK (2,8) /0(«*). 
In matrix notation, the above relation may be written as 
OK (8,8) /0(x*) = (K*) (8,8), (9) 


the right side of the equation being meant to be the 
(¢’,é") matrix element of K*. From (9) it follows, on 
successive differentiation, that 


a"K (2,6) /0(e) "=n (Km) (6,8). 


Expansion in Taylor series gives, on applying (9.1), 


(8.2) 


(9.1) 


K(e8" 52+) = 5 (e)n(K*) (8852), (9.2) 


so that the kernel for x*+-dx* can be expressed in terms 
of powers of K, the multiplications being meant in a 
matrix sense. The expansion can be verified by noting 
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that 
&K(E r= 6 f K(&,8”)(K*)(¢",e/)de” 
=(K*)(&,’) (10) 


as a consequence of (8). Applying £ to the right side 
of Eq. (9.2) and remembering (&) and (10), it is seen 
that 


(2-80) (&x2)"KH1(£,e/: 2) =8 (8-2, 


which means that the right side of Eq. (9.2) is K for 
the changed x’. 

Symbolically the expansion of K (é’,¢’”’; x°+-éx?) can 
be obtained by writing 


K=£>, (11) 


and 


K (88%, +802) = (2-50) 
= £745 (Gero = 5 (be)"(KH) (E52). (11.1) 
1 0 


This result enables one to calculate the change 6x? 
needed to compensate for \—1 to any order. The first 
order calculation is especially simple. In this case, (3.3) 
and (7.1) give, on subtraction, 


(-1) J K(E,e')0(e/)de" 


i fooxwexr/acerberar lave. 


Upon multiplying by p(é)dé, integrating, and making 
use of (8.2), this condition becomes 


(-1) f f o(8)K (&,")o(e/)déde’ 
=[4(«)] f f o(é)K(&,8”)K (8",e)o(&)dede'ae”, 


and making use of (3.3) and (6) as well as of \X1, one 
has 


[8(x2)] f wdt=(A—1) f wVdt, (11.2) 


which is the Rayleigh-Schrédinger first-order formula. 
The expansion of K in powers of dx? can be related to 
the representation 


K (E85) = Dn Wal Ee* (2')/ (m2 —e*), (11.3) 


where the y,, x,’ are the eigenfunction and eigenvalue 
system of £. According to this expansion and disre- 
garding questions of convergence, 


K (68 j+80) = E Val Ove" (&) (6x2)"/ (2-24, 
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Comparing this expression with Eq. (11.1), one obtains 
(Kv) (8,875) = De Wale WP (E)/ (KP), (11.4) 


a relation which is readily verified by means of Eq. 
(11.3) if one makes use of the orthogonality of the y,. 
In this derivation of the expansion, there is a difficulty 
regarding convergence of series whenever |x,?—«| 
<6(x*). Since the convergence of Eq. (11.1) rather than 
of parts of the series is of interest, it does not follow 
that (11.1) will be inapplicable under the same condi- 
tions. On the other hand, the convergence of the series 
for K has not been studied by the writer and ray pos- 
sibly be a difficulty in some applications. By means of 
the representation (11.3), one can formally relate the 
Ain, Min System to that of the x,’, y,. For simplicity the 
subscript 1 will be written as m in this connection. 
Expanding 


Un(£)= Don Gm (E), (11.5) 


and substituting in Eq. (4), one finds 


(1/An)Cnu— Lo Purln» =0, (11.6) 


where 
Cop= (ky? —K*) ny, (11.7) 
and 


Vp = (Ky? —K2)—4(K,?—1?)-4 f Wu*Vydét. (11.8) 


The matrix ||v,,|| is Hermitean, and according to Eq. 
(11.6) the c,, can be made to form a unitary matrix. 
According to (11.8), a diagonal element of (y,,Vy), 
changes sign on transformation to »,, if «,?<x® and 
retains its sign if x,?>x*, in agreement with the radical 
difference in the eigenvalue spectra of the x,’ and that 
of the 1/Am. It should be noted that if ||c,y|| is made 
unitary, the normalization of Eq. (4.3) is not repro- 
duced for orthonormal y,. The fact that the transition 
from the x,” to the 1/Am can be represented by a unitary 
matrix puts the change to the \,, on the same footing 
as that of other changes of reference systems in quantum 
mechanics. 

Correction for effect of \X—1.—On replacing « by 
«+6 in £, an equation like (3.3) is obtained but with 
K(é,é’;«”) replaced by K(E,£’; «°+-6x*). The 6x? can 
now be adjusted so as to make A\=1. The desired 
equation is then satisfied exactly for an adjusted energy 
parameter which corresponds to the energy modified 
by coupling of the potential wells. The correction will 
be carried out here only to the first order in \A—1. If 
one denotes by the particular n for which \~1, it 
follows from Eq. (5.4) that 


Dom=[A2m/(1—Aam) |V omnia, (12) 


and substituting this value into the first line of Eq. 
(5.4), one has 


A- 1i=>.| Vinm| 2/[Aam(1—Aam) J, 


a second-order effect in the matrix elements. The change 


(12.1) 
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in \ which must be produced to change its value back to 
1 is 
dA=—(A—1), (12.2) 


in agreement with (22.1). When this change is made 
in Eq. (7), the value of x? changes by 


bk?= — (8X) f (Vit-Vs)utdé, (13) 


with the normalization 


fede. 


In applications one needs also the change in the wave 
function u associated with dx? especially because du/dé 
and 0°u/d are responsible for transitions between 
potential energy curves calculated for fixed nuclei. The 
calculation of the required change 6u can be made by 
introducing the logarithmic derivative 
y= (du/udé), 

which experiences a first-order change 

dy= (dy/AA)SA+[ Oy/ (x?) Jox? 


as a result of the combined action of changes in \ and 
in x. One obtains in the well-known manner 


O[ wdy/O1/dE= (Vit-V2)e, 


OL wdy/A(x*) //dE= 17, 
and hence 


(13.1) 


(14) 


€ 
by=u? f C(VitVs)d\+8(x2) edt. (14.1) 


If the left boundary is &=— ©, an auxiliary function 
f can be introduced, differing from u only in its nor- 


malization so that 
u=N4&, (14.2) 
and defined so that 


One has then 


€ 
Infd=xé+ f (at/nat—x)dé, 
bat (14.3) 


t 
5(Int) = set f (6y—8x)dé. 


In (14.3), dy is available from (14.1). If the left 
boundary is not —=—, a function @ with arbitrary 
but convenient normalization at the left boundary can 
be introduced and an equation like (14.2) can be derived. 
The second term is the same as in (14.3) provided the 
lower limit — © is replaced by the value of ¢ at the left 
boundary. The first term x becomes replaced by 
(€—&1)dx, where £; is the value of £ at the left boundary. 
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It is assumed here that the boundary condition at 
&=£, gives a fixed value of y. The correctness of the 
statement just made is verified by noting that it is 
obvious for <=; and that differentiation of (14.3) 
with respect to & gives a correct equation. With the 
known 4(In@) the other necessary quantities can be 
obtained as follows. One has 


5 f waz=2 f eoanaar, 


and hence, from Eq. (14.2), 
sN=—N f 05 (Infi)dé. 


Upon employing these relations, it follows that 


su=—| / f wae] f 12(8 Inf)dt-+ud Ind, (15) 


the result being written in a form homogeneous in u so 
that in the result the normalization of Eq. (13.1) may 
be dropped. The change just calculated has been © 
obtained on the supposition that dy is caused by com- 
bined action of 5\ and 6(x*) as in (14.1) and continuing 
u from the left boundary to the right. If 5(x*) is taken 
from Eq. (13), the boundary condition at the right 
boundary is satisfied automatically to within the first 
order in 6A. The correction to « caused by 6d is of 
second order in the Vomn, Vinm and may be neglected 
in the order of accuracy used for Eq. (12). 


IV. EXTENSIONS 


The procedure used can be extended to somewhat 
more general situations. The extension to three-dimen- 
sional potential wells is immediate regarding the dis- 
cussion down to Eq. (5.4). The potential wells need not 
be spherically symmetric. The auxiliary field U may 
be supposed to be present. The construction of K has 
to be modified, but in many cases K can be constructed 
and in case of U=0 the construction is standard. The 
correction to x arising from \—1 also can be made in 
the same way as in the one-dimensional case. The cor- 
rection to u arising from 6x? can probably not be made 
by a formula as compact as Eq. (15) but the Rayleigh- 
Schrédinger perturbation method is available. At this 
point the energy continuum enters, partly defeating the 
aim of avoiding anything but pure tunnelling terms. 
On the other hand, the correction to « for 5(x*) need 
not be made in the first-order calculation for u and 
5(x*) contains the square of the barrier penetration 
factor. 

If the potential well V; is spherically symmetric, the 
eigenfunctions #, can be expressed as Y;»,Rz(r), where 
the Yz are spherical harmonics of polar angles. The 
eigenfunctions are thus somewhat similar to the 
Schrédinger eigenfunction for a fixed potential. The 
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Fic. 1. Illustration of a simple many-body process. Two particles 
1 and 2 move along a straight line on which they have coordinates 
%1, *2. Particle 1 is acted on by a potential in strip A when 7:0, 
in strip B when x:¢X and also in strip C when x;=x2. Particle 2 
is free outside of strips C and D. Nuclear tentacle formation takes 
place in C. 


Rx (r) contain effects of the centrifugal barriers which 
depend on L. In the three-dimensional case, there are 
thus different tunnelling factors for different eigen- 
functions. 

The extension of the method to many-body problems 
is possible but lacks uniqueness regarding the choice of 
the eigenfunction systems. It nevertheless has possi- 
bilities which may merit a brief discussion. A system 
consisting of two particles 1, 2 moving along the same 
straight line and having coordinates x, x2, respectively, 
will be considered as an illustration. In Fig. 1 the two 
vertical strips A, B represent locations of particle 1 
with coordinate x; in the vicinity of x;=0 for A and of 
xi1=X for B. Particle 2 is supposed to interact with 1 
so that there is a region C in the vicinity of «;= x2 within 
which there is a potential. Particle 2 is also supposed 
to be exposed to an attractive potential in strip D in the 
vicinity of x,.=X. For large X the potential energy 
region around 0 consisting of strips A, C, D and their 
common portions can produce binding of 1 and 2 in 
the vicinity of 0 giving a kind of a compound nucleus. 
As X decreases the wave function can leak into B so 
that particle 1 becomes transferred to the vicinity of X. 
The leakage can take place through channel D, particle 
2 remaining permanently bound to 0. If there is enough 
energy and if the binding of 1 to 2 is large enough, these 
particles can escape together via C and afterwards 
attach themselves to X. Such attachment corresponds 
to there being an appreciable value of the wave function 
u in the vicinity of the intersection of channels B and C. 
Finally some leakage can occur without special use of 
D and C, corresponding to escapes of 1 and 2 followed 
by attachment of the particles to 0 and X or else to 
attachment of 1 to X and the escape of 2. 

The calculation of these processes involves the 
knowledge of the eigenfunction system. This system is 
more complicated than in the one dimensional case as 
may be seen even by considering an isolated strip A. 
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Since this strip represents the binding potential of 1 to 
0 it corresponds to a potential V 4 (x) and is independent 
of x2. The associated wave equation is 


[0?/dxr+ 0/dx2— r— Va (x1) Ju= 0. 
Representing “ as 


+<0 


“= (any f Uw (%1) Exp (iwxs)dw 


2 


(16) 


one has 
(a?/dxy?—ne—w?—Va(x1) Juo(ai)=0. (16.1) 


The eigenfunction system thus contains one-dimen- 
sional functions u,(x;) with effectively different energy 
parameters x*+w*. Large w give large kinetic energies 
to 2 and decrease the energy available to 1. The 
decrease of u with x, becomes accordingly steeper and 
there is less large distance leakage. One expects therefore 
the general situation to correspond to different tun- 
nelling factors for 1 depending on the kinetic energy 
acquired by 2. 

On the other hand, if there is no interaction between 
1 and 2, transfer of 1 must occur as in the one-particle 
problem for 1 alone. In this case there is no channel C 
and the potential may be represented as 


V=VatVot+Va. 


The part V4+V zs depends on x; only, Vp on xz only, 
the wave equation is separable and w consists therefore 
of two factors depending on x; and x2, respectively, 
verifying the expectation regarding reduction to a one- 
particle problem. From the point of view of the integral 
equation, this means that a density function pp(x2) 
remains unaffected by the coupling of pa(x1) to pp(x1). 
The coupling of A to B does not involve the modi- 
fications in the tunnel factors which have been con- 
sidered in connection with the eigenfunction system of 
channel A. The introduction of the interaction between 
particles 1 and 2 brings in the whole set of functions u, 
of Eqs. (16), (16.1) and in the general case the tran- 
scription of Eq. (5.4) contains barrier penetration 
factors with «*+w in place of «*. There are several 
possible choices of the eigenfunction system. One pos- 
sibility is to introduce the systems belonging to Va, 
Ve, Vc, Vo separately. The coupled equations con- 
necting A, C, D then include among their solutions the 
stable state in which particles 1 and 2 are bound to 0. 
Another possible choice is to treat V4t+Ve+Vp in one 
step and to have the stable state included in the eigen- 
function system. With this choice it is convenient to 
have «’ correspond to the energy of the stable state. 
The tunnelling factors then include among them the 
penetrabilities from parts of C to B and can be appre- 
ciably greater than those from A to B. This circum- 
stance will be especially pronounced if 1 and 2 attract 
each other and if the binding of the compound 1+2 to 
0 is not excessive. The wave function u decreases then 
only mildly as one proceeds in C away from 0, and the 
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penetration to channel B is seriously affected. This 
situation is encountered for example if the absolute 
value of the binding energy of a deuteron to the re- 
mainder of the nucleus is not too great. The deuteron 
has then an appreciable probability of being found 
away from the nucleus and the proton or neutron can 
then find itself sufficiently close to a bombarding nuclear 
projectile to leave its original nucleonic partners and 
to join those in the projectile. Unless B is very close to 
A the most probable leakage is to a part of B between 
D and the intersection with C. For the larger distances 
the shortest path is closer to D indicating a qualitative 
preference for a transfer of particle 1 alone. An attrac- 
tive force insufficient to produce binding such as between 
two protons also gives a concentration in a channel like 
C but with a more rapid decay. 

These considerations indicate that “resonating group 
structure” in nuclei’ is likely to have special importance 
in relation to questions of nuclear radii. The nucleus 
when considered in many-dimensional space is only 
partly similar to a compactly filled volume associated 
with a spherical or spheroidal three-dimensional nuclear 
model. This picture appears to be more properly sup- 
plemented by the addition of a set of tentacles corre- 
sponding to regions of configuration space in which 
there are deuterons, tritons, or alpha particles in states 
corresponding to negative kinetic energies of relative 
motion of these particles with respect to the residual 
nucleus. One may expect therefore that in some nuclear 
reactions the apparent nuclear radius calculated from 
reaction yield data on the assumption of spherical 
nuclear shape will be somewhat larger than the radius 
of the main region of configuration space occupied by 
the nucleons. One would expect these phenomena to 
depend on the particular reaction but in most cases a 
change in the effective radius is to be expected. The 
effect of configuration space tentacles exists not only 
for reactions depending on particle transfer but also for 
reactions depending on the approach of a projectile to 
a distance within the range of force of the nucleons in 
the target. Thus if in Fig. 1 the exponentially decaying 
wave-function branch in C comes close to the intersec- 


‘J. A. Wheeler, Phys. Rev. 52, 1083, 1107 (1937). 
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tion with B, then the direct action of X on the deuteron 
becomes possible any place within the width of B which 
corresponds to the range of force. 

In transfer reactions it is not too likely that a 
tentacle caused by a deuteron, triton, or alpha-particle 
formation will be more effective in causing transfer than 
the direct transfer of a single particle. The reason is 
the increase in the mass of the particle which decreases 
its penetration along a channel such as C. It is therefore 
more probable in a transfer reaction for a nucleon to 
escape the nuclear surface directly than to be carried 
part of the way inside a deuteron or a heavier particle 
although the latter process exists in addition. Thus the 
binding of a proton in N“ is 8.2 mMU, that of a neutron 
11.4 mMU, while H?, He’, and He‘ are bound in it by 
11.0, 22.2, and 12.5 mMU, respectively. Since the 
barrier penetration exponents contain products of 
binding energies and masses, the latter three bindings 
are equivalent on the single-nucleon basis to 22.0, 66.6, 
and 49.0 mMJU, respectively. In this case it is probable 
therefore that there will be more direct neutron transfers 
to another nucleus than through the negative-energy 
regions of heavier combinations just mentioned. On the 
other hand, it is conceivable that some of these particles 
give wave functions of an especially favorable sym- 
metry for neutron transfer. It is therefore premature 
to exclude the possibility of an effectively larger nuclear 
radius in some cases in a transfer reaction taking place 
by tunnelling, and one expects the tunnelling of a single 
particle to be partly replaced by contact with the 
tentacles at shorter distances. 

The two three-dimensional potential wells, the 
character of the eigenfunction system of a single strip, 
such as A, and the formation of tentacles have the 
common feature of spoiling the purity of the approxi- 
mately exponentially varying barrier penetration 
factors expected for single-nucleon transfer on the 
simplest view. For sufficiently large distances between 
the projectile and target, however, the most slowly 
varying factor becomes the most important one and 
is then likely® to be determined by single-nucleon 
transfer. 


® Breit, Hull, and Gluckstern, Phys. Rev. 87, 74 (1952). 
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Determination of the Potential from Scattering Data* 
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It is shown that in classical mechanics a spherically symmetric repulsive potential can be determined 
from the differential scattering cross section for particles of a single energy E. The potential is determined 
explicitly, but only outside the radius of closest approach at energy E. Higher energies are required to probe 
closer to the center. The results are compared with related quantum-mechanical results. 





INTRODUCTION 


UPPOSE that a particle of energy E is scattered by 

a spherically symmetric scatterer. According to 
classical mechanics the particle will be scattered through 
an angle @ which depends upon the potential V(r), the 
energy E, and the impact parameter }. We will show 
how V(r) can be uniquely determined from the knowl- 
edge of @ as a function of b for a single energy E, if 
V(r) is repulsive, i.e., is a positive monotonic decreasing 
function of r, and if V(0)>Z£. V(r) cannot be deter- 
mined for all values of r, but only for r>rmin(Z), 
where fmin(Z) is the distance of closest approach at 
energy E, i.e., the largest root of V(tmin)=£. This 
limitation is to be expected since the potential inside 
Tmin oes not affect the scattering of particles of energy 
E, and therefore scattering data at energy E cannot 
determine the potential inside rnin. It would be nec- 
essary to use a higher energy to probe nearer the center 
of the potential. 

In scattering experiments the measured quantity is 
the differential scattering cross section o(@) = — (b/sin#) 
(db/d@) rather than 6(b). However, from the differential 
cross section and its definition we can determine 6(b) by 
integration. Since = x when b=0, we obtain 


f (6) sinedo = 62/2. (1) 
6 


Thus we can restate our result as follows: given the dif- 
ferential scattering cross section o(@) at a single energy 
E, we can uniquely determine V(r) for r>?min(Z). 

It is interesting to compare this result with related 
quantum-mechanical results.' The latter require knowl- 


* The research reported in this article has been made possible 
through support and sponsorship extended by the U. S. Air Force, 
Air Force Cambridge Research Center. 

t Now at Department of Electrical Engineering, Brooklyn 
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edge of the scattered wave for all energies E and they 
determine V for all r. On the other hand, they do not 
require the whole function (6) but only the phase 
shift for any one angular momentum /. However, the 
potential is not uniquely determined unless there are 
no bound states with this value of /. Otherwise a number 
of parameters equal to the number of bound states must 
also be known in order to determine the potential 
uniquely. Our result is restricted to decreasing poten- 
tials, for which there are not bound states. If V is not 
monotonically decreasing, or if V(0)<£, additional 
data must also be given in order to determine V 
uniquely.2 Wheeler,’ using the W.K.B. method, has 
shown that in the quantum-mechanical problem V(r) 
can be determined from ali the phase shifts for a single 
E. This result is similar to ours, since we require o(@) 
for all 6 and a single E. This similarity is to be expected 
because of the relation between classical mechanics 
and the W.K.B. approximation in quantum mechanics. 


METHOD OF SOLUTION 


In classical mechanics, @ is related to 6 and V(r) by 
the equation 


" dr 
0(i)=n—2f —$__—_________—_., 
ro PLO? —r?— V(r) Eb} 
In (2) ro is the largest root of the denominator. It is 
convenient to introduce the new variables x=} and 
u=r— and to regard 6 as a function of x, and V asa 
function of u. Then (2) becomes 


uo du 
6(x)="— 2f — ———, (3) 
0 [x(i-VE")-#} 


We now define the functions »() and w(u) by 
v(u)=1—V(u)E, 


In terms of » and w, (3) becomes 


f g(w)dw 
0 (x—w)? 
1955; No. CX-20, September, 1955'(unpublished); H. E. Moses, 
Phys. Rev. 102, 559 (1956). 

2S. N. Karp and J. Shmoys, “Calculation of charge density 
distribution of multilayers from transit time data,” Institute 
of Mathematical Sciences, New York University, Research Report 
No. EM-82, July, 1955 (unpublished). 

3 J. A. Wheeler, Phys. Rev. 99, 630 (1955). 
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where g(w)=v4du/dw. In (5), to determine the lower 
limit, we have made use of the fact that the potential 
vanishes at r= ©, that is, at w=0. 

Equation (5) may be considered to be an integral 
equation for the determination of g(w). Since it is of 
Abel type, it can be solved explicitly with the result 


dtl p%x—0(x) 
e(w)-—|— f ax] (6) 
dwl2r/4, (w—x)! 


Now, from (4), the relation between » and g(w) is 
given by 


du 1 


ri——= _ 


dw 2/w 


Vw dy 


nnn eves (80) 

2v dw 
Solving this equation for » in terms of g(w), noting that 
v= 1 when w=0, we obtain 


“r2g(w) 1 : 
s=exp f ———- |dw. (7) 
0 o/w Ww 


Since g(w) is given by (6), we see that (7) yields » in 
terms of w. Then (4) yields the potential V(u) in the 
following parametric form, with w as parameter: 


V=E{1-—2]; u=(wr)!. (8) 


Thus to determine V we obtain @ as a function of x=) 
from (1), use this result in (6) to compute g(w), insert 
g(w) into (7) to get v in terms of w, and finally compute 
uand V from (8). 

This calculation can be simplified by integrating by 
parts in (6), which yields 


d : 1 Ys w(a)d 
eu) -— wt—— f w—x) “)de| 


1 1” 6 (x) 


a ice eee dx. (9) 
2,/w 2x4, (w—x)t 


Now changing the integration variable to 8, and noting 
that 6(0) =0, we obtain 


1pm a 
2rd y [w—a(0) 


1 
g(w) a ee 
24/w 


Thus (7) becomes 


1 w 1 i; dé 
v=ex —_—_—_— dw’. 
a | Vw), [w/—2@) 


Now to determine V we merely compute x(@) from (1), 
then »(w) from (11), and finally obtain u and V from 


(8). 


KELLER, KAY, 


AND SHMOYS 


It should be observed that if (wv)! in (8) never exceeds 
some upper bound t#max, then V is determined by (8) 
only for values of ™<tmax; i.e., for r>fmin=1/tmax- 
This occurs if the integral in (7) has a limit as w—>0 
which is the case if r—@(x) decreases faster than «+ 
=basb—-0. 

Two examples of the use of our result will now be 
presented. 


Example I. Rutherford Scattering 
Consider the Rutherford scattering formula, 
A 
60) =, 
4 sin*(6/2) 
where A=e?/4E*. From (1) we obtain 
x=A- tan?(0/2), 0=2 tan“[(Ax)*]. 
Now using (13) in (11) yields 
trv 1 


v=exp- 
TT! 9 Jw’ 


2 tan! [(Aw’)$] de 
xf —dw’, 
0 [w’—A-! tan*(@/2) }? 





(14) 


To evaluate the @ integral, we introduce the new 


variable ¢ by 
tan(6/2)= (Aw’)! sing. (15) 


Then we have 


2 tan! ((Aw’)4] de 
f [w’— A! tan?(6/2) }} 


=f" yah ee 
Jy 14+Aw' sin’ (14+-Aw’)t 





Using (16) in (14) yields, upon integration, 
v= 1+2Aw+2[Aw(2+Aw) }. (17) 


If we use (17) in (8), we can eliminate v and then 
solve for v in terms of u; thus we obtain 
V =2EA'u=eu=e/r. (18) 


This is, of course, the Coulomb potential from which 
(12) was obtained. 


Example II. Inverse Square Potential 
Let us now consider the cross section 
l= @/r)] 
rE sin6(0/x)*2— (6/m) # 








POTENTIAL FROM SCATTERING DATA 


Inserting this into (1) yields 


YJ} (9) 


Upon substituting (20) into (11), we obtain 


(20) 


7 ee | 
emexp- f i 
TT 0 /w' 





x (I—(1+ew’/ E)—4} do 
x f dw’. 
0 {w—(E/e)[(1—0/r)*—1]}}! 
(21) 
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After evaluating the @ integral, we have 


co f (e/E)dw 
v=exp Evers 


= exp og ~---| =— cn ae, 
1+(ew/E)} 1+(ew/E) 

Now from (8), w=«#v—!, so (22) yields 
v=1—(e/E)wv. (23) 

Then, using (8) again, we have 
V=E(1—2)=ev=e/?’. (24) 


The inverse square potential (24) is just the one from 
which the cross section (19) was originally obtained. 
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It is shown how the scattering potential can be calculated from suitably defined reflection coefficients 
in the case of the one- and three-dimensional reduced wave equations by means of a formal series expansion. 
The more general problem of calculating scattering potentials from elements of the scattering operator 
is also discussed and it is shown that to calculate the scattering potential it is often sufficient to prescribe 


the representation in which it is to be diagonal. 


1, INTRODUCTION AND SUMMARY 


OST and Kohn! have developed a procedure for 

finding spherically symmetric potentials from scat- 
tering phases. This problem is simplified by the fact 
that the solutions of the radial equation are not de- 
generate. 

It has been found possible to generalize their pro- 
cedure to cases where the outgoing eigenfunctions are 
degenerate. One is able to show that in many cases the 
scattering potential can be obtained from certain ele- 
ments of the scattering operator, provided one specifies 
the representation in which V is to be diagonal. 

In the present paper the method is applied to the 
one- and three-dimensional scattering problems, where 
the scattering potential V is assumed to be a function 
(not necessarily symmetric) of the space variables. It 
is shown that in the one-dimensional case, the potential 
can be obtained from the reflection coefficient at one 
end. The potential is calculated explicitly to the first 


* The research reported in this article was done at the Institute 
of Mathematical Sciences, New York University, and has been 
made possible through support and sponsorship extended by 
Geophysics Research Directorate, Air Force Cambridge Research 
Center. 

1R. Jost and W. Kohn, Phys. Rev. 87, 977 (1952). 


two orders in the reflection coefficient where it is 
shown that the results are the same as those obtained 
using the Gelfand-Levitan procedure.?* 

In the three-dimensional case it is shown that the 
potential can be obtained from the amplitudes of the 
spherical waves reflected back along the rays on which 
the incident plane waves are sent, the totality of such 
rays being those pointing out at right angles to a 
hemisphere whose center is at the origin. 

The general procedure for obtaining the scattering 
potential from the scattering operator is also discussed. 
It is shown that one must specify the representation in 
which V is diagonal to get a unique answer. 

We restrict our discussion to cases in which the 
unperturbed and perturbed Hamiltonians have purely 
continuous spectra which coincide. However, it is 
possible to generalize the results to cases where the 


21. Kay, “On the Determination of a Linear System from the 
Reflection Coefficient,” Research Report No. EM-74, Institute of 
Mathematical Science, Division of Electromagnetic Research, 
New York University, 1955 (unpublished). 

3T. Kay and H. E. Moses, ““The Determination of the Scattering 
Potential from the Spectral Measure Function. Part III. Calcu- 
lation of the Scattering Potential from the Scattering Operator 
for the One-Dimensional Schriédinger Equation,” Nuovo cimento 
(to be published). 
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total Hamiltonian has point eigenvalues in addition to 
the continuous spectrum. 


2. REFLECTION COEFFICIENT AND OUTGOING 
WAVE SOLUTION: ONE-DIMENSIONAL CASE 
Let us consider the one-dimensional reduced equa- 
tion: 


& 
[- +1 @ frets — ence, (2.1) 


where the scattering potential V (x) vanishes as |x| >. 
For k>0, let ¥(x|) have the asymptotic form: 
ikz 
¥ (| k)>+——+b(k) 
(2m) 


ar) 4 


eg ikz 
as *>-%; 


(2m)! (2.2) 


W(x| k)—c(k)e***, as x7+0., 
Then we define 5(k) to be the reflection coefficient. 
The reflection coefficient gives the amplitude of the 
reflected wave moving toward the left when the incident 
waves moves from — © toward the origin. 
It is our objective to show how the potential V(x) 
can be calculated from the reflection coefficient }(k). 
The “outgoing wave solution” Y_(x|k) is the solution 
of (2.1) which is the sum of an incident wave and an 
outgoing scattered wave. It satisfies the integral 
equation 
(x| k) oi 
V_(x|k)= ene 
(2x)! 
+0 


eflFl l2-2"1V (x W_(x’|k)dx’. (2.3) 


2| | Y 


If we take k>O and let x approach — ~, we see that 
W_(x|k) takes the form (2.2), where 


b(R) =f — keV (x)W_(x|k)dx, k>O. (2.4) 
= wnaed XY NX x, . . 
kJ_., (2x)! 


Though 6(k) has been defined for k>0 only, we can 
continue this function analytically to negative values 
of k. From (2.3) and (2.4) it can be shown that 


b(—k)=b*(k), k>0. 


The asterisk means complex con jugate. 
It will be useful to express ¥_(x|%) in terms of the 
representation of the operator —d*/dx*. If we write 


(2.5) 


1 <0 


er ey _(x|k)dx=u_(k'|k), 
us eo 


(2.6) 


it can be shown that the integral equation (2.3) can 
be written 


u_(k’ | k)=5(k’—k)+-y_(k’—k")T_(k’|k), (2.7) 


MOSES 


where 


, 1 ‘ph ik’ i 
T-WI)=—— ‘8 eV (x)W_(x| Bas 


+00 
mi f V(k'|k’”)u_(h!"|k)dk’”. (2.8) 


In (2.8), V(k|k’) is just the operator V(x) in the 
representation of the operator —d?/dz°, i.e., 


1 pt 
V (Rk R’ -—f e**2V (x) e**’ *dx 
2rJ_. 


1 +00 
en f V(x)e-t## ade, (2.9) 
2r/ _.. 
The function y_(€) is defined by 


r 
y-(é) = Pt Me (2.10) 


lim —-, 
E+ie 
where the symbol P means that in integrations over £, 


the principal part of the integral is to be used. 
From (2.4) and (2.8), we see that 


—in 


b(k)=——T_(—k| ), k>0, (2.11) 


The eigenfunctions ¥_(x|) or equivalently u_(k’ | k) 
can be shown to form an orthonormal set. They satisfy 


+00 
f U* (x) B(x] k)dx=8(k—K’), (2.12) 


eo 


f u_*(k’"| k)u_(k’|k’)dk’=8(k—k’). (2.12a) 


—o 


We shall assume that there are no bound states. 
Thus the following completeness relations are valid: 


+00 
f W*(a| kW (x |k)dk=5(x—x’), (2.13) 


00 
f u_*(k| k’’)u_(k’|k!’ dk!’ =6(k—R’).  (2.13a) 


2 


We shall now show how V(x) and V(k/k’) can be 
obtained in terms of V(—k|k). Let us write 


1 +0 
W()=V(—RIA)=— f _Vigeteds. (219 


From (2.14), a relation which will later prove useful is 
obtained, namely, 


W(—k)=W*(k). (2.15) 





CALCULATION 
From (2.14), it is seen that 


+00 
V(x)=2 f W (Re-*itedh. (2.16) 
On using (2.9) and (2.16), we find 


, 


viele)-w(—), 


Equation (2.17) shows that any element of V (| k’) can 
be obtained from the knowledge of the elements 
V(—k|k)=W(k). This observation is, in fact, the 
principal departure from the original Jost-Kohn treat- 
ment. 


(2.17) 


3. BASIC EQUATIONS 


We shall now set up two equations which, with 
Eq. (2.17), will permit us to solve for the three un- 
knowns W(k), V(k|k’), and 7_(k|k’) in terms of the 
reflection coefficient b(k). Having obtained W(k), we 
can find V(x) from (2.16). 

Our first equation is that for T_(k|k’). From (2.8) 
and (2.7), we have 


T_(k|k’)=V(k|’) 
+00 
> f V(k|R”)y_(k—k")T_(k"| kde". (3.1) 


We now want to find V(k|k”) in terms of 7_(k|k’). 
In reference 1 this task is accomplished by solving 
(3.1) for T_(k|k’) in terms of V(k|k’) through the use 
of a series. The series is then inverted to get V (k|k’) 
in terms of 7_(k|k’). Rather than go through this 
complicated procedure, we shall use the completeness 
relation to find V(k|k’) in terms of 7_(k|k’). From 
(2.8) and (2.13a), we have 
+00 
veele)= f T_(k| k!)u_* (k’|k’’)\dk"’. = (3.2) 


However, on using (2.7), we see that 


V (kk!) =T_(k|’) 
“+00 
+ f T_(he| h!”)y_* (k’"— hk!) T_*(k! | k’")dk" 


In particular, 


V(—k|k)=T_(—R|h) 
+00 
+ f T_(—k|k")y_*(k’®—R)T_*(k| kak”. 


If k>0O we have, on using (2.14) and (2.11), 


ik + 
W(k)=—b(k) + f T_(—k|k")y_*(k’"— 4) 
sf «YT *(R|RdR”, k>0. 
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To extend this result for k<0, let k= — p, where p>0. 
Then from (2.15) and (2.5), 


ip 
W (kt) =W*(p)=——0*(p) 
T 
+00 
+f T(-p1k 0 pyT (ple VaR", 3.6 


or 
tkb(k oe 
W()= + fo tae ee) 


Tv 


xT_*(k|k’)dk”, k<O. (3.7) 


We can combine (3.5) and (3.7) as 


ikb(k) a 


W(k)=——+ J T_(—|k’)[n(&)v_-*(h?—?) 


++n(—k)y_(k?— hk?) JT_* (| k’) dk’, 
where »(&) is the Heaviside step function defined by 
n(k)=1, k>0; 
n(k)=0, k<0. 


(3.8) 


(3.9) 


Equations (3.1), (3.8), and (2.17) are our basic equa- 
tions for 7_(k|k’), W(k), and V(k|k’). To solve these 
equations we replace 6(&) in (3.8) by «b(k), where e is 
a smallness parameter. Furthermore, we write 


W(k)= > ev W(k), 


n=l 


T_(k|k’)= ye e"T_™ (| k’), 


n=] 


(3.10) 


V(R|R)= Db erV (RB), 
n=l 


substitute into (3.1), (3.8), and (2.17), and equate 
coefficients of the same power of e. The lowest orders 
can be expressed quite simply in terms of b(k). It is 
seen that 


W (k) =ikb(k)/x, 


i(k’—k) sk'—k 
V(R| Rk’) = o( ), 
2r 2 


i(k’—k) sk’'—k 
T_ (k| k’) =V™ (RR) = (—), 
2m 2 


1 to 7k +k k"'—k 
Ww® k)= b b* d ” 
“) he ( 2 ) ( 2 ) 


2 +00 
=—— b(k’’)b(k—k" dk”, 
Gal, BO NBE-#” 


(3.11) 
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etc. It is easily seen by induction that all orders of the 
unknown can be obtained in terms of a knowledge of 
b(k). 

We can obtain V(x) in terms of the lowest orders of 
b(k) quite simply. Writing 


V(z)= ¥ erVO(x), 


n=l 


(3.12) 


we see, from (2.17), that 


+00 
V(x) =2 f W (k)etkedh, (3.13) 


On using (3.11), we obtain 
2% rt d 
V (x) -—{ kb(k)e****dk = —2—F (2x), (3.14) 
TY dx 
where F(x) is the Fourier transform of b(k), 


1 pt 
; = tke, 
F@)=— J : b(k)e*#=dx. (3.15) 


[It is to be noted, that as a consequence of (2.5), 
F(x) is real. ] Also, 


4 +o +e0 
y® ()-— f des f b(k’’)b(k—k’’ dk” 
(20)? 


4 pt 
Q ~ Nite ool 
1)*J_. 


xf exh kb (k—k’\dk 


=4[F (2x) }. (3.16) 


The expressions for V“)(x) and V(x) are precisely 
those which one would obtain using the Gelfand- 
Levitan procedure of references 2 and 3. 

An alternative, but entirely equivalent procedure 
for obtaining the potential V (x), is obtained when one 
substitutes W(k), as given by (3.8), into (2.16). On 
using (2.8) and the fact that 


1 +00 
— Jf etn(eyy 2 0)+0(— Hr) Yh 
us 2 
k'x 


=—1(—2) , (3.17) 
k’ 


it is seen that 


V (x)=— =~ kb(k)e****dk 


aj fe une 22 V (20! )W_* (xe | k) dec!” 
xf 


— 


“Vee! |k) sink(x’+-2”""—2x)dx’. (3.18) 
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Equation (3.18) together with (2.3), which we rewrite as 

V_(x|k)= o 
(2ar)* 

1 +00 


lll 12-21 (ae _(ae! |B) der’, 
2|k| , 


(3.19) 


are sufficient to solve for W_(x|k) and V(x). As before, 
one replaces 6(k) by «b(k) and writes 


Vi=¥ V(x), 


n=l 


(3.20) 


1 
V_(x|k)= etre > e"_™ (x|k). (3.21) 
(2m)! 


Tv n=] 


On substituting (3.21) and (3.20) into (3.18) and (3.19) 
and equating coefficients of «, one again sees how one 
may obtain V(x), V_(x|k) from a knowledge of 
b(k) alone. On looking at (3.18), it is seen that as 
x—>— ©, the second term on the right becomes small 
compared to first term. Hence, when x—>— ©, V(x) is 
approximated by the first term which is just V(z), 
i.e., 


2i pt 
V ()V (x) =— f kb(k)e***-dk, 
T Vx 


for x-7— ©, 


(3.22) 


It is also useful to note that even to the lowest order 
approximation, 


T 


V_(x| k)= 


etke ty (|b) 
yi 
will reproduce the exact reflection coefficient b(&). For 


e ike 
v_ (ela net a VX (ep! )eribe’ 


when k>O and x-+—@, (3.23) 


tke 


=——14(k). 
Gai” 


It can further be shown that ¥‘)(x|k)—-0 when 
x——o, k>O. Hence, when V(x) and W_(x|k) are 
solved to any order in ¢, the exact reflection coefficient 
b(k) will be reproduced. 


4. SIMPLE EXAMPLE 


Let us consider the case where the scattering 
potential is 


V (x) = A6(z). (4.1) 








CALCULATION OF SCATTERING 


From the direct problem, it can be shown that 
1 


(xl k)= ik ikl (zl k 
*(ai) = en ott C(I), 


1 
cla)=—Ha(———). (4.3) 


From (2.2), it is clear that the reflection coefficient is 
given by 


(4.2) 


where 


1 
i= —MA 4 
@~-k (. (4.4) 


+3iA 


From the inverse point of view, we must show that 
with 5(k) given by (4.4), Eqs. (3.18) and (3.19) for 
V(x) and W_(x|k) are satisfied by (4.1) and (4.2). 
That this is the case is easily proved by substitution. 

It is, perhaps, interesting to evaluate the lowest two 
orders for V(x) using the expansion scheme. We have 


)=cw). 


Per hd f Bae tsdb= —An(ade-Ae0, (4,5) 
dr J_. 2 


Hence, from (3.14), 


d 
VO(2)=—2—F(24)=A6(2)—Ar(a)era#; (4.6) 
x 


while from (3.16), 
V® (x)= 4[F (2x) P= A’n(x)e*4*. (4.7) 


Hence to the two lowest orders in the smallness param- 
eter, after setting «= 1. 


V (x)= A8(x)— An (x)[e-42#—e24]. (4.8) 


The second term on the right of (4.8) represents the 
error arising from the fact that we are working only to 
the second approximation. 


5. REFLECTION COEFFICIENT AND OUTGOING WAVE 
SOLUTION: THREE-DIMENSIONAL CASE 


In order to define the reflection coefficient for the 
three-dimensional wave equation, it is useful to intro- 
duce the “ray” or “optical” description of vectors 
which pass through the origin of coordinates. 

Let us introduce a rectangular coordinate system. 
Let us also introduce a system of directed rays. These 
rays are described by unit vectors whose origin is the 
origin of coordinates. These vectors may point in any 
directions so long as the angle @ which this vector 
makes with the positive z-axis is less than #/2. An 
arbitrary vector, say k, which passes through the origin 
may then be written 


k= kr, (5.1) 


where r is the unit vector describing the direction of 
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the ray on which the vector k lies and 
k=|k| sign &,, 


where k, is the z component of k. 
Any function of the vector k, f(k) may be written 


(kK) =f (29,9), 
0<0<2/2, —x<k<~a, 


if one wishes to show explicitly the dependence of the 
function f(k) on k, and the angles 6 (which is the angle 
made by the ray with the positive z axis) and ¢ (which 
is the angle which the projection of the ray on the x-y 
plane makes with the positive x axis). Vector integrals, 
written in terms of ray coordinates, have the following 
form: 


f f(x)dx= f wa J ne f ™ sinddo f(b). (5.4) 


(5.2) 


5.3 
0<¢<2z, (6-3) 


The integral on the right of (5.4) is the same as that 
obtained using the usual spherical coordinates except 
the limits of the integral in the variable 6 now range 
from 0 to 2/2, and the integral in the variable k ranges 
from —” to+. 

In terms of the ray description, we can now define a 
reflection coefficient along a ray in three dimensions 
analogous to the reflection coefficient for one dimension. 

Let us consider the solutions ¥_(x|k) of the equation 


[—V°+V (x) }¥_-(x|k)=|k|*¥_(x|k), (5.5) 


which satisfy the condition that they are the sum of an 
incident wave and an outgoing spherical wave. Such 
solutions satisfy the integral equation: 


(Om) se x 


1 +0 


W_(x|k)= 


4r J_., 


ete! Iz-2'1V (x’\W_(x’|k)dx’. (5.6) 


We shall define the reflection coefficient 6(k)=6(k,0,¢) 
as being the amplitude of the spherical wave which one 
obtains from (5.6) when the optical coordinate & is 
taken positive and when |x| approaches infinity in the 
negative direction on the ray on which k lies. Generally, 
when |x|—>~ we have, from (5.6), 


1 ryt gilt! Ix! 
v_ k = oT a 
ant? (5) ix| 


1 
xf eth’ -2’V (x! _(x’| k)dx’, 


5.7 
a)i (S.7) 


x 
k’= |k|x—. 
|x| 
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On setting k>0 and k’=—k we have, by definition of 
b(k), 


eik-x 


#_(x|k)=<—_+ 
meer 


eilkl Ix! 
b(k), 


(5.8a) 
|x| 


T i 
where 


1) =069)=—(= )j j 


be gevek +x’ 


(2m)! 


XV (x’)W_(a’|k)dx’, k>O. (5.8b) 


It is our objective to show how the scattering po- 
tential can be obtained from 6(k), where k is such that 
it makes an angle less than 2/2 radians with the 
positive z-axis. The development is almost identical 
with the one-dimensional case. 

We note first that though 6(k)=0(k,0,¢) is defined 
for k>O only, we can analytically continue }(k,,¢) 
(for fixed 6,6) to negative values of k. It can be shown 
that 


b(—k)=0d*(k), k>0 


b(—k, 0, o) =0*(k,0,6), k>0. (5.9a) 


It is convenient to express ¥_(x|k) in terms of the 
representation of the operator — V*. If we write 


(5.9) 


1 
k’|k)=——_ 
“-(K'Ik) = 


it can be shown that the integral equation (5.6) yields 
the following equation for u_(k|k’): 


u_(k|k’)=5(k—k’)+7_(k"—F)T_(k|k’) (5.11) 


e~(®"-h_(x|k)dx, (5.10) 


where 


T_(k|k’ pes k’ 
_(k| ale V (x)W_(x| k’)dx 


a f Vk) ki )u_(k’’|k’)dk” (5.12) 


Vik|k)=—— few -©)-2V(x)dx. (5.13) 
2m) 


If we assume that there are no bound states, we have 
the equations 


f u_*(k| k’)u_(k| kh” )dk=8(k’—k”), 


f u_*(k’ | k)u_(k’|k)dk=5(k’—k’”). 


From (5.8b) it is seen that 


b(k) = —(w/2)'T_(—k|k), k>0. 


MOSES 


6. BASIC EQUATIONS IN THREE DIMENSIONS 


Since the procedure for finding the basic equations is 
almost identical to that for the one-dimensional case, 
we shall merely summarize our results below. 

The first basic equation is 


T_(k| k’)=V (k|k’) 
oo f V (k| k’)y_(k?2—k’”) T_(k’”’ |k’)dk. (6.1) 
The second is 


Wi 
ww)=—(-) b(k)+ f 7(—k|k’\Ln(@r2(0"—#) 
7 


+n(—k)y_(k?—F) JT_*(k/k’)dk’, (6.2) 


while the third is 


k’—k ) 
“sus 

One solves these three equations as in the one-dimen- 

sional case. One replaces 6(k) by ¢b(k) and writes 


V(k|k’)= w( (6.3) 


T_(k|k’)= 5 @T_™(k|k’), 


n=1 


Wk) = + ee" W(k), 


n=l 


k’—k 
V kik’) =  ewen( ). 


n=l 


Upon substituting (6.4) into (6.1)—(6.3), one sees that 
T™ and W™ can be obtained from a knowledge of 
b(k) alone. To obtain V(x) from W(k), one uses 


V(x)=8 f W (ke*dk. (6.5) 


In the special case where V(x) is a function of |x| 
alone, i.e., where V(x) is a spherically symmetric 
potential, 6(k) will be independent of the direction of 
the ray. In principle, one could calculate such a potential 
by observing the amplitude for all energies of the 
spherical wave reflected backward along a single ray 
upon which an incident plane wave was sent. This 
datum is quite different from that of reference 1, where 
one requires knowledge of the value of a scattering 
phase for all energies for a single angular momentum. 
It also differs from the data required in the work of 
Wheeler.‘ Here knowledge of all phases is required for 
a single energy. The classical analog of our result for 
spherically symmetric potentials is given by Keller 
et al.® 


‘J. A. Wheeler, Phys. Rev. 99, 630 (1955 
* Keller, Kay, and Shmoys, Phys. Rev. 102, 557 (1956). 





CALCULATION OF SCATTERING 


One can write the basic equations in the x representa- 
tion in analogy to the one-dimensional case. Our basic 
equations are then 


vay--(—) f b(k)e-**-*dk 


Tv 


+8 f dk f V (x')W_(x!|k)dx’, 


x fey” | k)dx’’gy(x’+x’’— 2x), 


and 

eik-x 
_(x|k)= 
¥alk) = 


1 
si im Ix—'1V (x’)W_(x’|k)dx’. (6.7) 


In (6.6), the function gy(x) is a Green’s function for 
the operator (V?+k’) given by 


n(x)= f e'-*Ln(pyy_*(k— p’) 


1 
(2m) 
+n(— p)y-(— p*) ]dp 


—n(-2) r* 00 
= f dy J dve=eivv 
(2r)? J_,, 9-9 


sin[ (k?—\?— p*) 4x ] 
(B—\—y)) 





(6.8) 


In (6.8), & and p are the optical coordinates of k and p; 
x, y, and z are the Cartesian coordinates of the vector x. 

To solve (6.6) and (6.8) simultaneously, one replaces 
b(k) by eb(k) and writes 


co} 


Vix)= D enV (x), 
- (6.9) 


1 © 
¥-(lk)=7 eS emh_(x/k), 


2r)! n=l 


Upon substituting into (6.6) and (6.8), one obtains an 
iteration procedure for finding V(x) and ¥_™)(x). 
In analogy to the one-dimensional case, it can be 
shown that, to any approximation, V_(x|k) reproduces 
the reflection coefficient 5(k). 


7. GENERAL PROCEDURE 


There is a more general procedure which may often 
be used to obtain the scattering potential from appro- 
priate elements of the scattering operator provided one 
has specified the representation in which the scattering 
potential is diagonal. In fact, the writer originally 
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obtained the results for the one- and three-dimensional 
case in terms of this procedure. 

We shall now discuss the problem in detail. We shall 
use the notation and equations of a previous paper.*® 

Let H and Hp be the total and unperturbed Hamil- 
tonians respectively, and let V denote the perturbation. 
Then we have 


H=HotV. (7.1) 


Let the eigenfunctions of Hy be denoted by wo(E,a), 
where £ is the quantum number associated with the 
operator Hy (0S E<~) and a labels the degeneracy. 
For example, a might denote the direction or angular 
momentum in the case of a single particle. We shall 
assume that H has the same spectrum as Ho (more 
general Hamiltonians can be treated similarly). There 
is one class of eigenfunctions of H which is of interest, 
namely the “outgoing” eigenfunctions. We shall call 
them w_(F,8). The variable F denotes the eigenvalues 
of H (0<F<«). The variable 8 is the degeneracy 
label for H. Since we have assumed the spectrum of H 
to be the same as that of Ho, B will have the same 
range as a. 

It is convenient to work in the Ho representation. 
The variables corresponding to w_ in the H» representa- 
tion, denoted by u_(E,a| F,8), are 


u_(E,a| F,8) = (wo(E,a),w_(F,8)); (7.2) 
the right-hand side of (7.2) indicates the inner product 
of the eigenvectors involved. The eigenfunctions w_ are 
characterized by the fact that the corresponding vari- 
ables in the Ho representation satisfy the integral 
equations 
u_(E,a | F,8) wie 5(F— E)6(8,a) 

+7 -(F—E)T_(E,a| F,8), (7.3) 
where 6(a,8) is a suitable generalization of the Dirac 
or Kronecker 6 function, and where 


y—(x) = — ind (x) +P/x 
(P means Cauchy principal value), and 


T_(E,a|F,8) 


(7.4) 


= f f V (E,a| E',a')u_(E'a’|F,8)da’dE’. (7.5) 


In (7.5) V(E,a|E’,a’) is the “matrix” of V in the 
H,-representation. Explicitly, 


V (E,a| E’ a’) = (wo(E,), Vino (E’,0’)). (7.6) 


It can be shown that the scattering operator in the 
H,-representation is given by 


S(E,a| E’ a’) =65(E—E’)8(a,a’) 
— 2nid(E—E’)T_(E’a| E’,a’). 


6H. E. Moses, Nuovo cimento 1, 103 (1955). 


(7.7) 
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Now, our problem is to find V(E,a|E’,a’) in terms 


of a given S(E,a| E’,a’), or equivalently T_(E’,a| E’,a’). 
From (7.3) and (7.5) it is clear that 


T_(Ea|F,8)=V(Ea|F8)+ f f V(Eq| Ea’) 
X_(F—E)T_(E’’|F,8)dE'da’. (7.8) 


Since we have assumed that the spectrum of H is the 
same as that of Ho, the completeness condition 


f f u_*(Eqa|F,8)u_(E' a’ |F,8)dF ap 
=5(E-—E’)i(a,a’) (7.9) 


must be satisfied. Using (7.9) and (7.5), we have 


J t-te aus(e"a" | a)aras 
- f f V (Eye| E'a’\da'd E’ 


x f f u(E" "| F,8)u_*(E’ a’ | F,p)dF ap 


=V(E| Ea"). 


Using (7.3) we have finally 


V(Eq| E'a’)=T_(Eq| E'a’)+ f f T_(Ea| FB) 


Xy-*(F—E)T_*(E'o'|F,8)dFdg. (7.10) 
On first thought it might seem that Eqs. (7.8) and 
(7.10) can be considered as two equations in two 
unknowns, namely V(E,a|E’,a’) and 7_(E,a|F,8). 
However, this conjecture is false, for if V(E,a| E’,a’) as 
given by (7.10) is substituted in (7.8) so as to obtain 
an equation for T_ only, and if the orthogonality 
relations 


f f u_*(Ea|F,8)u_(Ea| F’,p")dEda=8(F—F8(8,6") 


are used, the result is a trivial identity. Hence (7.8) 
and (7.10) do not contain enough information to solve 
for V. The additional information needed is obtained, 
for example, by specifying the representation in which 
V is to be diagonal. It will be shown that with such a 
specification it is possible to solve for 7_(E,a|E’,a’) in 
terms of 7_(E’,a| E’,a’) (i.e., in terms of the scattering 
operator). Then we can find V(E,a| E’,a’) from (7.10). 

Let g denote collectively the eigenvalues of the 
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complete set of commuting variables in which we wish 
V to be diagonal. Furthermore, let ¥(q|Z,a) (assumed 
known) be the eigenfunctions wo(E,a) of Ho as given in 
the g-representation. Then we have 


V (Ea E’a’)= f ¥*(q| Ea) V (QW (q|E'’)dq, (7.11) 


where V(q) is the potential as expressed in the q- 
representation. In particular, 


V(Ea| Eq’) = f ¥*(q| Ea) ¥(q| E’)V (gd 


= fLBan!|)V ada. (7-110) 


The kernel ZL is defined by the second equation (7.11a). 
Equation (7.11a) is to be considered as an integral 
equation for V(g) which is to be solved in terms of 
V(E,a| E,a’). 


va=f f fr°Gaa'lo 


XV (E,a| E,a’)\dEdada’, (7.12) 
where the operator L~' is the inverse of L. The existence 
of this operator will depend on the choice of g. From 
(7.11) we see that we can write V(E,a| E’,a’) in terms 
of V(E,a| E,a’) as follows: 


V (E,a| E’ a’) 


- f f f f W*(E,a| q)¥(E' a’ | q) 


XL (F",8,8"| q) V (F’,8| F’,8’)dqd F’dpap’ 


‘ f f f K (Eq E’,a"| | F’,8| F’,8’) 


XV (F’,B| F’,8’)dF'dpdp’, (7.13) 
where K (E,a| E’,a’ | | F’,8| F’,6’) is a known function of 
its arguments and depends on the representation to be 
chosen for the diagonalization of V. Equation (7.13) 
provides the additional information needed to solve for 
T_(E,a| F,8) in terms of T_(E,a| E,a’). Equation (7.13) 
shows how all of the matrix elements V (E,a| E’,a’) may 
be obtained from a knowledge of some of the elements 
V (E,a| E,o’). Equations (2.17) and (6.3) are the forms 
that Eq. (7.13) takes in the one- and three-dimen- 
sional cases. As will be shown below, those elements of 
V (E,a| E,a’) which are used to determine the remainder 
of the elements V(E,a|E’,a’) determine also which 
elements of the scattering operator T_(E,a|E,a’) are 
needed to find V. 
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Using (7.13) and (7.10), we have 
V (Ea| E’a!) = f f f K(Ea|E'a'||F,B\F,’) 


XT_(F,8| F,6’)dF apap’ 


+ f f f f f K(E,a| E’,a'| | F,B| Fp’) 


x y as (F,8 | G,y)yv-* (G- F) 
XT_*(F,8|G,y)dFdpdp'dGdy, (7.14) 


which we substitute into (7.18) to obtain 


T_(Ea| E',a’)= + f f K(E,a| Ea’ | | F,8| F,8’) 


XT_(F,6| F,6’)dFdsdg’ 


+f fff fxceatzra' | F,6| F,p’) 


Xx T_(F,8 | G,y)y* (G— F) 
x T_*(F,6’|G,y)dFdgdp'dGdy 


4 f f f f f K(Eq|D,| |F,8| Fp’) 


X T_(F,8| F,B’)y_-(E’—D) 
x T_(D,8| E’,a’)dFdgdp'd Dds 


+f ff fff fxearvaiirairsy 


X T_(F,8|G,y)y_-*(G—F) 
XT_*(F,B’|G,y)y_(E’—D)T_(D,8| E’,’) 


xX dFdpdp'dGdydDds. (7.15) 
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When this equation is solved for 7_(E,a|E’,a’), one 
can substitute in (7.10) to obtain V(E,a|F,8). The 
Jost-Kohn procedure for solving (7.15) is to replace 
T_(F,6|F,6’) by eT(F,8|F,8’), where ¢ is a smallness 
parameter. One then expands 7_(E,a|F’,a’) in an 
infinite series in ¢ as follows: 


T_(E,a|F,8)= L e"T_ (E,a| Fp), 


n=l 


(7.16) 


and, substituting (7.16) into (7.15) and equating 
coefficients of equal powers ¢, one obtains a series of 
expressions in which the 7_\)(E,a|F,8) are given in 
terms of 7_‘™ (E,a|F,8), (m<n). One then can solve 
for 7_™ by induction and substitute into (7.16) to 
obtain T_(E,a|F,8). For the lowest two orders, for 
example, we find 


T_© (Ea| E’’) 


se f f i K (Ea E’a’||F,8|F,8) 


XT_(F,6| F,6’)\dFdpdp’, (7.17) 


T_(Ea| E',0’) 


=f fff fxcotem rains 


XT_® (F,B|G,y)y-*(G—F) 


XT_*® (F,8|G,y)dFdpdp'dy 


+f fff fxceaivalirsivgy 


XT_© (F,B| F,B’)y_(E'— D) 


XT_”(D,5| E'a’)dFdgdp’dDds. (7.18) 
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By combining two irreducible representations of the proper inhomogeneous Lorentz group, certain 
irreducible unitary representations of the complete Lorentz group including space and time inversion are 
obtained, together with a Schrédinger equation whose solutions constitute the representation space for 
these representations. The representations thus define a “canonical” form for covariant particle theories, in 
which not only the wave equations but the manner in which the wave functions transform under Lorentz 
transformations is prescribed. It is shown that by a suitable choice of representation, the Dirac, Klein- 
Gordon, and Proca equations can all be reduced to this canonical form. It is further shown that in the 
representation space provided, several possibilities exist for the identification of the transformations to be 
associated with space inversion, time inversion, and charge conjugation, thus suggesting the existence of 
several distinct relativistic theories for particles of any given spin. Conjectures are made as to the physical 
significance of these different possibilities when the equations are second-quantized. It is shown that each 
of the conventional theories employs only one of the available possibilities for these transformations, the 
choices being different for integral and half-integral spin theories. 





INTRODUCTION 


HE one-particle equations! which, when appro- 

priately second-quantized, seem most promising 
of providing a permanent basis for describing actual 
elementary particles are the Klein-Gordon, the Dirac, 
and the Proca equations,’ the associated descriptions 
being relevant to particles of spin 0, 3, and 1, respec- 
tively. Whether the same can be said of equations to 
describe particles of higher spin such as those of Dirac, 
Fierz, and Pauli,’ is not so clear. All of these equations 
have the common property that they are invariant 
under the transformations of the inhomogeneous 
Lorentz group, or more explicitly, that their solutions 
constitute a representation space for this group. On the 
other hand, it is not at all clear as to the extent to 
which the condition of invariance under this group of 
transformations singles out the above equations for 
their special role. It is to this question, and some of its 
ramifications, that the present paper is devoted. 

One of the considerations which led to the present 
investigation was the question as to what analogies 
could be established between the three fundamental 
equations referred to above. While there have been a 
number of investigations relevant to this question, we 
believe that the approach presented here differs 


* Supported in part by the U. S. Atomic Energy Commission 
and by the National Science Foundation. 

1 The literature on covariant particle equations is very extensive, 
and much of it is not directly pertinent to the contents of the 
present paper. A rather complete bibliography on this subject 
is contained in the volume by E. M. Corson, Introduction to 
Tensors, Spinors, and Relativistic Wave Equations (Blackie and 
Son, Ltd., London and Glasgow, 1953). Further recent papers 
which may be of particular value to the reader, apart from those 
specifically referred to in the text are: S. Watanabe, Revs. 
Modern Phys. 27, 26, 40, 179 (1955); R. H. Good, Revs. Modern 
Phys. 27, 187 (1955); R. Haag, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 29, No. 6 (1955); A. S. Wightman and S. S. 
Schweber, Phys. Rev. 98, 812 (1955). 

2 W. Pauli, Revs. Modern Phys. 13, 203 (1941). 

’P. A. M. Dirac, Proc. Roy. Soc. (London) A155, 447 (1936); 
M. Fierz, Helv. Phys. Acta 12, 297 (1939); M. Fierz and W. 
Pauli, Proc. Roy. Soc. (London) A173, 211 (1939). 


sensibly from what has been done in the past. The 
recent work of Case‘ in showing that the Klein-Gordon 
and Proca equations could be cast into a form in close 
analogy with the Foldy-Wouthuysen® representation, 
together with the known relation of the latter to the 
irreducible representations of the proper inhomogeneous 
Lorentz group determined by Wigner and Bargmann® 
provided the clue for establishing a very close analogy 
indeed between these various equations. We shall 
demonstrate below that this analogy is even closer 
than an identity in form of the equations; it extends to 
the manner in which the wave functions in each of 
these theories transforms under the transformations of 
the Lorentz group. The common form to which the 
three equations can be reduced is characterized by the 
fact that it parallels exactly the reduction of the 
representations of the Lorentz group provided by these 
equations into the two irreducible Wigner-Bargmann 
representations of which they are compounded. Thus, 
this canonical form of these equations, as we shall call 
it, would appear to be one of the most promising 
approaches to any fundamental analysis of the familiar 
covariant particle equations. 

The present paper will be limited to the discussion 
of one-particle equations describing primarily charged 
particles of finite mass and noninfinite spin. Much of 
what we do can be taken over completely for the case of 
neutral particles, but certain theories of neutral particles 
(such as the Majorana theory) are not encompassed by 
our analysis. The subject of the second quantization 


4K. M. Case, Phys. Rev. 95, 1323 (1954). The author under- 
stands that similar results were obtained by E. J. Kelly in his 
doctoral dissertation at Massachusetts Institute of Technology. 

5 L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950); 
S. Tani, Progr. Theoret. Phys. (Japan) 6, 267 (1951); R. Becker, 
Tash Akad. Wiss. Gottingen, Math.-physik., Kl., No. 1, 20 

1945). 

*E. P. Wigner, Ann. of Math. 40, 149 (1939); V. Bargmann, 
Ann. of Math. 48, 568 (1947); V. Bargmann and E. P. Wigner, 
Proc. Nat. Acad. Sci. U. S. 34, 211 (1948). See also E. P. Wigner, 
Z. Physik 124, 665 (1947). 
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of the equations treated and their consequent extension 
into field theories will not be considered here but will 
be treated in a later publication. 

The outline of this paper is as follows: We consider 
first certain of the irreducible representations of the 
proper inhomogeneous Lorentz group derived by 
Wigner and Bargmann in the context of a Schrédinger 
coordinate representation (as contrasted with the 
Heisenberg momentum representation which is essen- 
tially employed by these authors). We show that the 
corresponding representation space admits a repre- 
sentation of the space inversion transformation by a 
unitary transformation. On the other hand, the time 
inversion transformation can be represented only by an 
antiunitary’ transformation of the Wigner type. The 
covariant one-particle equations associated with these 
representations do not include the three familiar 
equations mentioned above. To obtain these last equa- 
tions, without obtaining the former, we may impose the 
requirement that they provide one with an irreducible 
representation space for a completely unitary repre- 
sentation of the complete Lorentz group, including 
time inversion. We derive such equations by combining 
two of the Wigner-Bargmann irreducible repre- 
sentations. In this way a “canonical form” is established 
for theories of this character which includes not only a 
canonical form for the equation but for the associated 
transformations under the Lorentz group. This 
canonical form is essentially unique except for the 
matrix to be associated with space inversion. It is 
shown that an antiunitary transformation satisfying 
the relations required of a time inversion transformation 
continues to exist in the representation space and is 
identified as the Wigner time inversion transformation 
as contrasted with the unitary transformation which 
we call the Pauli time inversion transformation. 
Similarly, there exists in this representation space 
another antiunitary transformation which is identified 
with the charge conjugation transformation. The 
formal requirements also do not determine uniquely 
certain matrices associated with these latter trans- 
formations. For the three matrices involved in space 
inversion, Wigner time inversion, and charge conju- 
gation, apart from a unitary equivalence and an 
arbitrary phase factor, the arbitrariness in the choice 
of each is twofold. Thus, apart from a unitary equiva- 
lence and arbitrary phase factors, there are found to 
exist essentially eight distinct theories for a particle 
of definite mass and spin satisfying the requirements 
we have imposed. Following this it is shown that 
the conventional Dirac, Klein-Gordon, and Proca 
theories can all be put into the above canonical form 
by an appropriate choice of representation. Each of 

7 An antiunitary transformation is one which transforms the 
scaler product into its complex conjugate and carries a linear 
combination of two vectors into the same linear combination of 
their transforms but with the complex conjugate coefficients. Its 


form is that of a unitary transformation applied to the complex 
conjugate vector. 
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these theories corresponds to a realization of only one 
of the eight possibilities which appear to be acceptable 
on the grounds of covariance alone. The physical 
difference between the conventional theories and the 
possible alternatives, and the possibility of realizing 
the alternative theories are discussed briefly but without 
reaching any definite conclusion. It is suggested that if 
some of these alternate theories can indeed be crystal- 
lized into a physically consistent theory, then quanti- 
zation according to either Bose-Einstein or Fermi-Dirac 
statistics is possible for particles of any spin. 

In what follows we shall consistently employ units 
in which # and ¢ are unity. Certain groups of equations 
which may often be referred to collectively are desig- 
nated by a capital letter as a prefix to the number of 
each of the equations of the group, but all equations 
are nevertheless numbered in consecutive order. 


THE LORENTZ GROUP 


We shall use the term inhomogeneous proper Lorentz 
group to describe the group formed by the space and 
time translations and those Lorentz transformations 
which are continuously connected to the identity. 
(The adjective inhomogeneous will usually be omitted 
since we shall have little occasion to refer to the 
homogeneous Lorentz group.) The above group is a 
ten-parameter continuous group whose infinitesimal 
generators may be taken to be the following*: the 
generators of infinitesimal translations along the three 
coordinate axes, P=(Pi,P2,P3); the generator of an 
infinitesimal time translation, H; the generators of 
infinitesimal rotations about the three coordinate axes, 
J=(Ji,J2,Js); and the generators of infinitesimal 
Lornetz transformations along the three coordinate 
axes, K= (Ki,K2,K3). We shall use the symbol L to 
refer to any of these ten generators. The infinitesimal 
transformation A associated with any of the ten 
generators can then be written A=(1+ieL), where 
¢ is infinitesimal. 

The ten generators satisfy the following commutation 
relations which can be thought of as abstractly defining 
the inhomogeneous proper group: 


[Pi,P;]=0, 
[P.,H ]=0, 
(Ji,Pi]=ieieP, 
(Ji,H]=0, 

(Ji J=ieinSe, 
(P:,K;]=—15,,H, 
(H,K;]=—iP,, 
[J i,K yj ]=teinK x, (A-8) 
[Ki,Kj]=— eile. (A-9) 


8 See reference 6; also, P. A. M. Dirac, Revs. Modern Phys. 21, 
392 (1949). 


(A-1) 
(A-2) 
(A-3) 
(A-4) 
(A-5) 
(A-6) 
(A-7) 
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In the above, [A,B]=AB—BA, 4;; is the Kronecker 
symbol, ¢;;. is the Levi-Civita three-index symbol, and 
the summation convention is employed for repeated 
indices. 

When the space inversion transformation is adjoined 
as a generating element to the proper Lorentz group, 
we obtain a group which we shall simply call the 
(inhomogeneous) Lorentz group. The transformation S 
satisfies the following relations: 


S(1+ieP;) = (1—ieP,)S, 

S(1+ieH) = (1+ieH)S, 

S(1+ieJ;) = (1+ieJ,)S, 

S(1+ieK,) = (1-ieK)S, 
S=1, 


(A’-10) 
(A’-11) 
(A’-12) 
(A’-13) 
(A’-14) 


When the time inversion transformation T is adjoined 
as a generator to the Lorentz group we obtain a group 
which we shall refer to as the full Lorentz group. The 
transformation T satisfies the following relations: 


T(1+ieP,) = (1+ieP)T, (A’’-15) 
T(1+ieH) = (1—ieH)T, (A’’-16) 
T(1+ieJ;)= (1t+ieJ)T, (A’"-17) 
T(i+ieK,) = (1—-ieK)T, (A’"-18) 
TS=ST, (A’’-19) 
T?=1. (A’’-20) 


IRREDUCIBLE REPRESENTATIONS OF THE 
INHOMOGENEOUS LORENTZ GROUP 


The irreducible representations of the inhomogeneous 
Lorentz group have been studied by Wigner and 
Bargmann.® Our present discussion will be confined to 
those representations which are suitable for describing 
a particle of nonvanishing mass and noninfinite spin. 
We shall discuss these representations from the view- 
point of a covariant Schrédinger wave equation whose 
solutions form a representation space for these irre- 
ducible representations. The representations obtained 
by Wigner and Bargmann are essentially in a Heisen- 
berg momentum representation. 

Each of the representations in which we are interested 
is infinite dimensional and unitary (insofar as the 
proper group is concerned), and each inequivalent 
irreducible representation is specified by a mass m 
which may take any real positive value and a spin s 
which may take any positive integral or half-integral 
value including zero. A representation space for the 
representation (m,s) is provided by the solutions of the 
following Schrédinger equation: 


10x (1,1) /dt= wx (r,t). (21) 


In this equation x(r,f) is a (2s+1)-component wave 
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function and the operator w is defined by 
w= (m'+p%), p=—iv. (22) 


This operator is a linear integral operator whose 
precise definition is 


1 
wx (r,t) =—— J (m?-+ 2) hei: (-t")y (er! p)dr'dk. (23) 
(27)* 


The solutions of Eq. (21) form a Hilbert space with a 
scalar product defined by 


(xasxs)= f xet(eOxo(tde (24) 


A unitary representation of the inhomogeneous proper 
Lorentz group is provided by this space through the 
following identification of the generators of the infini- 
tesimal transformations of the group: 


P=p, 
H=a, 
J=rXp+s, 


(B-25) 
(B-26) 
(B-27) 
sXp 
K=}3(rw+wr) -———— op. 
m+w 


Here s= (5;,52,53) are three (2s+-1) X (2s+-1) irreducible 
Hermitian matrices satisfying the commutation 
relations 


(B-28) 


(29) 


so that they are simply the infinitesimal] generators of 
an irreducible (2s+-1)-dimensional representation of 
the three-dimensional rotation group. It is well known 
that there is one and only one irreducible representation 
of these matrices of each dimensionality,’ so that these 
matrices are just the spin matrices corresponding to 
the spin s. 
From (29) and the commutation relation 


[piri l= — 1855, 
one can easily verify that the identifications (B) do 
indeed satisfy the commutation relations (A) as 
required. For the representation space to be indeed 
the space spanned by solutions of Eq. (21) one must 


further verify that this equation is left invariant under 
the transformations 


[s 55 ]= 1€:jeSk; 


(30) 


(31) 


where ¢ is a real infinitesimal and L is any of the 
operators (B). This means that x’ as given in (31) 


Xs x’=Ax= (1+teL)x, 


°H. Weyl, The Theory of Groups and Quantum Mechanics 
(E. P. Dutton and Company, New York, 1932); E. P. Wigner, 
Grup pentheorie und ihre Anwendung (Friedrich Vieweg und Sohn, 
Braunschweig, 1931). The two-valued representations of the 
rotation group (half-integer spin) are here admitted, of course. 
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must also satisfy Eq. (21); it is easily verified that this 
is indeed the case for each of the ten generators. 

We shall simply assert without proof that the 
representations given above are indeed irreducible and 
hence equivalent to certain of the representations 
obtained by Wigner and Bargmann. These authors have 
also shown that for each (m,s) there is one and only one 
such representation to within a unitary or antiunitary 
equivalence transformation. We note, however, for 
later reference that there exists an antiunitary trans- 
formation” which transforms Eq. (21) to 


idx (r,t) /dt= — wx (r,t), 
and H and K to 
H=—», 


(32) 


(33) 


1 SXP 
K= — }(rw+wr) ++——— fp, 


m--w 


(34) 


while leaving P and J unchanged. 

We shall now show that there exists a unitary 
transformation in the representation space we have 
defined above which can be employed to represent the 
space inversion transformation S. We must note first, 
however, that in quantum mechanics one requires only 
a ray representation, not necessarily a vector repre- 
sentation, of a group. This follows from the fact that 
two vectors x and e“x represent the same state. For 
those elements of the group which are not continuously 
connected with the identity, such as S, we are then 
required to impose only the weaker condition 


S~1, (35) 


in place of (A’-14), where the symbol ~ means “equal 
to within a multiplicative factor of unit modulus.” The 
possibility of employing ray rather than vector repre- 
sentations makes no difference in the representation 
of the elements of the proper group except for the fact 
that it gives us the freedom to use the two-valued 
representations of the three-dimensional rotation group 
for s as we have already assumed above. 

A unitary transformation to represent S in our 
representation space is provided by the following 
identification : 


Sx (r,t) e Mey ( bes r,t) 5) (36) 


where a, is an arbitrary real number which is un- 
determined in view of the weak condition (35). One can 
readily show that this transformation satisfies the 
required relations (A’) and that it leaves Eq. (21) 
invariant. 

If we try to include a transformation to represent 
the time inversion transformation T in our representa- 
tion space, we encounter a new feature in that there 
exists no unitary transformation which satisfies the 


1 This transformation is x — rx* where 7 is the matrix defined 
by Eq. (44). 
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required relations. To see this we note that if T is 
unitary then Eq. (A’’-16) requires that T anticommute 
with H. This then means that if ¢ is an eigenvector of 
H belonging to the eigenvalue EZ, then 7¢ is an eigen- 
vector of H belonging to the eigenvalue — E. But this 
is impossible, since from (B-26) we see that all the 
eigenvalues of H are positive. While at first sight it 
thus appears that the Hilbert space of solutions of 
Eq. (21) cannot provide us with a representation of the 
full Lorentz group, this is not really the case. For, as 
Wigner has pointed out, the physical interpretation of 
quantum mechanics is such that there is no reason why 
a disjoint transformation like T cannot be represented 
by an antiunitary transformation. Indeed, we shall now 
show that the representation space provided by Eq. 
(21) does admit an antiunitary transformation which 
satisfies the required relations (A’’). 

If T is represented by an antiunitary transformation, 
then the set of relations (A’’) require 


TP;=—P,T, 
TH=HT, 
TIi=—JT, 
TK;=K.T, 
TS~ST, (C-41) 
TA. (C-42) 


The first four of these follow from the fact that the 
complex conjugation involved in an antiunitary 
transformation leads to T(1+ieL)=(T—ieTL). The 
last two weak relations again follow from the fact that 
we require only a ray representation of the group. The 
above conditions can be fulfilled through the following 
antiunitary transformation: 


Tx (r,t) + Tx* (r, : t), 


provided that there exists a (2s+1)-dimensional 
unitary matrix 7 satisfying the following conditions: 


(44) 


But it is easy to prove that such a matrix always exists 
as follows: Since the matrices —s,* satisfy the same 
commutation relations as the s,, and since there is only 
one irreducible representation of these commutation 
relations of each dimensionality, it follows that s; and 
—s,;* are related by an equivalence transformation of 
the form (44). Combining (44) and the Hermitian 
conjugate equation, one finds using Schur’s lemma 
that rr* is a real positive multiple of the identity, so 
that + may always be chosen to be unitary. By a 
similar consideration of (44) and the transpose equation, 
one can show that + is either symmetric or anti- 
symmetric, which implies that 


(C-37) 
(C-38) 
(C-39) 
(C-40) 


(B’-43) 


TS*r I= —5;. 


rr*=+1, (45) 


which allows (C-42) to be satisfied. One can show 
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further that 7 is unique to within a multiplicative factor 
of modulus unity and that it is symmetric for integral 
spin and antisymmetric for half-integral spin. 

One can now verify that the transformation (B’’-43) 
does indeed satisfy all of the required relations (C). 
The fact that (B’’-43) leaves Eq. (21) invariant may 
be demonstrated by taking the complex conjugate of 
this equation, reversing the sign of ¢, and multiplying 
by the matrix 7. Thus so long as we do not require a 
completely unitary representation of the full Lorentz 
group, Eq. (21) does indeed provide us with a repre- 
sentation space for an irreducible representation of the 
full group. 

While Eq. (21) thus provides one with completely 
Lorentz covariant theories of a free particle of any 
spin value, it does not encompass the familiar theories 
like the Dirac, Klein-Gordon, and Proca theories. In 
particular, the representation space does not provide 
one with a transformation corresponding to the charge- 
conjugation transformation in the familiar theories, 
and thus, presumably, even after second-quantization 
it corresponds to a theory in which particles are not 
necessarily accompanied by antiparticles. To what 
extent a completely satisfactory particle theory can be 
based on this equation is not known at the present time, 
but this represents a problem which is well worthy of 
further investigation. We shall not enter into this 
problem here but shall defer it to a later publication. 
It may not be amiss to mention here, nevertheless, that 
we have found that it is possible to build a completely 
relativistic many-particle theory with interaction based 
on this equation. 

For the present, however, we shall return to our 
prime objective of discovering a basis for the synthesis 
of the familiar Dirac, Klein-Gordon, and Proca 
equations. 


PAULI TIME INVERSION AND CHARGE 
CONJUGATION 


By our earlier analysis we have been led to certain 
unfamiliar Lorentz covariant equations rather than 
to the familiar equations in which we are primarily 
interested. We shall now show that we can indeed 
obtain the equations of interest in a special rep- 
resentation by the imposition of the following 
requirement : 

The solutions of the equation shall constitute a 
representation space for an irreducible unitary repre- 
sentation of the full Lorentz group. 

This means then that we reject the antiunitary 
transformation that we have admitted previously to 
represent the time inversion transformation, and we 
must extend the representation space sufficiently that 
there exists a unitary transformation in the space which 
satisfies the relations (A”) for a time inversion trans- 
formation. We shall say that a theory satisfying the 
above requirement is strongly Lorentz covariant, while 
we shall use the term weak Lorentz covarance to describe 
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the transformation properties of the theories we have 
considered earlier. 

Since we shall find that an antiunitary transformation 
satisfying the condition (A’’) will continue to exist even 
in our strongly covariant theories, it will be convenient 
to introduce nomenclature and notation to distinguish 
the two types of time inversion transformations we 
encounter. We shall continue to designate an anti- 
unitary transformation satisfying the conditions (A’’) 
and hence (C) by the letter T and shall call such a 
transformation a Wigner time inversion transformation, 
since it is closely related to the time inversion trans- 
formation introduced by Wigner in nonrelativistic 
theories.“ On the other hand, we shall designate a 
unitary transformation satisfying the conditions (A’’) 
by the latter Z, and shal! call such a transformation a 
Pauli time inversion transformation since for the 
Dirac equation it is exactly the transformation intro- 
duced by Pauli in his investigation of the Lorentz 
covariance of this equation.” The transformation Z 
must then satisfy the following relations with the 
infinitesimal generators of the proper Lorentz group 
and with the space inversion transformation: 


ZP;=P.Z, 
ZH=—HZ, 
ZI:=JZ, 
Z2K;=—K.Z, 
ZS~SZ, (C’-50) 
2~1, (C’-51) 


If, as we have asserted, the representation space 
provided by an equation satisfying the strong covariance 
requirements nevertheless contains a Wigner time 
inversion transformation T, then the transformation 


C=ZT, (52) 


is an antiunitary transformation which commutes with 
all infinitesimal Lorentz transformations A= (1+ieL), 
and thus satisfies the following relations: 


CP;=—-PC, 

CH=-—HC, 

CI;=—-JL, (C’”’-55) 

CKi=—KC, (C’-56) 

Furthermore, if T and Z commute" in the sense that 

TZ~ZT, (57) 

4 E. P. Wigner, Gétt Nachr. 546 (1932); see also, R. H. Good, 

reference 1. 

2W. Pauli, Handbuch der physik (Verlag Julius Springer, 
Berlin, 1933), second edition, Vol. 24, part 1. 

18 Although we know of no compelling reason for assuming that 

the two types of time reversal shall commute in the sense of (57), 


it seems reasonable to make this assumption. It will be assumed 
in all our later work. 


(C’-46) 
(C’-47) 
(C’-48) 
(C’-49) 


(C”-53) 
(C’-54) 
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and we shall see that there always exists a trans- 
formation T having this property, then 


CS~SC, 

CT~TC, 

CZ~ZC, 
C1. 


(C’”-58) 
(C’-59) 
(C”-60) 
(C”-61) 


We shall call the transformation C having the properties 
(C’’) the charge conjugation transformation. The justifi- 
cation for this identification is that the charge conju- 
gation transformation as ordinarily defined for the 
one-particle Dirac, Klein-Gordon, and Proca equations 
does indeed have these properties. (When one goes to 
second-quantized theories one must carefully re-examine 
these definitions of time inversion and charge conju- 
gation. This will not be done in the present paper.) 


THE CANONICAL FORM 


We shall now consider the problem of constructing 
equations satisfying the extended Lorentz covariance 
requirements by a method which involves combining 
two antiunitarily equivalent irreducible representations 
of the type we have obtained previously. We do not 
know whether this method will lead us to all equations 
of this type which are suitable for describing charged 
particles of finite mass and spin, but we strongly 
suspect that this is indeed the case. 

The clue to how we must proceed is provided by the 
fact that the additional requirements of strong co- 
variance postulates the existence of a transformation Z 
which anticommutes with H. As we have noted earlier, 
this implies that the eigenvalues of H must occur in 
pairs, equal in magnitude but opposite. in sign. This 
suggests then combining Eq. (21) and the represen- 
tation of the proper Lorentz group which it provides 
with its antiunitary equivalent Eq. (32) and the 
representation it provides as given in Eqs. (33) and 
(34). To this end, for the description of a particle of 
mass m and spin s we assume a 2(2s+1)-component 
wave function x (r,t), now satisfying the equation 


10x (1,t)/dt= Bw (t,t), 
where 8 is a 2(2s+1)X2(2s+1) diagonal Hermitian 


matrix of the form 
3! 0’ 
s~( ), 
0’ —1’' 


where 0’ and 1’ are respectively, the null and unit 
matrices of rank 2s+1. Then in view of our earlier 
results, the solutions of this equation provide us with 
the following (reducible) representation of the infini- 


(62) 


(63) 


tesimal generators of the proper Lorentz group: 
P=p, 
H=Ba, 
J=rXp+s, 

BsXp 


—ip. 
m+w 


(D-64) 
(D-65) 
(D-66) 


B 
<n —- 


(D-67) 


In the foregoing, the s; are now matrices of rank 
2(2s+1) of the form 


sf 0 
he 
os, 


where the s;,’ are the matrices of rank 2s+1 which we 
previously designated by s; The new matrices 5; 
continue to satisfy the commutation relations (29), of 
course. (Note that we could have employed the freedom 
we have available to use two different but unitarily 
equivalent representations of s; for the two matrices 
occurring in (68) ; however, since there exists a unitary 
transformation in that case which would restore (68) 
to the form above without changing the form of 8, we 
actually lose no generality by our special choice.) 

We now turn our attention to the representation of 
the space inversion transformation S. One easily finds 
that if it is represented by a unitary transformation as 
we require, then its representation must be of the form 


Sx (r,t) =ox(—1,), (69) 


where o is a unitary matrix which commutes with 6 
and with the s; and which satisfies the condition 
o’~1. With 8 and s; having the forms given above, 
these conditions require that o be of the form 


1’ 0’ 
= e( ). 
0’ of 4’ 


Thus apart from the phase factor o can be represented 
by either the unit matrix or the matrix f. 

We must now search for a unitary transformation to 
represent the Pauli time inversion transformation Z. 
Taking Z to be of the form: 


Zx(r,t)=fx(—1,!), (71) 


one finds that the conditions (C’) then require that 
the unitary matrix satisfy the following conditions: 


(B= —Bf, 
fsi=Sif, 
fo~os, 


ew, 


(68) 


(70) 


(72) 
(73) 
(74) 
(75) 


These conditions can only be satisfied if ¢ is of the form 


0’ ei 1’ 
:-( | ). 
e%2]’ 0’ 


(76) 
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However, we can always find a unitary transformation 
on our matrices which leaves the matrices 8 and s; 
unchanged in form, but reduces ¢ to the form 


o 7 
" 4. i 
Thus, apart from equivalence transformations (which 
we shall discuss in greater detail later) and the phase 
factor in (77), the Pauli time reversal transformation is 
uniquely determined in the representation space 
provided by Eq. (62). 

Next we shall show that the representation space 
always admits a Wigner time inversion transformation 
T satisfying the conditions (C). This transformation 
we write as 


(77) 


Tx (t,t) =rx*(r,—2), (78) 
with 7 a unitary matrix satisfying the conditions: 


rB*r=B, 


1S*rt=—s;, 


(79) 
(80) 
(81) 
(82) 
(83) 


to*7 I~, 

Tetris, 

rr*~1. 

To determine if a matrix 7 exists satisfying these 
conditions, we note first that since in our present 


representation @ is real, (79) requires that 7 commute 
with 8. This means that 7 must be of the form 


, 


r 60! 
be ( ). 
0’ 7 


(84) 


The condition (80) then requires that both 7’ and 7” 
satisfy the conditions given in Eq. (44). We have 
already proved that a matrix satisfying these conditions 
always exists, and furthermore that it is unique to 
within a phase factor. Calling any such matrix simply 
7’, we then have as possibilities for 7: 


7’ 0’ 
os ( ). 
0’ e®7’ 


The condition (82) then requires that 6=0 or x, and 
hence apart from the arbitrary phase factor already 
implicit in r’, we must have 


ra 0’ 
=( ). 
0’ +r’ 
The conditions (81) and (83) are then automatically 


satisfied. For the charge conjugation transformation 
we then have 


Cx (r,t) = ZT x (r,t) = xx* (r,) 


(85) 


(86) 


(87) 
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with 


70° +1’ 
catrmetl ; Ye f (88) 
T 


Actually, we may prefer to define C not as TZ but asa 
transformation satisfying the conditions (C’’); then 
one finds that the most general form of this trans- 
formation is still (87) but with 


0’ +7’ 
“of” *) 
7’ 0! 
with the ambiguous sign in (89) independent of the 
ambiguous sign in (86) and @, unrelated to 4,. 

We have now shown that by combining two of our 
irreducible representations of the Lorentz group, we 
obtain indeed irreducible representations of the full 
Lorentz group satisfying the conditions of strong 
covariance. Whether by this process we obtain all 
strongly covariant equations suitable for representing 
a particle of finite mass and noninfinite spin we do not 
know, but we conjecture that this is indeed the case. 
This means that our procedure above has also led us to 
what we may call “a canonical form” for strongly 
covariant equations. This canonical form consists of 
the Schrédinger equation (62), the identifications of 
the unitary transformations which are a representation 
of the Lorentz group as given in the set of equations 
(D), (69), and (71), and a set of abstract relations 
satisfied by the matrices 8, s;, , and ¢ which occur in 
the above equations. These relations, which we sum- 
marize below, may actually be thought of as defining 
the matrices 6, s;, o, and ¢, independent of repre- 
sentation : 


(89) 


(E-90) 
(E-91) 
(E-92) 
(E-93) 
(E-94) 
(E-95) 
(E-96) 
(E-97) 
(E-98) 
(E-99) 
(E-100) 


b=st, P=1, 
Si= Si, 
[si,8j]=tecjuse, 
SP=Bsi, 
got=1, o~1, 
oB=Bo 
oS;= Si, 
trt=1, Pol, 
(B= —8, 
fsi= sik, 
fo~ot. 


Note, for example, that these relations already imply 
that 8 has eigenvalues +1 and —1 in pairs; for (E-90) 
requires that its eigenvalues can only be these values, 
while (E-98) tells us that if ¢1,¢2,--- are distinct 
eigenvectors of 8, belonging to one of these eigenvalues, 
then {$1,{¢2,--- are distinct eigenvectors belonging 
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to the other. As a corollary we have that any represen- 
tation of these matrices must be even-dimensional. 

So far we have not required that a representation 
of a Wigner time inversion transformation or the charge 
conjugation transformation exist in the representation 
space, though we have seen that transformations having 
the correct properties always do exist. If we wish to add 
the requirement of the existence of a representation 
of either or both of these transformations we can 
supplement the above canonical form with the Eqs. 
(78) and (87) and define the matrices 7 and « occurring 
therein through the following equations supplementing 
the set (E): 

(E’-101) 
(E’-102) 
(E’-103) 
(E’-104) 
(E’-105) 
(E’-106) 
(E’-107) 
(E’-108) 
(E’-109) 
KIS, (E’-110) 


KT*~7K*. (E’-111) 


mrt=1, rr*~1, 


7B*r =, 
TS;*r = —S;, 
to*r~o, 
totr NS, 


xet=1, «x*~1, 


B= —8, 


KS;*k '= —S$;,, 


Ko*K !~wo, 


The canonical form which we have described above 
is itself invariant under a set of unitary transformations, 
namely those transformations U which commute with 
p and r. Under such unitary transformations, Eqs. 
(62), (D), (69), and (71) retain their form but with 
the matrices 6, s;, o, and ¢, transformed according to 


§— UgU", (112) 


where ¢ is any of these six matrices. These matrices 
then continue to satisfy the relations (E). Furthermore 
Eqs. (78) and (87) may be retained if the matrices r 
and x are assumed to transform under U as 


7r— Ur(U*)"=UrU", 
x —> Ux(U*)"= UxU". 


(113) 
(114) 


The set of relations (E’) and (E”) are then also left 
invariant. We shall regard representations connected 
in this way as equivalent and shall not distinguish 
between them. It will be convenient to call a represen- 
tation in which 6 and the s; have the reduced form as 
given in Eqs. (63) and (68) and in which a, ¢, 7, and 
x have the forms (70), (77), (86), and (89) as the 
normal canonical form. 

It will be noted that the canonical form, and in 
particular the relations (E), (E’), and (E”), are also 
invariant under changes in the phase factors associated 
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with the matrices o, ¢, 7, and x: 

(115) 
(116) 
(117) 
(118) 


The work of Yang and Tiomno" has indicated that 
such transformations may not be devoid of physical 
significance, and this raises a question as to whether 
representations connected in this way should be 
regarded as equivalent. For our present purposes 
however, there seems to be no purpose served in 
distinguishing between representations connected in this 
way, and hence we shall not emphasize the associated 
ambiguity in the choice of these matrices. This allows 
us, if we wish, to impose on o and ¢ the stronger 
conditions 


g— eM, 
¢ — emt, 
T > elttr, 


K—> ex, 


o=1, 
?=1, 


and we shall assume that this is done. Then ¢ is deter- 
mined uniquely apart from sign in the normal canonical 


form to be 
0’ 1 , 
-(, «) 
1’ 0 
while o must be represented by either the unit matrix 
or by 6 (apart from a sign). 


The phase factors of + and « may jointly be changed 
by a unitary transformation =e. For we then have 


(122) 
(123) 


(119) 
(120) 


(121) 


t— Ur(U*)'=e*®re%= 27, 
xk — Ux(U*)"'=e, 


though the relative phase factor of the two cannot be 
changed in this way. However, if we disregard the 
phase factors associated with these matrices we see 
that we have a choice of two distinct matrices by which 
each may be represented as a consequence of the 
ambiguity in sign in (86) and (89). 

To summarize, even disregarding a phase factor in 
the matrices associated with the disjoint transforma- 
tions, there persists nevertheless a twofold choice for 
these matrices in the case of space inversion, Wigner 
time inversion, and charge conjugation. This ambiguity 
is an essential one and each choice leads to a distinct 
theory to be associated with Eq. (62). Thus if we do not 
require the existence of a Wigner time inversion 
transformation or a charge conjugation transformation, 
we still have two theories for each mass and spin, one 
in which the unit matrix is associated with space 
inversion, the other in which the matrix is associated 
with space inversion. This distinction may be expected 


4C. N. Yang and J. Tiomno, Phys. Rev. 79, 495 (1950); 
Wick, Wightman, and Wigner, Phys. Rev. 88, 101 (1952). 
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to lead on second quantization to the two situations 
according to which there either occurs a change in 
space parity or there does not when a particleand an anti- 
particle annihilate one another in a state of definite 
orbital momentum. We shall also see shortly that both 
possibilities are employed in the usual theories. 

The next part of this paper will be devoted to 
demonstrating that the three familiar theories, the 
Dirac, Klein-Gordon, and Proca, can all, by a suitable 
choice of representation, be put into the normal 
canonical form which we have constructed above. 


REDUCTION OF THE DIRAC EQUATION 
TO CANONICAL FORM 


We begin by writing the Dirac equation in the 
familiar form 


id (r,t) /dt= (6m+a-p)(r,t), (124) 


where, as usual, 8,a1,a@2,a3, are four Hermitian 
mutually anticommuting matrices of four rows and 
columns. The solutions of this equation form a represen- 
tation space for the inhomogeneous Lorentz group 
with the scalar product defined by 


(125) 


(War) = [vrcnbotnoar. 


The representation is fixed by the following identifi- 
cation of the infinitesimal generators of the in- 
homogeneous Lorentz group: 


(126) 
(127) 
(128) 
(129) 


P=p, 

H=6m-+a-p, 

J=rXp+s, 
K=}[r(6m+a-p)+ (6m+a-p)r]—‘, 


where 

5;= — 1€4jKtjk, (130) 
and hence 
(131) 


The only one of these identifications which is perhaps 
unfamiliar is (129), so we shall briefly sketch its origin. 
For an infinitesimal Lorentz transformation, the 
transformation of the wave function is generally 
written’® 


v(r,t) =? V(rO= [1+3&-a W(r—&, t—E-r). 
Hence we have 


YW (r,t) =(14+4€- @ LV (t,t) —8t- VY —E- 10/01] 
=[1+3€-a ][1—skt-p+ik-1(8m+a-p) W(r,) 
=[1+2-{4[1(6m+a-p)+ (6m-+e-p)r] 
—tp} W(t). (133) 
16 W. Pauli, reference 12. Note that (132) is the specialization 
of the general case to the specific case of a Lorentz transformation 


as contrasted with a rotation, and with the transformation of the 
space and time coordinates explicitly indicated. 


[5:55] = 1€ijkSk- 


(132) 
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The representation of the disjoint transformations 
is given by 


SY(1,t)=BYy(—1,1), 

ZV (r,t) =Borarasy(r,—2), 
TY (r,t) = 7y* (r,—2), (136) 
Ch (r,t) =np* (1,2). (137) 


The matrices + and x are defined by the following 
relations: 


(134) 
(135) 


pen ephe pk Ly: (138) 
7B*7r—' =, (139) 

Ta;*1' = —a,;, (140) 

cat, (141) 
(142) 

(143) 


The existence of such matrices can be established in any 
representation of the Dirac matrices. One can show, 
of course, that the Dirac equation (124) is left in- 
variant under all these transformations. 

The reduction of the Dirac equation to the canonical 
form is accomplished by the Foldy-Wouthuysen 
transformation’: 


xxt = xx* = 1, 
KB*x"'= —8, 


Kaug*K~ =—aj. 


x(1,t)= Up(r,t), 


, Ba-p Pp 
l =exp|— tan-*(~)} 
2p m 
wtm\! Ba-p/w—m\! 
= Ay og re 
2w p 2w 
_ mtwtBa-p 
[2.0(w-+m) 


10x (1,1) /dt= Bux (r,t), (146) 


as required. One can easily transform the representation 
of the Lorentz group and charge conjugation trans- 
formations into this new representation. The results 
are just the identifications (D), (69), (71), and (87) 
with the fundamental matrices identified as 


o=B, $=Barasas, (147) 


These then do indeed satisfy the canonical relations 
(E), (F’). 

For the fundamental matrices to take the normal 
form of the last section we need only choose the initial 
representation of the Dirac matrices as 


see 0 —ia,' 
s~( ), a= ( ). (148) 
0’ —1’ to; 0’ 


where the o;’ are the usual Pauli matrices. In this case 


(144) 
where 


(145) 
Then 


T=T, K=K. 
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the matrices 7 and x have the form 


oda of fr’ 
= » k= ; 
0 —7' —r 0 
Since 7’ is an antisymmetric matrix in this case, 7 is 


also antisymmetric while «x is symmetric. Hence 
t7*=—1 while xx*=1. 


(149) 


REDUCTION OF THE KLEIN-GORDON EQUATION 
TO CANONICAL FORM"* 


We begin with the Klein-Gordon equation? in the 
form 


2 fa 


ge g 
—Vo+—+t m'o=u*g——=0. 
or or 


(150) 
Introducing a two-component wave function defined by 
Anta] 
—1 6 
v2 at 


1 0g 
v2 at 


(151) 


one has 
10x/dt=Bwx, 


ater. 


The solutions of (152) constitute a unitary represen- 
tation space with scalar product 


(152) 


with 6 the matrix 


(153) 


ote f xe (yl) xa(nd)d. (154) 


The transformation properties of g under a Lorentz 
transformation then determine the transformation of 
x. One finds the infinitesimal generators to have the 
form (D) but with the s; now represented by null 
2X2 matrices. To illustrate the derivation of these, we 
again take the infinitesimal Lorentz transformation as 
an example. We have 


¢ (r,t) - g(r—tt, i—&-r) 
= 9(r,t)—&-Ve—E-1d¢/dt 
=[1—1€-plo(r,.)—E-rd(r,t)/At, 


16 The reduction to canonical form of the Klein-Gordon and 
Proca equations in this and the following sections is essentially a 
transcription of that given by Case, reference 4. We have omitted 
some intermediate steps which are important in the case of 
external electromagnetic fields but are not necessary for our 
purposes. The simplified calculation given here facilitates the 
calculation of the behavior of the functions under Lorentz 
transformations. 


(155) 
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and 


dg’ (1,t)/dt=[1—4€- tp] p/dt—iE -pe—E- 1d" y/d? 
=[1—1&- tp ]0y/dt 
+[—1-p—E-rw*]y, (156) 
whence 
x1’ (r,t) = (1/v2)[w-10 9’ /dt— iwi’ } 
= (1/v2){w4[ (1-7 - tp) d ¢/dt 
+ (—1&-p—E-1w*)¢ 
—iw'[(1—i€-tp) p—E-1d.¢/At]} 
= {1+7€-[}(tw+or)— fp ]}x:(r,2). 


Similarly, 


x2’ (r,t) = {1+7€- [—}(tw+-wr)— tp }}xe(r,t), 


from which follows 
x’ (r,t) = (1+-1&-[$8 (tw+or) — tp ]}x(r,1). (159) 


Under space inversion we usually have ¢(r,t) > 
+ y(r,t) according as the field is scalar or pseudoscalar. 
Then x(r,t) > +x(r,t) so we have (69) with o=+1. 
Actually the phase is not fixed even to this degree, but 
in view of our expressed disinterest in phase factors we 
need only consider the choice ¢=1. For the Pauli time 
inversion we take g(r,t)-—> —¢y(r,—2), whence 
d¢(r,t)/dt > d¢(r,—t)/dt and therefore 


Zx(r,t)=fx(r,—2), 


0 1 
i 
1 0 
For the Wigner time inversion we take g¢(r,t)— 
g*(r,—t) whence 


(157) 


(158) 


(160) 
with 


(161) 


Tx (r,t) = rx* (r,—2) (162) 


with 7 the unit matrix. These results yield for charge 
conjugation [¢(r,t) > ¢g*(r,t) ] the form 


Cx (r,t) =xx* (r,t) (163) 


with x=. Thus we have put the theory into the 
canonical form but with 7’, 7, and x represented in this 
case by symmetric matrices in contrast to the Dirac 
case. Therefore, r7*=1, xx*=1. 


REDUCTION OF THE PROCA EQUATIONS 
TO CANONICAL FORM 


Of the various alternative forms for the Proca 
equations,’ we shall adopt the form 


B=curl A, 

g=—m-~ div E, 
0A/dt= —E-—grad ¢, 
dE/dt=m*A+ curl B, 


(164) 
(165) 
(166) 
(167) 


where g, A, B, and E are complex functions. Equations 
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(164) and (165) may be regarded simply as definitions 
of B and ¢ and if these are eliminated from the latter 
two equations we have 


aA/at= —E+ (1/2m*) VE 
+ (1/2m?*)[curl curl+grad div JE, 


dE/dt= m’A—4V°A+3 {curl curl+ grad div JA. 
We introduce the operator 


(168) 
(169) 


qg=curl curl+grad div, (170) 


and note that 


g= p= (w—m)*(w+m)’. 
Then (168) and (169) can be written 
aA/at= (1/2m?)[—wt—m'-+ IE, 
dE/dt=}[w*+ m+ JA. 


We now introduce two new vector functions u and 


v defined by 


(171) 


(172) 
(173) 


a= (8) [erm 


+[e+m+——|h } (174) 


v= (8)- [orm | 


w+m 
= iftm+ js}. (175) 
wm 


and then find from (172) and (173) that 
idu/dt=wu, (176) 
idv/dt= —wv. (177) 


It is important to note that (174) and (175) can be 
inverted so that u and v can serve as wave functions. 
Finally introducing a six-component wave function 
x through 


rc 





we have 


10x/dt= Bux, 
with the matrix 8 given by 
0 
> (180) 


1’ 
e-( 
0 


where 1’ is the unit 3X3 matrix. 
From the known transformation relations of A and 
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E, those of x may be derived. These turn out to be of 


the canonical form'’ (D), (69), (71), (78), (87) with 
the following fundamental matrices: 


s=(" a. 
of 0 
c= : 
0 “) 
(,. 0 # 0 
T= = : 
0 ) 0 ) 
0.4’ 
r=( ), 
ro 
(" 7’ (’ yr 
Ad oS 1! ») 


Here the s,’ are the matrices 
ee Be 007% 0 
=10 0 -—é/], s’=| 00 yt $= | 4 
‘0 i 0 i-i 0 0 10 00 
(186) 


constituting a three-dimensional representation of the 
rotation group. In this special representation of the 
s’ the time inversion matrix r’ is simply the unit 
matrix. Thus we again have the canonical form, in 
this case with r’, 7, and x all symmetric matrices as in 
the Klein-Gordon case so that one has rr*=1, xx*=1. 


(181) 
(182) 
(183) 
(184) 


(185) 


~§ @) 
0 a 


COMPARISON OF THE CONVENTIONAL THEORIES 


The work of the last three sections has shown that a 
very close analogy may be exhibited between the Dirac, 
Klein-Gordon, and Proca equations by writing these 
equations in the particular representation which 
corresponds to the canonical form that we have synthe- 
sized earlier from the requirement that a covariant 
wave equation shall provide us with a unitary represen- 
tation of the complete Lorentz group. This analogy 
extends beyond the equations themselves and includes 
the manner in which the wave functions transform 
under the transformations of the inhomogeneous 
Lorentz group. We conjecture that by an appropriate 
choice of representation with the elimination of 
redundant components, the theories of the Dirac- 
Pauli-Fierz type to represent particles of higher spin 
can also be brought into this same canonical form. 

By the above procedure, we have, however, also 
brought out some interesting differences between the 
equations. The most striking of these is the trans- 


17The only difficult transformation to obtain is that under 
Lorentz transformation. This calculation was carried out by 
Dr. B. P. Nigam at the author’s request. We are indebted to Dr. 
Nigam for this favor. 
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formation of the wave function under space inversion 
in which our original synthesis allowed us two distinct 
possibilities corresponding to the choice of the unit 
matrix or the matrix 8 to represent the space inversion 
matrix ¢. We now find that both of these possibilities 
are realized in the familiar theories; we have o=1 in 
the integral-spin theories (Klein-Gordon, Proca, and 
presumably the integral-spin Dirac-Pauli-Fierz theories) 
while we have o=@ in the half-integral spin theories 
(Dirac, and presumably the half-integral spin Dirac- 
Pauli-Fierz theories). Further differences are apparent 
with respect to the transformations employed to 
represent Wigner time inversion and charge conjugation. 
Again two distinct possibilities for each of these is 
allowed by covariance alone. However, in the con- 
ventional half-integral spin theories, one has 


7 0’ O:' 
), -( ), (187) 
/ ae 0’ 


while in the conventional integral-spin theories, one has 


( r’ 0 (i 7’ 
T= , k= 
0’ 4 7’ ) 
No clue has been forthcoming in our analysis as to why 
these particular choices should take precedence over 
the other alternative made available by covariance 
arguments. 

We have already made a conjecture as to the physical 
significance of the two choices 1 and @ for the space 
inversion matrix ¢. Namely, we expect that in the 
second-quantized form of these theories, the two choices 
correspond to whether or not there is a change in 
space parity on annihilation of a particle and anti- 
particle in a state of given orbital angular momentum. 
Similarly, we may conjecture that the two choices for 
the charge-conjugation matrix will correspond in the 
second-quantized theory to whether or not there is a 
change of charge conjugation parity on the annihilation 
of a particle and antiparticle in a state of given spin 
and orbital angular momentum. Thus the choice of 
the matrices used to represent these transformations 
is expected to be of great physical significance in 
determining the selection rules associated with certain 
reactions and decay schemes for the particles involved. 
It is thus of great importance to know whether there 
exist further reasons which impose the special choices 
associated with the conventional theories, and hence 
fix certain of these selection rules as soon as the spin 
of the particle is assigned; or whether on the other 
hand, there exist reasonable and consistent alternate 
theories of these particles which employ the “abnormal” 
or “unconventional” choice of the matrices to represent 
these transformations. A specific example of such a 
question is: Does there exist another theory of spin-} 
particles than the Dirac theory in which the annihilation 


(188) 
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of a particle and antiparticle in an S state involves no 
charge in space parity? 

We are in no position to answer this question at the 
present time, except to say that in the one-particle 
theory, the requirements of strong covariance do not 
impose a specific choice. Our analysis has only provided 
us with certain raw material for the construction of a 
complete physical theory. For these one-particle 
equations to develop into a complete and consistent 
theory, other requirements must presumably still be 
met. Thus one may require: (1) that it be possible to 
second-quantize the equations in a consistent way; 
(2) that it be possible to introduce interaction in a 
covariant and consistent manner and, in the case of 
interaction with an electromagnetic field, in a gauge 
invariant manner ; (3) that the resulting theories give no 
contradiction to an appropriate causality condition, 
such as, that physically observable effects are not 
propagated with a velocity greater than the velocity 
of light, at least on a macroscopic scale; (4) that one 
can define densities like the energy-momentum density 
tensor in these theories, that satisfy appropriate physical 
conditions. A discussion of the necessity for these 
requirements or of the feasibility of meeting them in 
theories employing the “unconventional” choice of 
representation matrices, lies beyond the scope of the 
present paper. Thus we shall be satisfied here with 
simply pointing out the possibility of such alternate 
theories which satisfy the requirements of relativistic 
covariance. It is worth emphasizing again however, 
that our results above show that the “relative intrinsic 
space and charge conjugation parity” of a particle and 
antiparticle of given spin is not a consequence of 
relativistic requirements alone. If, in fact, the spin does 
determine the relative intrinsic space parity, it is for 
reasons which go beyond the requirements of covariance. 

It is perhaps not out of place to make a further 
remark here about second quantization of these 
equations. It is well known that in the familiar Dirac, 
Klein-Gordon, and Proca theories, one can give certain 
reasons to justify the fact that the integral spin equa- 
tions are quantized according to Bose-Einstein statistics 
while the half-integral spin theory is quantized accord- 
ing to Fermi-Dirac statistics. These reasons are not 
entirely dissociated from the particular choice of 
matrices involved in the transformations associated 
with space inversion, Wigner time reversal, and charge 
conjugation. Thus, at least some of these arguments 
concerning the connection between spin and statistics 
may lose their cogency if it should indeed be possible 
to develop theories based on the alternate or 
“abnormal” choice of these matrices. There is perhaps 
a slim possibility that the connection between spin and 
statistics is not a rigid one. In view of the recent 
discovery of many new “elementary” particles about 
which almost nothing is known directly concerning 
their statistics, it would be well to understand clearly 
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in advance just how binding or how flexible is the 
connection between spin and statistics from the 
theoretical point of view. 


INTERPRETATION OF THE COVARIANT EQUATIONS 


We have said little so far concerning the physical 
interpretation of the one-particle equation (62) which 
we have developed. Of course, any direct physical 
interpretation outside the scheme of second quanti- 
zation has little meaning because of the presence of 
negative eigenvalues for the Hamiltonian, but we can 
at least attempt to make a comparison between this 
equation and, say, the Dirac equation which suffers 
from the same difficulty. To the same extent that the 
latter equation has a hypothetical one-particle interpre- 
tation, we can make an analogous interpretation for 
our equation. 

We may note first that we can introduce observables 
into the theory in the usual way and identify P, H, and 
J, and s with the observables of momentum, energy, 
total angular momentum, and spin angular momentum 
as usual. The observable represented by r, however, 
needs some explanation. Since this operator is defined 
in the manifold of positive and negative energy solutions 
of Eq. (62) separately, it does not coincide with the 
usual position operator even in the Dirac theory. It is 
in fact the position operator defined by Newton and 
Wigner'® which in the case of the Dirac equation was 
called the “mean position operator” by Foldy and 
Wouthuysen. The first-named authors have shown that 
it is only position operator which satisfies certain 
reasonable conditions and is defined on the manifold 
of positive- and negative-energy solutions of the 
equation separately, and thus is the only position 
operator defined within one of the irreducible represen- 
tations of the Lorentz group as obtained by Wigner and 
Bargmann. In the case of spin 3 it is related nonlocally 
to the conventional position operator in the Dirac 
theory, and it has no simple Lorentz transformation 
properties. It does have the property, however, that 
its time rate of change is given by the eminently 
reasonable expression Sp/w. We may note in addition 
that s in this theory does not coincide with the con- 
ventional spin operator of the Dirac theory in the case 
of spin } but represents what Foldy and Wouthuysen 
call the “mean spin angular momentum.” It has the 
property that it is a constant of the motion for a free 
particle which the conventional Dirac spin angular 
momentum has not. 

If we accept the hypothesis that by some experimental 
arrangement it is possible to determine the position 
observable r, then we can consistently regard 
x*(r,t)x(r,/) as the relative probability of finding the 
particle at the point r at the time ¢. Note, however, 
that because of the nonlocal character of the represen- 


18T. D. Newton and E. P. Wigner, Revs. Modern Phys. 21, 
400 (1949). 
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tation (D-67) of Lorentz transformations, if in one 
Lorentz frame the particle is localized at the point 
r=0 at ‘=0, then in another Lorentz frame whose 
origin coincides with the first at ‘=0, the same state 
will not be localized at the origin at time ¢=0. In fact, 
the state will be represented by a wave function which 
is distributed over distances of the order of the Compton 
wavelength of the particle from the origin. This is a 
consequence of the complicated transformation 
character of r under Lorentz transformations, but it 
implies no lack of relativistic covariance in the theory. 

With x*(r,4)x(r,t) representing a probability density, 
one can always define a probability current density or 
flux, such that one has a differential conservation 
theorem. This follows from the fact that the equation 


divS = —d(x*x)/dt, (189) 


has generally one, and actually many solutions. 
However, one has no guarantee that any of these 
solutions will define a probability current density 
locally in terms of the wave function x. This need not 
interfere with the interpretation of the theory, however. 

To introduce the concepts of charge density and 
current density, however, one must exercise more care. 
If one wishes to assign to the particle a point charge 
located at the point r, then the charge density will be 
represented as usual by x*(r,t)x(r,/). However, it may 
not then be possible to find a current density expression 
from (189) such that the charge and current density 
transform under Lorentz transformations as a four- 
vector. Hence it may well turn out not to be possible 
to attribute to the particle a point charge located at r. 
Nevertheless, it may be possible to define a charge and 
current density which are both nonlocally defined in 
terms of x(r,/), corresponding to attributing to the 
particle a spatially extended charge distribution in the 
space spanned by r, such that the densities transform 
as a four-vector under Lorentz transformations and 
charge is differentially conserved. This is exactly what 
one finds when one takes the conventional charge and 
current density expressions in the Dirac, Klein- 
Gordon, and Proca theories and transforms them into 
our canonical representation. Thus, for example, the 
conventional expressions for the charge and current 
density in the Klein-Gordon theory when written in 
canonical form are 


n(ei)=(wh)*e(—) ord 


1—¢ 
¢ (o4d*(—)otoha, (190) 


: 1—¢ 
i(r,)= ('na*(—) {wx} 


i-f 
+t-hy*(—)to-tnn, (191) 
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and are thus nonlocally defined in the space of the 
variable r. One can verify, nevertheless, that they do 
transform as a four-vector under Lorentz transforma- 
tions and satisfy a differential charge conservation law. 
They are not, however, the only expressions which 
have this property. One can show that the same is true 
for the following identification of charge and current 
density expressions in this theory: 


p(t) = {atx} * {wx} + {w-tx} *{wohx}, 
j(r,2) - {w px} *B{w- tx} + {wx} *B{w px} ’ 


which simply emphasizes the point that the interaction 
of a particle with an electromagnetic field is not deter- 
mined by the free-particle equation alone. Whether 
from (192) and (193) one can build up a completely 
gauge invariant theory, however, is not yet known. An 
interesting difference between the expressions (190, 191) 
and (192, 193) is that the former transform correctly 
under space inversion only with the choice ¢=1 for the 
space inversion matrix, while the latter transform 
correctly with either c=1 or o=@. In fact, the latter 
are defined in the manifold of positive- and negative- 
energy solutions of the wave equation separately, and 
hence may be considered as defined even in one of the 


(192) 
(193) 
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Wigner-Bargmann irreducible representations. It is 
these facts that make the author feel that it is not at 
all certain that one cannot construct theories with 
interaction based on the anomalous choice of matrices 
to represent space inversion, Wigner time inversion, 
and charge conjugation. 
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Electroluminescence from Boron Nitride 


Smon LARACH AND Ross E. SHRADER 
RCA Laboratories, Radio Corporation of America, 
Princeton, New Jersey 
(Received March 2, 1956) 


LECTROLUMINESCENT materials heretofore 
investigated have consisted mainly of sulfur-domi- 
nated host crystals, with copper activator.' It has now 
been found that boron nitride can be excited by an 
alternating electric field. The emission is complex, 
existing mainly in the ultraviolet, but extending into 
the red region of the spectrum. Figure 1 is a spectral 
distribution curve of the electroluminescence emission 
from boron nitride. 
The spectrum was obtained from a cell consisting of 
a transparent quartz substrate, one side of which had a 
transparent conducting coating, on which the boron 
nitride powder was deposited in a castor oil slurry. 
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Fic. 1. Spectral distribution curve (uncorrected*) of the field- 
excited emission from boron nitride. The voltage applied to the 
cell was 400 v rms, at 20 Kc. 


The phosphor slurry was separated from the outer 
electrode by a mica sheet. Sinusoidal excitation was 
used, and the spectral distribution curve was obtained 
with an automatic recording spectroradiometer.* 
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Some of the photoluminescence and cathodolumi- 
nescence characteristics of boron nitride, in the visible 
region, have been described by Tiede,‘ who reported a 
complex emission spectrum attributed to carbon as an 
activator. 

The present results with boron nitride powder are 
found with alternating field excitation, and with an 
electrode which is isolated from the phosphor. This 
differs from the electroluminescence of silicon carbide, 
discussed by Lossev® and by Lehovec,® and from the 
electroluminescence found by Smith’ in cadmium 
sulfide. 

Further details and discussion of the luminescence 
from boron nitride will be presented in a forthcoming 
article. 

1 See, for example, J. F. Waymouth and F. Bitter, Phys. Rev. 
95, 941 (1954). Bernanose has reported electroluminescence from 
organic materials, Brit. J. Appl. Phys., Supp]. No. 4, 54 (1955). 

* Purified boron nitride was obtained from the Norton Company 
and from the Carborundum Company. 

5 The spectral distribution is uncorrected for the photomultiplier 
(1P28) response. Measurements with other luminescent sources 
indicate definitely that the structure reported is due to emission 
from BN, and is not a characteristic of the instrument. 

*E. Tiede and F. Buescher, Ber. deut. chem. Ges. 53B, 2206 
(1920); E. Tiede and H. Tomaschek, Z. anorg. u allgem. Chem. 
147, 111 (1925). 

5Q. V. Lossev, Phil. Mag. 6, 1024 (1928). 

®Lehovec, Accardo, and Jamgochian, Phys. Rev. 82, 330 
(1951) ; 83, 603 (1951). 

7R. W. Smith, Phys. Rev. 93, 347 (1954). 


Flow of Liquid Helium through Porous 
Vycor Glass* 


K. R. ATKINs AND H. Sexi, Department of Physics, 
University of Pennsylvania, Philadephia, Pennsylvania 


AND 


E. U. Connon, 2938 Avalon Avenue, Berkeley 5, California 
(Received February 20, 1956) 


E have made a preliminary investigation of the 
superfluid flow of liquid helium through porous 
Vycor! glass tubes with pore diameters in the neigh- 
borhood of 5X 10-7 cm. The outstanding feature of the 
results is that the onset temperature for superfluid 
flow is markedly less than the \ point of the bulk liquid. 
The porous Vycor was in the form of long tubes open 
at the top and sealed at the bottom. The inside diameter 
was about 7 mm and the total length was about 30 cm, 
but the porous region was confined to a length of about 
12 cm at the lower end. The porous region was always 
totally immersed in the liquid helium bath and the 
experiment consisted simply of raising or lowering the 
tube and observing with a cathetometer the rate at 
which the inner level moved. Above the onset tem- 
perature the rate of flow was imperceptible and was 
over-shadowed by the slow fall of the level due to evap- 
oration. Only slightly below the onset temperature, 
however, the superfluidity was strikingly obvious, the 
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inner level moving towards the outer level at a rate in ex- 
cess of 1 cm per sec. In Fig. 1 the rate of flow is plotted 
against the temperature for four of the tubes used. 
The onset temperature at which superfluidity com- 


TABLE I. Onset temperatures, corresponding film thicknesses, 
and average pore diameters. 








Onset 
temperature 
°K 


Average pore 
diameter 
107% cm 


Corresponding 
film thickness 
10-8 cm 


1.78 ay 57 
1.64 16 50 
1.68 
1. 





17 57 
36 8 42 











mences is seen to be well defined except for a very small 
foot corresponding perhaps to slight variations in pore 
diameter. The onset temperature is also seen to be 
well below the A point of the bulk liquid and to decrease 
with decreasing pore diameter. This last point was well 
illustrated by two runs, using the same tube, but 
separated by a time interval of 4 months. During this 
time the glass adsorbed a small amount of matter from 
the atmosphere so that the average pore diameter de- 
creased and the onset temperature fell from 1.73°K 
to 1.65°K. 

Experiments on the flow of unsaturated helium 
films?* have already demonstrated that the onset tem- 
perature decreases as the film thickness decreases. Our 
results confirm this and show that the effect is a feature 
of flow through vary narrow channels and not a conse- 
quence of some peculiarity of helium films. The rela- 
tionship between onset temperature and film thickness 
has been established,‘ and so for each onset temperature 
in our experiments there is a corresponding film thick- 
ness, as shown in Table I. The average pore diameter, as 
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Fic. 1. The rate of flow of liquid helium through 
porous Vycor glass. 


determined from absorption measurements,’ is also 
shown and is seen to be much larger than the corre- 
sponding film thickness. However, electron micrographs 
reveal that the porous Vycor glass has a sponge-like 
structure and that the diameter along any channel 
available for flow varies by a factor of at least 2. The 
onset temperature is obviously determined by the 
narrowest point in the channel. Also, if the forces due 
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to the wall render part of the film immobile,*'* this effect 
is likely to be greater in a channel with two walls. 

The rate of flow through the pores varied nonlinearly 
with the pressure head, but we have not yet made a 
careful evaluation of the importance of thermal effects. 
Porous Vycor obviously provides a very convenient 
means of studying superfluid flow through extremely 
narrow channels and we hope to make a detailed in- 
vestigation of all aspects of this flow. 

We should like to express our gratitude to Dr. Martin 
E. Nordberg of Corning Glass Works for providing the 
Vycor samples and much useful information about them. 

* Supported in part by a grant from the National Science 
Foundation. 

1M. E. Nordberg, J. Am. Ceram. Soc. 27, 299 (1944). 

2 E. A. Long and L. Meyer, Phys. Rev. 87, 153 (1952). 

3 Bowers, Brewer, and Mendelssohn, Phil. Mag. 42, 1445 (1951). 

‘E. A. Long and L. Meyer, Phys. Rev. 98, 1616 (1955). 

5P. H. Emmett and J. de Witt, J. Am. Chem. Soc. 65, 1253 


(1943). 
*K. R. Atkins, Can. J. Phys. 32, 347 (1954). 


High-Velocity Particle Ranges in Emulsion* 


WALTER H. Barks, PAvuL H. BARRETT, PIERRE CUER, HArRry H. 
HECKMAN, FRANcEs M. Smitu, AND Harorp K. Ticuo 
Radiation Laboratory, University of California, Berkeley, California 
(Received January 9, 1956; revised version 
received February 27, 1956) 


N experimental program to determine the range- 
momentum relation for emulsion at high-particle 
velocities has been undertaken because of the current 
and continuing need for such information. Ranges of 
five groups of mesons in Ilford G-5 emulsion have now 
been determined. The independent parameter was the 
particle momentum which was measured to better 
than one part in 1000 by bending the particles through 
an angle of ~180° in the magnetic field of the 184-in. 
cyclotron and computing the momentum of individual 
orbits by the method of Barkas, Birnbaum, and Smith.! 
The emulsion as received from the manufacturer was 
stored in a closed container for several weeks to attain 
uniform equilibrium? with a definite content of water. 
The specific gravities of 17 samples (1-2 g) of the 
emulsion were then determined by weighing in air, 
in CCl,, and again in air. By Archimedes’ principle we 
obtained a specific gravity of 3.8225, and the standard 
deviation was 0.0062. The deviations are real and must 
correspond to fluctuations in the local density of the 
emulsion in excess of the expected statistical variance.’ 
For the measurements we exposed four emulsion 
stacks. They were located at various radial distances 
from a small polyethylene target bombarded by the 
internal proton beam of the cyclotron. Location of a 
considerable amount of heavy-element shielding as 
indicated by previous experience! proved effective in 
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TABLE I. Measured momenta and ranges. 








Particle ne 


x* at 





29.80 
0.060130.00025 


0.06022+-0.00025 
36.55 


Measured momentum (Mev/c) 
Measured particle mean range (cm) 
Mean range (cm) adjusted to 
standard density 
Equivalent proton energy (Mev) 
Equivalent proton range (cm) 0.5344+0.0022 
Percent straggling (100c) 4.1+0.4 
Theoretical straggling* 4.1 


95.94 
1.52350.0088 
1.526+0.009 
200 


10.25++0.06 
3.90.4 


172.0 
7.759+0.048 


7.771+0.048 
340 550 
24.59+0.12 52.20+0.32 74,060.40 


2.7+0.4 2.80.5 2.50.4 
3.0 2.8 2.6 2.6 


199.9 
11.0083-0.059 
11.025+0.059 

700 


129.2 
3.655+0.018 
3.661+0.018 








* See reference 5. 


eliminating confusable tracks. The data were entirely 
free of background, and the range straggling*® was as 
expected on the assumption that each orbit originated 
in the target, allowance being made for the target 
dimensions. Measurements of the magnetic field in 
vacuum were made to a few parts in 10000, and the 
distances from the target to fiducial points in the 
emulsion were determined with similar accuracy. The 
position and angle of entry of each track into the 
emulsion were recorded. 

The rectified ranges were measured by breaking up 
each track into many straight segments. By deter- 
mining the emulsion thickness before and after process- 
ing, the shrinkage factor was obtained. Before exposure 
each stack of pellicles was clamped firmly between 
Bakelite boards. The edges were then machined flat 
in a milling machine. It was found, on releasing the 
clamping pressure after exposure, that the area of each 
sheet decreased. Range corrections for this deformation 
varying from two to five tenths of a percent were 
required. The magnitude of this type of deformation 
is of sufficient importance so that cognizance should 
be taken of it in other experiments. 

For the analysis of the results we introduced as a 
“standard range curve” that of Barkas and Young.‘ 
Taking the ratio' of positive pion mass to proton mass 
to be 0.14887, a range-momentum relation is predicted 
for pions. If the measured range of a pion of momentum 
p is R and the standard range is Ro, then the quantity 
u=(R—Ro)/Ro is expected to have approximately a 
Gaussian distribution when the values of Ro are limited 
to a small interval. The mean value of u measures the 
deviation of the experimental result from the standard 
curve, and o?= (u*)— (u)? measures the range variance. 
The quantities (uw) and ¢ are slowly-varying functions 
of the velocity. In Table I the ranges at particular 
values of the velocity are derived from the standard 
curve and the local values of (u). Since the standard 
range is calculated for emulsion of specific gravity 
3.815, a slight correction is necessary for the difference 
in emulsion densities. Table I includes a point derived 
from the ranges of 100 muons produced by the decay 
of pions in the emulsion. 

Many range measurements for particles of low 
velocity are to be found in the literature, but in almost 


no case has the emulsion density been measured or was 
it known to be independent of depth below the emulsion 
surface.’ As part of this investigation we have obtained 
a considerable amount of range data at low-particle 
velocities while attempting to keep the emulsion density 
uniform and known, but, because of the added com- 
plexity and the difficulty of these measurements, a 
complete report will be deferred until further checks 
are made. It can be stated, nevertheless, that existing 
range curves for slow particles are incorrect by several 
percent if applied to emulsion having the density usual 
in stacks. 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1 Barkas, Birnbaum, and Smith, ty Rev. 101, 778 (1956). 

2 A. Oliver, Rev. Sci. Instr. 25, 326 (19 54). 

5 Barkas, Smith, and Birnbaum, Phys. Rev. 98, 605 (1955). 

‘ Walter H. Barkas and D. M. Young, University of California 
Radiation Laboratory Report UCRL-2579 Rev. (unpublished). 


Temperature-Dependent Factor in 
Carrier Lifetime 


R. L. Loner 


Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 
(Received January 6, 1956) 


T has been suggested that electrons and holes can 
become trapped near edge-type dislocations because 
of local deformation of the valence and conduction 
bands.! It has also been suggested that electron-hole 
recombination occurs largely at edge-type dislocations? 
on the basis of comparison between measured lifetimes 
and measured x-ray scattering method of counting dis- 
location density. This plainly suggests that electron-hole 
recombination occurs largely at dislocation edges be- 
cause that is where the electrons have been partially 
localized by trapping, whatever the recombination 
mechanism may be. 

We wish to suggest that the rapid recombination 
believed to occur at dislocations occurs because of 
relaxation of momentum selection rules. We also wish 
to point out that the observed lifetime, when recom- 
bination does take place predominantly at dislocations, 
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is related to a fundamental process lifetime 74 by 
r=74 exp(— ¢/kT), 


where rg may or may not be temperature dependent. 

Kulin and Kurtz! have proposed a model of the band 
edges in the neighborhood of the dislocation which 
traps both holes and electrons. Approaching the com- 
pression side of the slip plane, the energy gap becomes 
larger due to the pressure of the edge of the extra plane 
of atoms. On the expansion side the energy gap is 
reduced, the band edges coming closer together. As a 
result the carriers have a greater density in the neigh- 
borhood of this lower-energy gap region. To a first 
approximation, a constant deformation potential ¢ 
will be assumed here to approximate the bands depicted 
by Kulin and Kurtz. Thus, 


pa= p exp(¢/kT) (1) 


at temperatures for which Boltzmann statistics are 
applicable. Here p is the density of holes in the valence 
band, and fz is that in the neighborhood of the expan- 
sion side of the dislocation edge. This relationship 
holds as long as the recombination rate is small com- 
pared to transition rates within the band. Since the 
transition rate will be greatest for a continuum of levels 
as compared to isolated lower-energy levels, the former 
is preferred for this picture. 

Carrier lifetime is defined in terms of the recombina- 
tion rate of excess carriers in the conduction and 
valence band by the equation: 


recombination rate= (p— po)/r. 


The subscript 0 refers to the equilibrium values of 
parameters. 7 is the lifetime of minority carriers. If 
recombination takes place almost entirely at edge-type 
dislocations, it is clear that a more fundamental life- 
time, that related to the actual transition process, is 
given by (pa—pao)/ta. The assumption that all re- 
combination takes place at dislocations then leads to 


(p— po)/t= (pa— pao) /Ta- (2) 


Equation (2) can be solved for r in terms of 74 by using 
Eq. (1): 
(3) 


The model of Kulin and Kurtz for germanium gives 
a value of about 0.2 ev for ¢ (averaging the “classical” 
gap change over one atomic lattice). Measurements of 
the temperature dependence of r can therefore be used 
to find the approximate dependence of rz on 
temperature. 

Experiments on temperature dependence of lifetime 
have been done in these laboratories and by others.’ In 
our measurements, made by an interpretation of the 
temperature dependence of saturation current of a 
p-n junction, the hole lifetime gave a value of 0.2 ev 
to the activation energy down to 235°K, below which 
the simple exponential relationship did not hold. The 


r=74 exp(— ¢/kT). 
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measurements of Fan et al.’ give a value for ¢ of 0.26 ev, 
also deviating from the exponential below 235°K. These 
two values are very close to the value of ¢ expected 
from the model of Kulin and Kurtz. 

If the model is assumed, the lifetime 74 of the 
fundamental recombination process must be explained 
by a mechanism which has only weak temperature 
dependence. 

1S. A. Kulin and A. D. Kurtz, Acta Metallurgica 2, 352.(1954). 


? Kulin, Kurtz, and Averbach, Phys. Rev. 98, 1566(A) (1955). 
3 Fan, Navon, and Gebbie, Physica 20, 855 (1954). 


Properties of Fm?**+ 


A. M. FrrepMAn, J. E. Grnpter, R. F. Barnes, 
R. Syoptom, AND P. R. FIELps 
Argonne National Laboratory, Lemont, Illinois 
(Received February 20, 1956) 


HE alpha-decay energies of Cf’, Cf?®, and Cf? 

show an anomaly at mass 250. This has been 
ascribed to a nuclear subshell filling at 152 neutrons.! 
A sample of californium was bombarded with an alpha 
beam in the Argonne 60-inch cyclotron in order to 
prepare Fm?” to determine whether this effect also 
occurs in the fermium isotopes. 

The target material was pure californium having the 
estimated isotopic composition: 30% Cf, 10% Cf, 
60% Cf. Four bombardments were performed; two 
at 34-Mev and two at 42-Mev alpha beam energy. 
The targets were prepared by the deposition of (2-5) 
X10-" g of californium onto a copper probe target 
which was water-cooled during irradiation. A beam 
intensity of approximately 3000 microamperes per cm? 
was used for each bombardment. 

After the bombardment the californium and resulting 
products were dissolved with hydrochloric acid. The 
actinide elements were separated from impurities by 
coprecipitating with lanthanum hydroxide, dissolving 
the precipitate in hydrochloric acid, and passing the 
solution through a Dowex-1 anion resin column. The 
eluate containing the actinide fraction was then 
separated into the individual elements by elution from 
a Dowex-50 column at 87°C with 0.3M a-hydroxyiso- 
butyric acid at pH= 4.2. 

Figure 1 represents a typical pulse analysis of the 
fermium fraction ninety-eight hours after bombard- 
ment. The 7.20-Mev alpha activity of Fm? (3.3 hr) 
formed in the bombardment has decayed to a negligible 
amount, and an alpha peak at 7.04+0.02 Mev can 
be seen. The energy of the 7.04-Mev alpha was deter- 
mined by comparing it simultaneously with a Fm? 
(7.08-Mev alpha emitter) energy standard. The 7.04- 
Mev alpha activity was observed to decay with a half- 
life of 22.7+0.7 hours. 

The peak at 6.30.05 Mev was found to increase 
with time in the fermium fraction. The amount (of 
the order of 0.01 count per minute) was too small to 
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observe the growth rate; but in each bombardment the 
number of disintegrations observed could be accounted 
for by the alpha decay of Fm** (7.04-Mev peak) to 
Cf*8 (6.26 Mev).* The observed increase in the yield of 
the 7.04-Mev alpha emitter relative to Fm*™ with in- 
creased cyclotron energy further agrees with the assign- 
ment of the 7.04-Mev alpha energy to Fm, 

A small amount of a 6.85-Mev alpha emitter with a 
half-life greater than 10 days was also observed in each 
bombardment. This was tentatively assigned to Fm*®. 
However, results on this are preliminary and further 
work is being done. 
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Fic. 1. Pulse analysis of fermium fraction 
98 hours after bombardment. 


A lower limit of 3000 days was set for the spon- 
taneous fission half-life of Fm*™. 

Assigning the 7.04-Mev alpha energy to the decay 
of Fm*”, indicates a more marked anomaly at 152 
neutrons in the alpha-decay energies of the fermium 
isotopes than occurs in the case of the californium 
isotopes.’ 

The authors would like to acknowledge the aid of 
T. Keenan of the Los Alamos Scientific Laboratory 
and H. Diamond and D. Metta of this laboratory in the 
chemical separations involved. We want to thank the 
Argonne cyclotron group for performing the irradia- 
tions. We also wish to express our appreciation to D. 
Henderson for performing the alpha pulse analyses and 
aiding in the interpretation of the data. 

+ Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1Ghiorso, Thompson, Higgins, Harvey, and Seaborg, Phys. 
Rey. 95, 293 (1954). 

2B. Harvey (private communication). 

19 o Rossi, Harvey, and Thompson, Phys. Rev. 93, 257 
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Liquid Xenon Bubble Chamber* 


J. L. Brown, D. A. GiasEr, AND M. L. PERL 
Harrison M. Randall Laboratory of Physics, University of 
Michigan, Ann Arbor, Michigan 
(Received February 17, 1956) 


PARTICLE detector capable of detecting gamma 

rays with high efficiency in addition to giving 
accurate information concerning the paths, velocities, 
and energies of charged particles should be of great 
value in studies of elementary particles and high-energy 
nuclear phenomena. It was pointed out by one of us! 
that a bubble chamber filled with a liquid of high 
density and large atomic number would have these 
properties. Of a number of possible liquids, xenon 
seemed the most promising because it is nontoxic, non- 
corrosive, chemically stable, and was expected to 
require convenient pressures and temperatures for 
bubble chamber operation. 

The investigation of xenon as a filling liquid for 
bubble chambers was carried out in an aluminum 
chamber with a sensitive volume one inch in diameter 
and one-half inch deep along the camera axis. The 
expansion mechanism, photographic apparatus, and 
chamber construction were closely similar to those of 
bubble chambers already described,’ except that the 
temperature of the circulating air was maintained 
by dry ice cooling. The measurements of the tempera- 
ture of the liquid inside the chamber were indirect and 
may be in error by as much as two degrees C. 

As a preliminary test of the operation of the entire 
system, the chamber was filled with ethylene which has 
a vapor pressure curve almost identical with that of 
xenon in the range of temperatures of interest here. 
Figure 1 shows the tracks of electrons produced in 
ethylene by gamma rays from a 100-mC radium 
beryllium source held 8 inches from the center of the 
chamber, when the chamber was at — 18°C. 

When the chamber was filled with liquid xenon and 
run under closely similar conditions immediately after 
the ethylene experiments, no tracks were obtained. The 
chamber was then altered in an attempt to produce 
tracks in xenon by enlarging the expansion channel 
to expand the chamber faster, and by replacing the 
original Teflon gaskets and diaphragm by butyl rubber 
to avoid the excessive absorption of xenon exhibited 
by the Teflon. Still no tracks could be seen. 

Shortly after these failures to observe tracks, we 
learned’ that gaseous xenon had been found to be an 
efficient scintillating material, so that some sizeable 
fraction of the energy lost by an ionizing particle in 
liquid xenon might escape in optical radiation instead 
of being deposited locally in the xenon itself. Other 
experiments recently completed in this laboratory‘ 
seemed to indicate that the operation of a bubble 
chamber depends upon the local deposition and 
thermalization in the liquid of energy from the ionizing 
particle. To capture locally the energy which was 
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Fic. 1. Tracks of electrons produced by gamma rays from a 
100-mC radium beryllium source placed 8 in. from the center of 
a bubble chamber 1 in. in diameter filled with liquid ethylene at 
—18°C. The density of the liquid is about 0.5 cad. The dura- 
tion of the light flash is 5 msec and the flash occurred 3 msec 
after the expansion was initiated. 


escaping in optical radiation, we dissolved some ethylene 
in the liquid xenon in the hope that it would “quench” 
the scintillation effect by collisions of the second kind. 
With less than 2% by weight of ethylene, the bubble 
chamber became radiation sensitive and produced 
copious tracks of electrons when exposed to a 25-mC 
radium beryllium source of gamma rays as shown in 
Fig. 2. A large number of pictures have been taken of 
this xenon chamber and indicate that the track forma- 
tion is reasonably insensitive to the temperature and 
to the proportion of ethylene. 

As a particle detector the xenon bubble chamber 
has properties similar to those of nuclear emulsion. The 
density of the liquid is 2.3 g/cm’, the radiation length 
is 3.1 cm, and the Coulomb scattering constant is about 
the same as that of emulsion. Since the accuracy of 
scattering measurements increases as L!, if L is the 
length of track measured, the xenon bubble chamber 
should yield useful scattering measurements because 
of the long track lengths possible, even though the 


Fic. 2. Tracks of electrons produced by gamma rays from a 
25-mC radium beryllium source placed 8 in. from the center Ke 
the same chamber filled with liquid xenon containing 2% b 
weight of ethylene and operated at —19°C. The density of the 
preages = 2.3 g/cm’ and the lighting conditions are the same 
as in Fig 
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accuracy of determining coordinates of points on a 
track is less by at least a factor ten than for emulsions. 
There is no basic limit on the possible size of xenon 
bubble chambers for use with pulsed accelerators. It 
competes in cost with large emulsion stacks because the 
liquid can be used indefinitely for many experiments. 
The main advantages of the xenon bubble chamber 
are that scanning of the photographs is easy and gamma 
rays can be detected efficiently by their production of 
Compton electrons at low gamma energies and electron 
pairs at high energies. Association of these gamma rays 
with their parent events should be easy because of the 
very low background of events per picture in bubble 
chambers, and the very rapid bubble growth which 
allows simultaneity of events to be estimated by 
bubble size to less than a millisecond. It therefore 
should be possible, using a xenon bubble chamber, to 
study directly those decay modes of unstable particles 
involving gamma rays and neutral pions, which decay 
rapidly in flight into gamma rays, and other nuclear 
processes in which gamma rays are emitted. It should 
be possible to determine the energies of gamma rays by 
multiple scattering measurements of the electron pairs. 

We would like to thank Dr. Cyril Dodd and C. 
Graves and L. O. Roellig for help in making some of 
the early runs. The Linde Air Products Company gener- 
ously donated to the University of Michigan the xenon 
used in our experiments. 

Note.—After our experiments were completed, we 
learned in a telephone conversation with Dr. Keith 
Boyer of the Cyclotron Group at the Los Alamos 
Scientific Laboratory that the high speed and scintilla- 
tion efficiency of xenon gas depends only very slightly 
on pressure from a few millimeters of mercury up to 3 
atmospheres. A small admixture of a few tenths of a 
percent of gaseous hydrocarbon, however, is found 
to practically destroy the scintillation effects. If the 
same mechanism is at work in the scintillation 
“quenching” as in the xenon bubble chamber, we might 
expect the large scintillation efficiency of xenon to 
extend to the liquid state at —20°C and 20 atmos- 
pheres of pressure. 

It seems rather remarkable that the same effect 
should be found under such different thermodynamic 
conditions. Perhaps it will be possible to adjust the 
percentage of hydrocarbon admixture so that the liquid 
xenon retains some of its scintillating efficiency and 
also produces bubble tracks. Then one might be able 
to observe spatial as well as temporal data for each 
nuclear process of interest. Thus decay times of par- 
ticles, for example, could be associated with their 
identity as revealed by their daughter particles, etc. 

*This work was supported partly by the National Science 
Foundation and the U. S. Atomic Energy Commission. 

1D. A. Glaser, Proceedings of the Fifth Annual Rochester Con- 
ference on High Energy Physics (Interscience Publishers, Inc., 
New York, 1955). 

2D. A. Glaser and D. C. Rahm, Phys. Rev. 97, 474 (1955). 


+R. Eisberg (private communication). 
‘D. A. Glaser and L. O. Roellig (to be published). 
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Calculation of Reduced Widths from 
Stripping Cross Sections 
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Institute for Advanced Study, Princeton, New Jersey 
(Received January 26, 1956) 


CCORDING to theory, the angular dependence 

of the deuteron stripping cross section is deter- 
mined by the orbital angular momentum /h/ of the 
captured particle in the residual nucleus, while the 
absolute value of the deuteron stripping cross section 
is proportional to the reduced width of the captured 
particle in the residual nucleus. It has been found that 
the Butler theory of deuteron stripping is much less 
reliable for determining reduced widths than for deter- 
mining the orbital angular momentum of the captured 
particle! However, Bowcock? has proposed a method 
of using the Butler theory to extract reduced widths 
from experimental (d,p) cross sections which he suggests 
will be more reliable than direct comparison. Bowcock’s 
method consists in (a) taking the square root of the 
experimental differential cross section to get an approxi- 
mate, real expression for the stripping amplitude, and 
(b) making a Legendre polynomial analysis of the re- 
sulting amplitude and comparing the coefficients of the 
expansion in Legendre polynomials with their counter- 
parts from the Butler theory. The ratio of these coetfi- 
cients is expected to tend toward some constant value 
as the order, L, increases. This constant value should 
be the square root of the reduced width to a good ap- 
proximation. 

This method is applicable only when the Coulomb 
interaction can be neglected. However, it is not easy to 
say just for what incident energies and what target 
nuclei the Coulomb interaction is negligible. Thus it 
seems worthwhile to test Bowcock’s method on some 
of the modified Butler cross sections calculated in 
reference 1. 

The comparison was made in two cases. The first 
case has parameters appropriate to 14.3-Mev (lab) 
deuterons incident on F while the second case corre- 
sponds to 3.6-Mev (lab) deuterons incident on F”. 
We calculate the (d,p) cross section with the neutrons 
being captured with orbital angular momentum /=0. 
In the first case, the Coulomb interaction modifies the 
Butler angular distribution only slightly while in the 


TABLE I. Coefficients of the expansion in Legendre pene of 
the square roots of the stripping cross sections for Ep= 14.3 Mev. 
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TABLE II. Coefficients of the expansion in Legendre polynomials of 
the square roots of the stripping cross sections for Ep=3.6 Mev. 
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3.02 
2.49 
1.31 
0.59 
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second case the Butler angular distribution is strongly 
modified. Besides the Coulomb interaction being taken 
into account, the Butler result is modified by assuming 
the first few partial waves of the liberated protons see 
the residual nucleus as a pure absorber. For details, see 
reference 1. 

Our results are shown in Figs. 1 and 2 and in Tables I 
and II. In Figs. 1 and 2 we have plotted the square 
roots of the stripping cross sections (a) dog/dQ, calcu- 
lated neglecting Coulomb and nuclear interactions; 
(b) doy/dQ, calculated with Coulomb interactions for 
protons and deuterons and with nuclear interaction for 
the protons taken into account. The smooth curve 
drawn through the points (doy/dQ)! gives a real ap- 
proximation to the complex stripping amplitude. In 
accordance with Bowcock’s prescription this real 
approximation is used in place of (doy/dQ)? in obtaining 
the expansion in Legendre polynomials. In Tables I 
and II are listed the coefficients of the expansion in 
Legencre polynomials of the square roots of the cross 
sections, namely, 


2L+1 
eal 
? 


4 
) P(cos@) sin6dé. 


The dependence of bx” on L turns out to be rather 
erratic for the first few values of Z but then tends to 
fall off approximately exponentially for larger values of 
L. According to Bowcock, when the Coulomb effect is 
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Fic. 1. Square roots of the calculated stripping cross sections 
som against angle. dog/dQ is the (d,p) cross section calculated 
rom the Butler theory. doy/dQ is the result of modifying the 
Butler cross section by introducing Coulomb and nuclear interac- 
tions. Ep= 14.3 Mev (lab), O=4.37 Mev, R=5.05X 10" cm, /=0. 
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negligible we should find that 


bat 
lim ——- — 1. 
L-w by” 


We do not find this to be the case, either in the 14.3-Mev 
case where by the usual criteria the Coulomb effect is 
negligible or in the 3.6-Mev case where it is not. Thus it 
appears that even when the incident energy is well above 
the Coulomb barrier, the Coulomb interaction still 
may be strong enough to cause Bowcock’s method to 








Fic. 2. Square roots of the calculated stripping cross sections 
plotted against angle. dop/dQ is the (d,p) cross section calculated 
from the Butler theory. doy/dQ is the result of modifying the 
Butler cross section by introducing Coulomb and nuclear interac- 
tions. Ep=3.6 Mev (lab), Q=4.37 Mev, R=5.05X 10 cm, /=0. 


yield an incorrect result for the reduced width. How- 
ever, in the 14.3-Mev case bg” does tend to be about 
equal to by,” in the first part of the exponential region. 

It is rather curious that in these two cases one gets 
a rather good estimate of the reduced width (y=1) by 
comparing the second peak of doy/dQ with that of 
do p/dQ. 


1 W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955). 
2 J. E. Bowcock, Proc. Phys. Soc. (London) A68, 512 (1955). 


Related jj-Coupling Configurations in 
K*° and Cl*® 


S. GopsTEIN AND I. Tatmr 
Department of Physics, The Weizmann Institute of Science, 
Rehovoth, Israel 
(Received February 20, 1956) 


HE magnetic moment as well as the spins and 

parities of the four lowest states' of K® indicate 
jj-coupling and a d3,'fz,2 configuration. The spins 
of these states are presumably 4—(ground state) 
3— (0.032 Mev), 2— (0.80 Mev), and 5— (0.89 Mev), 
In doing various calculations in this mass number 
region,’ it was of importance to examine the validity 
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of the configuration assignment, i.e., how important 
are deviations from jj-coupling. To do this we in- 
vestigated the Cl** nucleus whose lowest configuration 
according to the shell model is d32f7/. 

Under the assumption that the radial functions in the 
two nuclei are the same, Racah’s methods may be used 
to derive a linear relation between the energy levels of 
the d3/2° f7/2 configuration and those of the configuration 
d3/2f7/2. AS there is only one state, J=}, in the d3,2° 
configuration, we need only consider the interaction 
between the f7/2 neutron and the three d3/2 protons. 
Thus the following conclusions do not depend on the 
assumption of charge independence. 

Utilizing fractional parentage coefficients and the 
formula for change of coupling scheme,’ we can rewrite 
the wave function of d3,2° f7/2 as follows: 


¥(d3/2°(3) frj2IM) 

acs (d3/2?(0)d3/2 $ }ds,2° $ 
X(ds/2? (0) ds/2(3) frj2J M) 
+ (d52?(2)ds/2 $ }d3/2° 3) 
XW(d3/2?(2)d3/2($) fro M) 

= (ds3/2?(0)d3/2 $]4s/2° 3 
x [4(2J +1) }!W (08 7/2; 3) 
X(ds/2? (0)ds/2f7/2(J) JM) 
+ (ds)2?(2)d3/2 § }ds/2° $) 
XE [4(2I'’+1) PW (285 7/2; 37’) 

XW(ds/2?(2)ds;2f7/2(J JM). 


With this wave function the interaction energy in the 
case of any two-body forces can be readily expressed as 


4 
(43/28 frjoIM| 2 Vi;|ds/2*frj2JM) 
j=2 


=3{ (dss? (0)day2 $ }ds2° $)? 
X4(2I-+1)W (O8F 7/2; 37)? 
X (d3/2f7/2IM | V12| ds/2f7/2) 
+ (d5)2?(2)dsy2 3 }d3/2° $Y 
X40 y (241) W (28 7/2; 3’)? 
x (d3/2f7/2J'M | Vie | d3;2f7j2J'M)} 
(where j=1 is the f7/2 neutron state, and j7=2, 3, 4 are 
thed3,2protonstates). Inserting in this formula the values 
(dsy2 (0)ds/23 bds/2° 3)? = 6, (ds/2?(2)ds/29 Jd 3)? =,‘ and 
the values of the W-functions, we obtain a linear rela- 
tion between the energy levels of the two configurations. 


TABLE I, Energy levels of Cl** in Mev; spins 
and parities given when known. 








Calculated from K® 0(2—) 
Experimental 0(2—) 


0.70(5—) 0.75(3—) 
0.672(5—) 0.762 


1.32(4—) 
1.312 
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It is now easy to see that a linear relation exists also 
between energy differences in the two configurations. 
If we add to the interactions V;; a constant term 
—E, (Eo might be chosen to be the energy of the 
ground state in the d3,2f7/2 configuration), it will 
contribute to all levels of the configuration d3/2f7/2 
the same energy — Eo, and to all levels of the d3,2* f7/2 
configuration the same energy —3E»o. Thus we ob- 
tain the following relations, where Ey= E(d3/2f7/2J) and 
E/= E(d3)2 fzj2J) : 


1 
Es— E,.=—{287 (E;’— Ey’) 
210 
—35(E;'— E,’)—135(Es'— Ey’) ], 


1 
Ey E.= “ee Ei) 
—35(E;'— Ey’) +15(E,’— Ey’) ], 


1 
E;- wr Psi led 
+49(E;’— Ey’)—9(E,'— E,’)}. 


Using the values of E(d3/2* frj2J) — E(ds)2 frj2 J= 4) 
taken from K“, we obtain the results given in Table I. 
At that time the only excited levels in Cl** were believed 
to be 1.00 Mev and 1.92 Mev above the 2— ground 
state.' The only agreement existed for the spin of the 
ground state. However, experimental results® have very 
recently been reported which are in very good agree- 
ment with those predicted from the K® levels (Table I). 
This agreement means that in the cases considered we 
deal with pure jj-coupling configurations. This result 
may be due to the rather weak interaction between 
the d- and f-nucleons. 

Po M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 

Scke of these calculations are contained in S. Goldstein’s 
M.Sc. thesis, Jerusalem, 1955 (unpublished). 

*G. Racah, Phys. Rev. 63, 367 (1943). 

‘A. R. Edmonds and B. H. Flowers, Proc. Roy. Soc. (London) 


A214, 515 (1952). 
5 Paris, Buechner, and Endt, Phys. Rev. 100, 1317 (1955). 


Attainment of Very High Energy by Means 
of Intersecting Beams of Particles 


D. W. Kerst,* F. T. Core, H. R. Crane,f L. W. Jonegs,t L. J. 
Lastett,§ T. Onxawa,|| A. M. SEssLter,§ K. R. Symon,** 
K. M. TeRwIiLuicer,t anp Nits Voct NitsEntt 


Midwestern Universities Research Association,tt University 
of Illinois, Champaign, Illinois 
(Received January 23, 1956) 


N planning accelerators of higher and higher energy, 

it is well appreciated that the energy which will 
be available for interactions in the center-of-mass 
coordinate system will increase only as the square root 
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of the energy of the accelerator. The possibility of 
producing interactions in stationary coordinates by 
directing beams against each other has often been 
considered, but the intensities of beams so far available 
have made the idea impractical. Fixed-field alternating- 
gradient accelerators! offer the possibility of obtaining 
sufficiently intense beams so that it may now be 
reasonable to reconsider directing two beams of 
approximately equal energy at each other. In this 
circumstance, two 21.6-Bev accelerators are equivalent 
to one machine of 1000 Bev. 

The two fixed-field alternating-gradient accelerators 
could be arranged so that their high-energy beams 
circulate in opposite directions over a common path in 
a straight section which is common to the two accele- 
rators, as shown in Fig. 1. The reaction yield is propor- 
tional to the product of the number of particles which 
can be accumulated in each machine. As an example, 
suppose we want 10’ interactions per second from 
10-Bev beams passing through a target volume 100 cm 
long and 1 cm’ in cross section. Using 5X 10~** cm? for 
the nucleon interaction cross section, we find that we 
need 5X10" particles circulating in machines of 
radius 10‘ cm. 

There is a background from the residual gas propor- 
tional to the number of particles accelerated. With 
10-* mm nitrogen gas, we would have 15 times as 
many encounters with nitrogen nucleons in the target 
volume as we would have with beam protons. Since 
the products of the collisions with gas nuclei will be in 
a moving coordinate system, they will be largely 
confined to the orbital plane. Many of the desired p-p 
interaction products would come out at large angles to 
the orbital plane since their center of mass need not 
have high speed in the beam direction, thus helping 
to avoid background effects. 

Multiple scattering at 10-*mm pressure is not 
troublesome above one Bev; but beam life is limited 
by nuclear interaction with residual gas to ~1300 
seconds. Consequently, in about 1000 seconds the high- 
energy beam of 5X10" particles must be established 
in each accelerator. The fixed-field nature of the accel- 
erator allows it to contain beams of different energy 
simultaneously. It may be possible to obtain this high 
beam current in this time by using ~10* successive 
frequency modulation cycles of radio-frequency accel- 
eration, each cycle bringing up 5X10" particles. It is 
encouraging to learn that Alvarez and Crawford? 
succeeded in building up a ring of protons by succes- 
sively bringing up several groups of particles to the 
same final energy by frequency modulation in the 184- 
in. Berkeley cyclotron. 

The number of particle groups which may be suc- 
cessively accelerated without leading to excessive beam 
spread can be estimated by means of Liouville’s 
theorem.’ One can readily convince himself that there 
is adequate phase space at high energy to accommodate 
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Fic. 1. The target straight section. B and A can be adjacent 
or concentric fixed-field alternating-gradient accelerators. 


the necessary number, N, of particle groups. Assume 
for simplicity that synchrotron and betatron phase 
space are separately conserved, so that for the former 


(Ap) (AS) = N (Ap); (AS) ;, 


where AS and Ap are the arc length and momentum 
spread at injection and final energy. Then, employing 
the fact that P~R**!, where R is the radius and is 
the field index, one obtains 


N=2(k+1)(AR/R) (p;/p,) (AS;/AS,) (E;/AE;). 


Using typical numbers such as 


(p;/pi)~100, k~100, R~O.5 cm, 
R~10'cm, (AE;,/E)~10-, 


one finds that there is room for N~10* frequency- 
modulation cycles. 

The betatron phase space available is so large that 
it cannot be filled in one turn by the type of injectors 
used in the past which can inject 10" particles. Thus 
there is the possibility of attaining and exceeding the 
yield used for this example by improving injection. 

The more difficult problem of whether one can, in 
fact, use all of the synchrotron and betatron phase 
space depends in detail upon the dynamics of the 
proposed scheme and this is presently under study. 


* University of Illinois, Urbana, Illinois. 

t State University of Iowa, Iowa City, Iowa. 
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' The Ohio State University, Columbus, Ohio. 
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tt Norwegian Institute of Technology, Trondheim, Norway. 

tt Supported by the National Science Foundation. 

1 Keith R. Symon, Phys. Rev. 98, 1152(A) (1955); L. W. Jones 
et al., Phys. Rev. 98, 1153(A) (1955); K. M. Terwilliger et al., 
Phys. Rev. 98, 1153(A) (1955); D. W. Kerst et al., Phys. Rev. 98, 
1153(A) (1955). 

2. Alvarez and F. S. Crawford, private communication. 

3 We are indebted to Professor E. Wigner who pointed out to 
us the importance of this consideration. 
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Nuclear Spins of Mo* and Mo” 


J. Owen AnD I. M. Warp* 


Clarendon Laboratory, Oxford, England 
(Received March 1, 1956) 


N a recent publication’ Murakawa concludes from 

optical hfs data that the nuclear spins of Mo and 
Mo” are each J=7/2. On the other hand, previous 
optical data?* and nuclear resonance data‘ have led 
to the value J=5/2, in agreement with the predictions 
of the nuclear shell model. All of these estimates depend 
on relative intensity measurements and may be to some 
extent uncertain. We wish to confirm that the nuclear 
spins of these isotopes are in fact /=5/2, as measured 
by the paramagnetic resonance method.® There is no 
uncertainty since one has only to count the 2/+1=6 
hyperfine lines in the spectrum (Fig. 1). 

The measurements were made on crystals grown from 
an HC! solution containing the colorless diamagnetic 
salt K3(InCls)-2H,O and the pink paramagnetic salt 
K;(MoCle) with Mo: In~1: 100. Under suitable condi- 
tions it could be arranged that the molybdenum in the 
mixed crystal was either in a trivalent state (Mo**, 4d°, 
S= 4, color pink), or in a five-valent state (Mo**, 4d', 
S=4, color green). It is probable that the latter state 
resulted from oxidation and the formation of molybdy] 


ions, (MoO)**. Both types of ion gave a similar six-line 
hfs in its paramagnetic resonance spectrum, and below 
we give details of the simpler spectrum from Mo**. In 
this case, there is a single unpaired electron, 4d', and 
the lowest energy levels can be described by the spin- 
Hamiltonian 


H=g,6HS.+¢,8(HS2t+H Sy) 

+A,S1,+A,(S2l2+S,l,) 
where S=43, and J=0 for the even isotopes of Mo 
(relative abundance 74.9%), [= 5/2 for the odd isotopes 
Mo%*(15.7%) and Mo*? (9.45%) )). The spectrum showed 
that there are two inequivalent types of Mo** ion 
(I and IJ) present with slightly differently oriented axes 
of symmetry. The values of the constants in the 
Hamiltonian measured at 20°K using wavelengths 
\=3.0 cm and 1.2 cm were found to be 


I: g,=1.951+0.005, g,=1.939-+0.006, 


A,,=0.0079-+0.0002 cm-, 
A, =0.00385-+0.0002 cm-, 


II: g,=1.959+0.004, g,=1.939+0.006, 
A,,=0.0077+0.0002 cm“, 
A,=0. 00385-£0. 0002 cm- 
The tracing of the spectrum shown in Fig. 1 is for the 


magnetic field H directed fairly close to the 2-axes of 
both ions, and using A\=3.0 cm. The spectrum of I is 
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Fic. 1. Tracing of the paramagnetic resonance spectra from the 
two Mo** ions, which are nearly superimposed (see text). The 
large central lines are from Mo adem and the satellites are from 


Mo* and Mo*, 


slightly separated from that of II because g(I)¥g(II), 
and this separation is seen to vary along the pattern 
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because A (I)#A(II) for this direction of H. The line 
width is too great to allow resolution of separate lines 
from Mo and Mo”; this is not surprising since the 
nuclear magnetic moments‘ differ by only 2%. 
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